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UNIT 17 Damping, forcing and 
resonance 


Study guide for Unit 17 


This mechanics unit refers back to the contents of several earlier units. In 
particular, it builds upon and extends the model of simple harmonic mo- 
tion which was introduced in Unit 7 In so doing, it uses the approach to 
analysing one-dimensional motion which was put forward in Unit 6, and also 
returns to the concept from that unit of a resistance force proportional to 
the velocity of a particle. The models which are developed here feature lin- 
ear constant-coefficient second-order differential equations, whose solution 
was included in Unit 3. 


The sections may be studied in their numerical order, with the computer 
work grouped together in Section 5. However, if you have ready access 
to your computer at other times, then you may wish to try some of the 
computer-based activities at the points indicated earlier in the text. Sec- 
tions 1 and 4 both contain video sequences. It is best for these to be viewed 
as referred to in the text, though if necessary they could be viewed before- 
hand. 


Unit 17 Damping, forcing and resonance 


Introduction 


In Unit 7 you studied a model of vibrating systems based upon the concept of 
a model spring. This model predicted simple harmonic motion. In particular 
we looked at a simple experiment with a home-made oscillating system, as 
shown in Figure 0.1. In Unit 7 certain qualitative features of the motion 
of the bag of coins were satisfactorily modelled by the assumption that the 
elastic string could be modelled as a model spring. There was one feature of 
the motion that was not satisfactorily modelled in Unit 7 — the fact that 
the oscillations die away until the bag is at its equilibrium position. This 
feature is known as damping and is the first topic studied in this unit. 


Rather than continue to model this experiment, you will meet four new 
oscillating system experiments in Section 1, which we shall attempt to model 
in this unit. Section 1 then introduces a linear model for damping. Section 2 
introduces the model damper, which provides a convenient diagrammatic and 
algebraic representation of linear damping just as the model spring provides 
a convenient representation of a linear restoring force. After application to 
some everyday examples, the various types of motion brought about by the 
damping of an oscillatory system are summarized mathematically. 


Section 3 looks at models of systems which undergo sinusoidal forcing, that 
is, an additional sinusoidal force is applied to the system. Forcing is needed 
to keep a system vibrating, in spite of any damping. For example, a pen- 
dulum clock may have a wound spring to force its oscillations, and a wave 
machine in a swimming pool is designed to keep the water vibrating. A 
vehicle driving over a bumpy surface, formed perhaps by cobbles or a cattle 
grid, is forced to vibrate by the bumps which its wheels encounter. 


Resonance refers to the fact that the amplitude of the vibrations with which 
a system responds to periodic forcing may be much greater at some frequen- 
cies of the forcing than at others. This effect may be desired, as in the 
tuning of a radio. However, resonant oscillations can be unwanted and even 
destructive in mechanical systems, bridges and tall buildings. For this rea- 
son, platoons of soldiers are often ordered not to march in step over bridges. 
Designers try to choose spring stiffnesses and damping devices within sys- 
tem components so as to eliminate unwanted resonant behaviour over the 
range of frequencies likely to be encountered. The amplitude of the forced 
oscillations of a vehicle going over a set of bumps depends very much on 
the speed or frequency with which it encounters the bumps. Rumble strips 
on roads are therefore designed to take this into account, so that resonant 
vibrations are likely to occur at higher speeds and drivers are encouraged to 
slow down. Section 4 shows that resonance is predicted under certain cir- 
cumstances by the model developed earlier for forced oscillations, and that 
the experimental particle-spring system also exhibits resonance. 


Section 5 consists of related activities to be carried out with the computer 
algebra package. The results of some of these activities are referred to earlier 
in the text. 
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1 Damping and vibrations 


The model of vibrating systems which was developed in Unit 7 led to the 
prediction of simple harmonic motion. For a particle with position «i at 
time t, the corresponding graph of x(t) is shown in Figure 1.1. The mo- 
tion, about an equilibrium position « = xq, has amplitude A and period rT. 
However, in the real world no system when left to its own devices maintains 
oscillations of constant amplitude as predicted by this model. In reality the 
amplitude decreases with time, as illustrated in Figure 1.2, and the motion 
eventually dies away. This section therefore introduces a new ingredient 
whose inclusion in a revised model leads to predictions which match better 
the observed behaviour of damped vibration. This ingredient is a resistive 
force which depends upon the velocity of the particle. 


XA XA 


Figure 1.1 Figure 1.2 


Subsection 1.1 introduces a linear model for resistance, which is applied in 
Subsection 1.2 to an experiment on video which involves a magnet falling 
down tubes with differing resistance properties. Subsection 1.3 then models 
a damped particle-spring system. The model is tested experimentally in the 
video sequence in Subsection 1.4. 


1.1 A linear damping model 


The reason for the decreasing amplitude of vibrations shown in Figure 1.2 
is the effect of some form of resistance due either to the air in which the 
system is vibrating or to some other form of friction. In the context of 
vibrations, such frictional effects are commonly referred to as damping and 
the corresponding motion is spoken of as a damped vibration. 


Damping can be due to a number of physical causes and there is a variety 
of mathematical models. As you saw in Unit 6, air resistance is commonly 
modelled as a force opposed to the motion and of magnitude proportional 
to some power of the speed of the body, as for example on an object falling 
from the Clifton Suspension Bridge. The emphasis here is not to model one 
particular physical cause of resistance, but to set up a general mathematical 
model that could apply in many situations. 


In Unit 6 linear and quadratic models for air resistance were investigated: 
the magnitude of the resistance force was assumed to be proportional either 
to the magnitude of the velocity, or to its square, where in each case the 
resistance force opposes the motion. In mathematical modelling it is a good 
principle to start with the simplest available mathematical model which 
appears reasonable, and not to complicate matters unless this initial model 
turns out to be inadequate. Consequently we shall begin here by assuming 
that a linear model applies, so we model the resistance to motion as being 
proportional to the velocity, but in the opposite direction. 


Section 1 Damping and vibrations 


This behaviour was noted for 
the home-made oscillating 
system described in Unit 7, 
Section 1. 
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If the velocity of the particle is zi, then the resistance force is assumed to 
be R = —rzi, where r is a positive constant, and the minus sign shows that 
the direction of R opposes the motion. This model is called linear damping, 
and the constant r is called the damping constant. The model has the virtue 
of simplicity in that it is mathematically easy to handle, which is such an 
advantage that the model is sometimes used even in situations where it may 
not be strictly appropriate. In such circumstances you would not expect the 
model to give results which were accurate in detail, but it could still show 
the effects of resistance and friction in general terms. 


Definition 


The linear damping model assumes that the resistance force acting on 
a particle is proportional to the velocity, but in the opposite direction. 
If the velocity is «i, then the resistance force is modelled by 


R= -rzi, 


where r is a positive constant, called the damping constant. 


The following example should help you recall from Unit 6 how the linear 
damping model applies to motion with air resistance. It also provides some 
revision of the methods for solving second-order differential equations from 
Unit 3. The result obtained will be of use in Subsection 1.2. 


Example 1.1 


An object of mass m falls vertically under gravity. The object is to be 
modelled by a particle which experiences linear damping, with damping 
constant 7, due to air resistance. Suppose that the particle has fallen a 
distance x after time t. 


(a) Derive the equation of motion for the particle. 


(b) Find the particular solution of the equation of motion for which the 
particle is dropped from the origin at time t = 0. 


Solution 


(a) The choice of direction for the z-axis (downwards) is determined by 
the fact that x is the distance fallen. The force diagram is shown in 
Figure 1.3. The weight of the particle is W = mgi (acting vertically 
downwards). According to the linear damping model, the air resistance 
force is given by R = —rzi, which opposes the motion as required. 


By Newton’s second law, 
mii =W+ R= mgi-— rai. 
Resolving in the i-direction gives 
mz+rz=mg. 


(b) This differential equation may be solved in several different ways. Since 
it is linear, of second order and with constant coefficients, the methods 
of Unit 38 may be applied. 


The differential equation is inhomogeneous, so the solution will be the 
sum of the complementary function (the general solution of the associ- 
ated homogeneous differential equation) and a particular integral. 


The associated homogeneous differential equation is 


mz +rxe=O0, 


In Unit 6 when air resistance 
was considered, r was taken 
to be Dc,, where D was the 
effective diameter of the 
object and c, was a constant. 


The SI units of the damping 
constant r are Nsm7! (force 
divided by speed), or kgs7!. 
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Figure 1.3 


Another approach was 
adopted in Example 4.2(a) of 
Unit 6, giving a solution 
which agrees with that 
obtained here. 


whose auxiliary equation is 
md +rr=0. 


This has solutions \ = —r/m and X= 0. The complementary function 
is therefore 


De = Ae /Mt 4 Be% = AeTH/™ + B 
where A and B are arbitrary constants. 


The right-hand side of the original differential equation is mg. Since this 
is a constant, we might think of trying a constant for the particular in- 
tegral. However, there is already a constant term, B, in the complemen- 
tary function, so we need here to use a trial solution of the form x, = pt, 
where p is a constant to be determined. Substituting this into the dif 
ferential equation gives 0+ rp = mg, so p= mg/r. Thus zp = mgt/r 
is a particular integral. On adding the complementary function to this, 
we obtain the general solution of the equation of motion as 
mgt 


= fo + tp = AMM + B+ —, 


where A and B are arbitrary constants. 


In order to find the appropriate particular solution, we need to refer 
to the initial conditions. Since the object is dropped from the origin at 
time t = 0, these conditions are x(0) = 0 and «(0) = 0. Substituting the 
first of these into the general solution gives 0 = A+ B+0,so B=-—A. 
The derivative of the general solution is 


poo( 2 dene 
m Tr 


from which the second initial condition gives 0 = —(r/m)A+mqg/r. 
Hence we obtain A = m?g/r? and B = —m?g/r?. We conclude that 
t 2 
i mg ae ( ene) (1.1) 
r r 


is the required particular solution. 


Look at the form of the particular solution obtained in this example, and 
think about its interpretation. What does the model predict will happen? 


The second term contains a negative exponential. As ¢ increases, this ex- 
ponential becomes negligibly small, and so the second term in the solution 
tends to a constant. The first term is linear in t. In the absence of any other 
significant term involving t, this represents motion at the constant speed 
mg/r. The model predicts, for large values of t, that the motion will be at 
the constant velocity (mg/r)i, which is the terminal velocity of the object. 


1.2 An experiment with damping 


When a magnet moves inside a copper tube, an electromagnetic effect causes 
its motion to be damped. The level of damping depends upon the thickness 
and diameter of the tube. The video sequence associated with this subsection 
looks initially at the motion of a magnet falling down three different copper 
tubes under gravity, and also down a glass tube where only air resistance 
counteracts the descent. In each case, the resistive force may be modelled 
by linear damping as in Subsection 1.1. 


Section 1 Damping and vibrations 


Terminal velocity was defined 
in Unit 6. 


Phenomena like this 
electromagnetic damping are 
beyond the scope of this 
course. For current purposes, 
you do not need to 
understand how this effect 
comes about. 
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The equation of motion which arises is that of Example 1.1(a), and the 
appropriate particular solution is given by Equation (1.1). It is possible to 
determine, using this equation and other measurements made, an estimate 
for the damping constant r for each tube. 


The magnet is then attached to a particle-spring system, like those which 
you met in Unit 7, and the system is set in motion. The model of motion of 
an undamped system is modified in order to take the damping into account. 
A more detailed account of this modelling is provided in Subsection 1.3. 


Note that the video uses the notation x in place of r for the position vector, 
and similarly x for r and x for ¢. This avoids confusion between r and the 
damping constant r, and is used because bold font is hard to distinguish on 
a video screen. Since the motion is one-dimensional, we have x = vi, x = “i 
and x = #i. Thus the model for linear damping appears as 


R= -rx. 
Watch Part 1 of the video for this unit now. 


In the first part of the video, the motion of the magnet down a tube is 
modelled with the origin at the top of the tube and the z-direction down 
the tube. This leads to the equation of motion 


mi+ rz =mg, 
which you met in Example 1.1(a). Since the magnet is dropped from the 
origin, the initial conditions are also the same as in Example 1.1. Hence the 
particular solution is, once more, 


mq (1 as 
5) e : 
r r 


mgt 


— 


(1.1) 


In the video the time ¢ for the magnet to fall the length of each tube was mea- 
sured. The length of each tube was x = 1m. The magnet’s mass was found 
to be m = 0.038kg, and the acceleration due to gravity is g = 9.81ms~?. 
Using these values, Equation (1.1) can be solved numerically, to find the 
value of r for each tube. The results are in Table 1.1. 


Table 1.1 
Tube Material Time of descent (s) Damping constant r (Nsm~‘) 
A Glass 0.64 0.15 
B Copper 2.52 0.92 
C Copper 3.60 1.33 
D Copper 22.60 8.42 


These values for the damping constant r will be used to predict the motion 
of the magnet in each tube when it is attached, as in the second part of the 
video, to a particle-spring system. 


1.3 Damping the spring motion 


As you saw described in the first part of the video, the next set of experi- 
ments with the magnet and tubes involves the magnet being attached to a 
particle-spring system. The model of Unit 7is modified by the inclusion of 
a linear damping force R as well as the model spring force H and the weight 
W of the particle, to give the equation 


méi=W+H+R. (1.2) 
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You will be invited to pause 
the tape in order to work out 
these values of r, using the 
computer algebra package. If 
you wish to do so, then pause 
the tape and turn to 

Activity 5.1 (in Section 5). 
(You could equally well 
choose to do Activity 5.1 at a 
later time.) Some further 
explanation is provided in the 
text below. 

Alternative names for a 
particle-spring system, used 
in the video, are mass-spring 
system and spring—mass 
system. 


——__4 


This is the task which you are 
asked to complete in 
Activity 5.1. 


The video claimed that, with an appropriate choice of origin for x, the 
equation of motion could be written in the homogeneous form 


mz +réz+kx = 0, 


where m is the mass of the particle, r is the damping constant and k is the 
spring stiffness. However, it was not explained how the origin should be 
chosen in order to achieve this, and in the current subsection we pursue this 
question while looking again at the modelling involved. 


The experimental apparatus is shown in Figure 1.4(a), and the correspond- 
ing force diagram is Figure 1.4(b). This diagram corresponds to the situation 
in which the spring is extended and the particle descending, at which time 
both the spring force H, and the damping force R will be directed upwards. 


As before, we take the x-axis to be directed downwards, but for the moment 
leave open the choice of origin. Regardless of this choice, the acceleration 
of the particle is Zi and its velocity is 4i, so the linear damping force is 
R= -rzi. The weight of the particle, W = magi, is independent of where 
the origin is chosen. In fact, only the expression for the spring force H in 
terms of x will depend upon the choice of origin. 


Hooke’s law states that the force exerted by a model spring 
H = —k(I —19)8, 
where k, | and Ig are respectively the stiffness, length and natural length 
of the spring, and §$ is a unit vector in the direction from the centre of the 
spring towards the end where the particle is attached. Here we have S$ = i, 
so H = —k(I — Ip)i. Newton’s second law (Equation (1.2)) therefore gives 
mzi=W+H+R= moi —- kil — Io)i — rai, 
which after resolution in the i-direction leads to 


mi+réz+kl=mg+ kip. (1.3) 


When the system is in equilibrium, we have « = 0 and % = 0, so the equi- 


librium length /.g of the spring is given by 


04+0+kleg=mg+klo, thatis, leg=lo+ 


mg 
i, 
Hence Equation (1.3) can be written as 
mi+ rit kl = kleg. 


It follows that if we take x = / — leg, then the equation of motion takes the 
homogeneous form 


mare ke =; (1.4) 
This choice for x corresponds to taking « = 0 at the point where | = leg, 
that is, choosing the origin to be at the equilibrium position of the particle. 
Exercise 1.1 


In the next set of experiments on the video, the total mass suspended from 
a spring of stiffness k = 23Nm7! is m = 0.711kg. Find the equilibrium 


extension of the spring, taking g = 9.81 ms~?. 


Exercise 1.2 


Use Equation (1.3) to write down the equation of motion for the case in 
which the origin for x is chosen to be at the fixed upper end of the spring. 


Section 1 Damping and vibrations 


An alternative name for the 
spring stiffness, used in the 
video, is spring constant. 


R 


(a) (b) 
Figure 1.4 


Hooke’s law was introduced 
in Unit 7. 


This is the same expression 
for the equilibrium spring 
length that was derived in 
Unit 7. It is the sum of the 
natural length of the spring, 
Ig, and its equilibrium 
extension mg/k. 
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You saw in the case of the simpler model derived in Unit 7 that the equation 
of motion took its simplest (homogeneous) form when the origin was chosen 
at the equilibrium position of the particle, and we have now shown that this 
continues to be true even when linear damping is incorporated in the model. 
Also the equilibrium position remains the same as it was without damping. 
This is perhaps not surprising, since when the particle is in equilibrium (at 
rest), the magnitude of the resistance force R is zero. 


Whatever the choice of origin made for x, the equation of motion takes the 
form 

ne Te he = hiegs (1.5) 
where eq is the equilibrium displacement of the particle relative to the 


chosen origin. We shall normally use the simplest form, Equation (1.4), for 
which Xeq = 0. 


Notice that all the terms on the left-hand side of Equation (1.4) (or Equa- 
tion (1.5)) have the same sign, and that if damping were to be removed (by 
putting r equal to zero), then the resulting equation would revert to that of 
simple harmonic motion, as derived in Unit 7. 


In order to use our model to predict the motion of the damped particle— 
spring system described in the video, we need first to solve the equation of 
motion 


méi+rée+ ke =0. (1.4) 


This is a linear constant-coefficient second-order differential equation, so 
once again the methods of Unit 3 may be applied to find the form of its 
solution. The auxiliary equation is 


mr +rrA+k=0, 


whose roots are 


—r+vVr? —4mk r—~Vr2—4mk 
2m 2m : 
Provided that A; 4 Ae, the solution will then be 


a(t) = Be™* + Ce*!, 


AL = and \y = — 


where B and C are arbitrary constants which depend on the initial condi- 
tions. If Ay and Xz are real, which they will be if r? — 4mk is positive, then 
the solution is the sum of two real exponential terms. As you may recall 
from Unit 3, if the roots of the auxiliary equation are complex (in this case, 
when r? — 4mk is negative), then the solution can be written in real form 
as an exponential times a sinusoid, that is, as 


a(t) =e” (Bcos(vt) + Csin(vt)) , 


where p = r/(2m), v= V4mk — r?/(2m), and B and C are arbitrary con- 
stants which depend on the initial conditions. As in Unit 7, the sine and 
cosine terms can be combined to write this solution in the form 


a(t) = Ae cos(vt + ¢), (1.6) 
where A and ¢ are arbitrary constants. 


It can be seen that, under certain circumstances, the model predicts os- 
cillations (due to the sinusoidal factor) of decreasing amplitude (since the 
exponential term has a negative exponent). 
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This equation was 
investigated in Unit 8. 


The process of solving 
Equation (1.4) will be 
revisited in Section 2, so do 
not dwell upon the 
mathematical details here. 
The main point is that both 
graphical (Figure 1.5 below) 
and numerical (Table 1.2 
below) predictions of the 
behaviour of the damped 
particle-spring system on the 
video can be obtained from 
the model. 


Algebraic manipulation 
reveals that B = Acos@ and 
C= -—Asin@¢. (See Unit 7.) 


The computer algebra package can be used to produce the appropriate par- 
ticular solution of Equation (1.4) and to plot the corresponding graph for 
each of the four tubes in the video experiments. The results are shown in 
Figure 1.5. Note here that the x-axis points downwards in each case, to 


match the direction specified in our model. 


Section 1 Damping and vibrations 


If you would like to verify 
these results at this stage, 
then turn to Activity 5.1, 
which also provides the 
numerical predictions 
summarized in Table 1.2 
below. 


—0.05 4 tube A 
0) ok 
0.05 T T 1 T 1 T ms 
i 5 10 15 20 25 30. ts 
x/myv 
~0.05 | tube B _ 0.05 pa tube Cc _ 0.05 _| tube D 
Oe 0-7 0-5 
0.05 T T > 0.05 T T > 0.05 
0 5 10 #/s 0 5 10 ts 0 5 ts 
x/my¥ x/myv x/myv 


Figure 1.5 Predictions from model for each tube 


These are computer-generated graphical predictions for each of the four 
tubes. What are the most significant features in each case? 


Tube A: The graph of the solution clearly shows the amplitude of the os- 
cillations decreasing exponentially. The amplitude corresponds to the ex- 
ponential factor Ae~?’ identified earlier, while the sinusoidal factor gives 
oscillations of constant frequency. The model predicts that the oscillations 
die away relatively slowly. 


Tube B: The model again predicts decaying oscillations, though these die 
down more quickly than for tube A. 


Tube C: The model predicts very similar motion to that for tube B. 


Tube D: The model predicts no oscillations at all and a rapid return directly 
to the equilibrium position. 


The model also permits us to make numerical predictions, in the cases of 
tubes A-C, for the period of each oscillation and the rate at which the 
oscillations decay. For these three tubes we have, from Equation (1.6), that 
the period of oscillations (in seconds) is 


27 4nm 
= = 5 
vy WV4mk — r2 
and that, over each complete oscillation, the amplitude decays by a factor 
e?7, where p=r/(2m). With m = 0.711 kg and k = 23Nm7! (as for the 
system on the video), we can therefore calculate the predicted values given 
in the last two columns of Table 1.2. 


See Equation (1.6). 


Note that for tube D, with 

r =8.42Nsm~!, the 
expression 4mk — r? is 
negative, that is, r? — 4mk is 
positive. In this case the 
auxiliary equation has two 
negative real roots and the 
solution is purely exponential 
(see page 12). Hence there 
are no oscillations in this 
case, as confirmed by the 
corresponding graph in 
Figure 1.5. 
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Table 1.2 
Tube Damping constant, Period, Amplitude decay 
r (Nsm7!) T(s) factor per cycle, e~°7 
A 0.15 1.10 0.89 
B 0.92 1.11 0.49 
C 1.33 1.12 0.35 


In the video sequence associated with the next subsection, you will be able 
to see how these various predictions compare with the actual experimental 
behaviour. 


1.4 Comparing predictions with reality 


Figure 1.5 provides predictions for the behaviour of the damped particle— 
spring system for each of the tubes. You can now see whether these predic- 
tions bear any relationship to reality. 


Watch Part 2 of the video for this unit now. 


As you watched the video, you probably noticed that qualitatively at least 
the model predicted the actual motion well. The match between the model’s 
graphical predictions in Figure 1.5 and the video traces from the experiment 
in Figure 1.6 is striking. 


¥Ery 
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Figure 1.6 Video traces of experimental results for each tube 


These traces do not give an indication of the timescale involved. Timings 
taken directly from the video provide an estimate of 1.1 seconds for the pe- 
riod of oscillations for tube A. The corresponding periods for tubes B and C 
are very similar, but harder to measure due to the few oscillations which oc- 
cur. This period estimate is in agreement with those given in Table 1.2. 
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You might like to check this 
yourself, using a stopwatch. 
Time (say) 5 oscillations, 
then divide your reading by 5. 
Take the average of several 
readings for greater accuracy. 


Section 1 Damping and vibrations 


The tabulated predictions for the amplitude decay factor also appear to be 
borne out by the experiments, to the accuracy with which measurements 
can be made from the video traces. For example, the prediction for tube A 
is that the amplitude should halve over about six cycles (since 0.89° ~ 0.5), 
whereas for tube B the amplitude is predicted to halve approximately every 
cycle. 


We conclude that, both qualitatively and quantitatively, the model is vali- 
dated quite well by the experimental results. (There are nevertheless some 
discrepancies. For example, the actual decay of the amplitude in tube A 
does not look exponential throughout the range shown.) 


When the magnet is in tube A, the damping is very light. With the magnet 
in either tube B or tube C, the damping level is higher but there are still some 
oscillations. The even higher level of damping in tube D prevents oscillations 
altogether. Damping like this, for which there are no oscillations, is called 
strong damping. Damping where there are decaying oscillations, as for 
the other three tubes, is called weak damping. For a system in which 
the level of damping can be varied continuously, there will be a cross-over 
point between weak and strong damping, and the corresponding level of 
damping is called critical damping. In the case of the video experiments, 
critical damping lies between the damping levels of tubes C and D. Critical 
damping gives the most rapid return to the equilibrium position, given an 
initial displacement, whereas very strong damping can cause a significant 
delay in the return to equilibrium. 


In terms of the mass m, spring stiffness k and damping constant r, we have 

weak damping if r? — 4mk < 0, strong damping if r? — 4mk > 0 and critical 

damping if r? — 4mk = 0. More is said about the mathematical aspects of — For the particle-spring system 
damping in Section 2. To conclude this section, we ask you to consider briefly discussed in Subsection 1.3, 


what type of damping might be required in various real-world systems. eee occurs when 
r=o. sm : 


Different levels of damping are appropriate in different situations. The baby 
bouncer, which you saw on the video, is more fun for the child the longer 
its oscillations continue, following an initial displacement, so here very weak 
damping is desirable. 


For kitchen scales to be useful, any oscillations should die down quickly, so 
that readings may be taken. In this case the damping should be close to 
critical damping. For given kitchen scales, the values of r and k are fixed. 
There is then only one value m of the mass placed on the scales for which 
critical damping can be achieved exactly, since in this case r? = 4mk. Scales 
are usually designed to give a speedy return to the equilibrium position for a 
specified range of values of mass, and since a few small oscillations initially 
are acceptable, damping which is weak but close to critical is preferred. 
Strong damping would result in the scales taking a longer time to return to 
the equilibrium position, and hence hold up the taking of a reading. 


Vehicle suspension systems are designed to smooth out the ride and so here 
strong damping is better. However, the damping should not be too strong. 
The spring needs to be returned close to its equilibrium position in order to 
be able to absorb the next jolt from the road. The time between jolts will 
obviously depend upon the road surface and the speed at which the vehicle 
is travelling. When the vehicle is carrying a heavy load, m will be larger. 
Designers must aim to include a level of damping which is appropriate for 
both the heaviest and lightest loads envisaged, as well as for the different 
terrains and speeds likely to be encountered. 
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The sit-ski suspension shown in the video must similarly be strongly damped, 
but not so strongly that it prevents the spring from returning to near equi- 
librium in time to absorb the next jolt. Thus the terrain and the speed of 
the sit-ski are relevant factors in choosing the appropriate level of damping, 
as is the mass of the sit-skier. For a sit-skier who is heavier than average, a 
higher level of damping is required, and the sit-ski has a mechanism which 
permits the level of damping to be adjusted. 


*Exercise 1.3 


What level of damping would be appropriate for each of the following mech- 
anisms? 


(a) Buffers at the end of a railway line, which are intended to halt a train 
which comes into the station too fast. 


(b) A device which prevents a door from slamming shut. 


(c) A mechanism linking the fuel gauge of a vehicle and a float in the fuel 
tank, which is designed to damp fluctuations in the gauge reading caused 
by travel over an uneven surface. 


(d) A tow-bar mechanism, which is designed to minimize the transfer of 
jolts from the towing to the towed vehicle or vice versa. 


(e) Bathroom scales. 


2 Spring—damper models of motion 


This section is designed to give you practice in modelling systems where both 
model spring forces and linear damping forces act. As earlier in the course, 
this involves drawing appropriate diagrams and deriving the equation of 
motion. The emphasis is on setting up the model, including appropriate 
initial conditions, and on interpreting solutions in terms of the physical 
system concerned. 


In order to represent linear damping diagrammatically, we introduce in Sub- 
section 2.1 the concept of a model damper. This is applied to the various 
modelling examples which are described in Subsection 2.2. A mathemati- 
cal summary of the various types of motion which can be caused by model 
springs and dampers is given in Subsection 2.3. 


2.1 The model damper 


In Unit 7 we introduced the concept of a model spring. This is a convenient Unit 7, Subsection 2.1 
means of indicating diagrammatically and describing algebraically the pres- 

ence of a force which depends linearly on the length / of the spring. The 

force exerted on a particle connected to an end of the model spring is given 

by 


k 
H=—kU—1h)8, (2.1) AAA 


where k is the stiffness and lg is the natural length of the spring. The vector S$ — 5 
is a unit vector in the direction from the centre of the model spring towards 

the particle (see Figure 2.1). In Unit 7 you saw this force specification Figure 2.1 

applied to model springs which had one end attached to a particle and the 

other kept fixed. However, the same expression for the force on the particle 


16 


Section 2. Spring—damper models of motion 


applies even when the other end of the model spring is in motion. You will 
see applications of this type in Section 3 and in Unit 18. 


We now define a model damper. Like the model spring, this is a hypothetical 
one-dimensional system component which can be included in diagrams and 
with which a certain vector expression for force is associated. When one 
end of the damper is fixed, it embodies the linear damping model defined in 
Subsection 1.1. 


Definition 


A model damper, with a particle attached to one of its ends, provides 
a force on the particle which opposes its motion relative to the other 
end. The magnitude of this resistance force is proportional to the rate 
of change of length of the model damper. The force provided by the 
model damper (when compressing or extending) is therefore 


R = —ris, (2.2) 


where | is the rate of change of length of the model damper, r is a posi- 
tive constant (called the damping constant), and § is a unit vector in 
the direction from the centre of the model damper towards the particle. 
A model damper has zero mass. It is represented diagrammatically in 
Figure 2.2. 


The diagrammatic representation of a model damper, as shown in Figure 2.2, 
is a cross-sectional picture of an actual physical device known as a dashpot, 
which involves the motion of a piston within a circular cylinder. However, 
you could also think of it as a picture of the magnet within a copper tube 
from the Section 1 video sequence, where the resistance was electromagnetic. 


When used in a diagram, the model damper simply indicates the presence 
of a force of the type described by Equation (2.2), just as a model spring on 
a diagram stands for a force of the type given by Equation (2.1). Thus we 
could represent the modelling of the damped particle-spring system on the 
video as shown in Figure 2.3. This is a more abstract form of Figure 1.4(a), 
but it indicates clearly the assumed presence of linear damping, which the 
former diagram does not do. 


Although we represent a model spring and a model damper as independent 
elements, they may correspond to a single physical entity (a real spring, 
say) which exhibits to some extent both types of force behaviour. For ex- 
ample, the elastic string from which a bag of coins was hung in Unit 7 shows 
spring-like behaviour but also seems to exhibit considerable ‘internal fric- 
tion’, which may be a more significant factor than air resistance in reducing 
the amplitude of oscillations. If we were to model this internal friction as be- 
ing linear, then Figure 2.3 as it stands would suffice to represent our model 
for the bag plus elastic string. 


*Exercise 2.1 


(a) Suppose that a model damper is attached to a particle at one end and 
to a fixed point at the other, where the damper lies along the direction 
of motion of the particle (described by an z-axis). Show that Equa- 
tion (2.2) leads in this case to the expression 


R=-rzi 


(as in the definition of linear damping in Subsection 1.1, page 8) for 
either of the possible choices of x-direction. 


Figure 2.2 


One form of dashpot is used 


as the shock-absorber on a 


car, where the cylinder is full 


of oil and the relative moti 


on 


of the piston causes oil to flow 
through the small annular gap 
between piston and cylinder. 


This provides resistance to 
the relative motion. 


Figure 2.3 
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(b) Suppose now that the end of the model damper not attached to the 
particle is made to move in such a way that its position on the x-axis is 
given at time t by y(t)i. Show that Equation (2.2) now leads to 


R = —-r(¢— y)i. 


Note that the model damper is very much a first model of damping effects, 
and may not describe accurately what occurs in real systems except over 
small ranges of the relative velocity. However, its simplicity makes it con- 
venient to use, and it is capable (as you saw in Section 1) of providing 
reasonable representations of certain damped systems. 


2.2 Applying model dampers 


The examples and exercises in this subsection present a number of situa- 

tions where there is some damping. In each case you are invited to consider 

carefully the setting up of the model, by drawing diagrams and then using 

Newton’s second law to obtain the equation of motion. Do not focus too 

much here on how to solve the differential equations which arise. Concen- The methods required to 
trate rather on the modelling, including the specification of initial conditions solve these differential 
and the way in which they enable values for the arbitrary constants to be CdUations are from Unit 3. 
found. Think also about the interpretation of the solutions. 


Example 2.1 


A toy train of mass 2 kg, travelling on a straight horizontal track, freewheels 
into buffers at a speed of 0.25ms~!. The buffers are to be modelled by a 
model spring, with stiffness 25 Nm7!, together with a model damper with 
damping constant 15Nsm~!. Use this model to predict the subsequent 
motion. In particular, by how much will the buffers be compressed, and 
what happens to the train thereafter? Comment on the validity of the 


model. i 

<—qj— 
Solution lo 
The model of the buffers is shown in Figure 2.4(a). The train is represented x | 0 


by a particle, and the model spring and model damper are assumed to be 
joined at their non-fixed ends. The origin is taken to be where the free end 
of the spring is situated when the length of the spring is equal to its natural 
length. This is the point at which the front of the train will first come into 
contact with the buffers. The train’s initial direction of travel is taken to be 
the positive «x-direction. (a) 


The corresponding force diagram is Figure 2.4(b). Since the weight W of N 
the train and normal reaction N on it from the track are vertical forces 

which balance each other, they have been omitted from the analysis below. m 
As with model springs, there is in general no single choice of direction for 

the model damper force which is correct at all times, but for the purposes of Ww 
the force diagram, either of the possible choices will do. The directions for (b) 

H and R in Figure 2.4(b) correspond to the model spring being compressed 

and the model damper shortening. Figure 2.4 


From Equation (2.1), the model spring force is 
H = —k(I — 19) S = —k(Io — x — Io) (—i) = —kaxi 


and, from Equation (2.2) and Exercise 2.1(a), the resistance force is 


R = —rls = —rvi. 
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The equation of motion is therefore 
mHi=H+R = —kai - rai, 

which after resolution in the i-direction gives 
mz +re+ khe= 0. 


Substituting the given values m = 2kg, k = 25Nm7! and r=15Nsm_“1, 
we have 


2@ + loa + 252 = 0. 


The corresponding auxiliary equation is 2\? + 15\ + 25 = 0, which has roots 
A = —5 and A = —2.5. Hence the general solution of the differential equation 
is 


x = Ae~* + Be, 


where A and B are arbitrary constants which depend upon the initial con- 
ditions. In order to find the appropriate particular solution, we need to 
formulate these initial conditions. 


Choose the origin of time as the instant at which the particle representing 
the train makes contact with the buffers. The initial conditions are then 
x(0) = 0 and «(0) = 0.25. Substituting the first of these into the general 
solution gives 0 = A+ B, so we have B = —A. To apply the second initial 
condition, we need first to differentiate the general solution, obtaining 


& = —5Ae—* —2.5Be~?, 


Substituting «(0) = 0.25 and B = —A here gives 0.25 = —5A+2.5A, so 
A=-0.1 and B =0.1. Putting these values for A and B into the general 
solution gives the required particular solution as 


x=0.1 (an = e~°*) : 
The graph of this position function is shown in Figure 2.5. 


We now need to interpret this solution in order to predict the motion of the 
train after it meets the buffers. Clearly, the buffers will be compressed. The 
maximum compression is achieved when x is a maximum, for which « = 0 
(the train’s velocity is zero). This occurs when 


& = —0.25e 74+ 05e °° =0, thatis, when 1=2e-?*. 


The corresponding time is t = 0.41In2 ~ 0.28 seconds, and (putting this time 
into the particular solution) the maximum compression is x = 0.1(3 — 7) = 
0.025 metres. The model predicts that the buffers will be compressed by 
0.025 metres (2.5cm). For this to be reasonable, the spring must have 
a natural length longer than this! Otherwise, the model predicts that the 
train will compress the spring to zero length without being brought to a halt, 
which might result in the train breaking through the buffers or becoming 
derailed. 


It remains to consider what happens to the train after it has been instanta- 
neously brought to rest at the point of maximum compression for the model 
spring. As expected, and as the graph in Figure 2.5 indicates, it then starts 
to move back in the direction from which it arrived. However, the spring— 
damper is not attached to the train and so can only ‘push’ it, not ‘pull’ 
it. If at some time the model predicts a total force on the particle which 
is in the positive x-direction, then the model has become invalid. This will 
correspond to a moment at which the train has lost contact with the buffers. 


According to Newton’s second law, the total force on the particle is equal 
to mi, so the train leaves the buffers where 7 becomes positive. This is 


Spring—damper models of motion 


This is Equation (1.4) once 
more. 


Note that in this case 

r? — 4mk = 25, which is 
positive. According to the 
criterion obtained in 

Section 1 (see page 15), this 
confirms that the buffers will 
provide strong damping, with 
real exponential terms in the 
solution, rather than decaying 
oscillations. 


x/m A 


0.02 + 


Figure 2.5 


Here we have divided through 
by e724 and noted that 


gat (eo, 
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where the graph in Figure 2.5 changes to a broken line. Differentiation of 
the expression above for « gives 


# = 0.625¢~?-* — 2.5e-5t — 0.625e~7-* (1 — 4e-?-5*) . 


This expression becomes positive when 4e~?*™ is less than 1, which happens 


after t = 0.41n4 ~ 0.55 seconds. Therefore the corresponding position of 
the particle is x = 0.1(; — is) ~ 0.019 metres, which is 0.6cm back from 
the point of maximum compression. The velocity at this time is «i, where 


& = —0.25 x ¢+0.5 x ag ~ —0.031 ms". 


We conclude that provided the buffers are long enough to sustain the maxi- 
mum compression, they are predicted to turn an incoming speed of 0.25ms7! 
into an outgoing speed of 0.031 ms~!. This is the sort of effect which buffers 
are intended to have! 


In the example above, we chose the x-axis to be directed from the track 
towards the buffers, with origin at the point where the train first comes into 
contact with the buffers. If the opposite direction were to be chosen for 
the x-axis, with the same origin, then the equation of motion would not be 
altered. The initial condition x(0) = 0 is unchanged, while that for « has the 
opposite sign, that is, (0) = —0.25. The solution for x, correspondingly, 
has its sign reversed. 


If, on the other hand, we selected a different point for the origin (with either 
direction for the x-axis), the equation of motion would become 


me-ra + ke = hveq, 


where Zeq is the value of x where the train meets the buffers. The initial 
conditions are now 2(0) = %eq, &(0) = £0.25, where the sign for «(0) de- 
pends on the choice of x-direction, as discussed above. The solution for x is 
altered by the addition of aq to the expression obtained previously (when 
the origin is at the point where the train meets the buffers). 


As you would expect, the eventual answers to the problem in Example 2.1 
do not depend on the choices of origin or direction for the z-axis. The 
interpretation is the same in each case. 


Exercise 2.2 


A miniature train of mass 40 kg, travelling on a straight horizontal track, 
freewheels into buffers at a speed of 1ms~!. The buffers are to be modelled 
by a model spring, with stiffness 140N m+, together with a model damper 
with damping constant 180 Nsm7!. The z-axis is chosen directed away from 
the buffers down the track (in the direction opposite to the incoming train), 
with origin at the fixed end of the model spring. The natural length of the 
model spring is 0.5 metres. 


(a) Show that the equation of motion can be written as 
4% + 18x 4 142 = 7, 
and use the r? — 4mk criterion to say if the damping is strong or weak. 


(b) Write down a pair of initial conditions for the motion of the train while 
in contact with the buffers. 


(c) The solution of the equation of motion which satisfies the initial condi- 
tions of part (b) is 


x = 0.5 —0.4e~* + 0.4e735%, 


What is the maximum compression of the buffers? At what point, and 
with what speed, does the train leave the buffers? 
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Notice that the curvature of 
the graph reverses where the 
graph changes to a broken 
line; there is a point of 
inflection, where « changes 
sign. 


The speed decrease is also 
evidence of a very significant 
decrease in the train’s kinetic 
energy. There is not space in 
this unit to focus further on 
the topic of energy, beyond 
pointing out that the 
presence of damping in a 
system will always entail loss 
of energy, and that heavier 
damping means a greater rate 
of loss of energy. 


This is Equation (1.5) once 
more. 
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(d) Suppose that the damping constant were altered to 120Nsm~, with 
other parameters of the system as before. Without solving the differen- 
tial equation, say how you would expect the nature of the predictions 
to be altered. 


Example 2.2 


A baby bouncer suspension (see Figure 2.6) is modelled by a model spring, 
with stiffness 200 Nm~!. There is some internal damping in the suspension 
and there is some air resistance, which together can be modelled by a model 
damper with damping constant 0.2Nsm7!. The bouncer is designed for a 
baby whose mass is about 10 kg. 


Set up the equation of motion for the model, and find the particular solution 
for the case in which the baby is released from rest when 0.3 metres above 
its equilibrium position. Use the model to predict how long it takes before 
the amplitude of the oscillations drops below 0.05 metres, if the baby is not 
pushed in any way. 


Solution 


The system and force diagram are shown in Figure 2.7. We model the baby 

as a particle. Assume that the mass of the baby (plus the parts of the baby Figure 2.6 
bouncer suspended from the spring) is m = 10kg. Take the origin at the 

top of the spring, with the x-axis pointing downwards. The forces acting on 

the baby are the weight W = magi, the model spring force H = —k(ax — Io)i 

and the resistance force R = —rai. Newton’s second law gives 


R 
mii=W+H+R 
= mgi — k(x — Ip)i— rai, H 
which leads, after resolution in the i-direction, to the equation of motion = 
mé+rée+ kx = mg kilo. 
The right-hand side can be written as kteq, where teg = mg/k + Ip is the ys 
equilibrium position of the baby. Hence x = Z%eq is a particular integral of (a) (b) 
the differential equation. After substituting the given values for m, k and r, 
the associated homogeneous differential equation has auxiliary equation Figure 2.7 


10A? + 0.2 + 200 = 0, 


which has solutions \ = —0.01 + 4.52 (to two significant figures). This leads 
to the complementary function 


Ae~ °°" cos(4.5t + ), 
where A and ¢ are arbitrary constants, so the general solution is 
a = Ae "lt cog(4.5t + 6) + teq- 
This represents decaying oscillations about the equilibrium position. 


In order to find the particular solution, we need the initial conditions. Since 
the baby is released from rest at 0.3 metres above the equilibrium position, 
these are x(0) = %eq — 0.3 and &(0) = 0. These give 

—0.3 = Ae®cos@ and 0 = Ae*(—0.01cos¢ — 4.5sin ¢). 


Solving these leads to A ~ 0.30 metres, so the amplitude of the decaying 
oscillations is about 0.30e7°-°! metres. This reduces to 0.05 metres when 
0.30e~9-°!* = 0.05, or t = 1001In6 ~ 180 seconds (about 3 minutes). I 
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*Exercise 2.3 


As you may recall from the video, a sit-ski is a seat attached above a ski, with 
a spring-damper suspension. The spring is chosen according to the weight 
of the skier. The damper can be adjusted according to the skier’s weight 
and the terrain. Suppose that a particular sit-ski suspension is modelled 
as a model spring-damper system, with spring natural length 0.2 metres, 
stiffness 30000 Nm~!, damping constant 6300 Nsm7! and the skier (plus 
seat) as a single particle of mass 60 kg. Take the acceleration due to gravity 
as g = 9.81ms~?. Figure 2.8 represents the sit-ski with skier. 


(a) Draw the diagram for the forces acting on the skier. Take the z-axis 
to be directed upwards, with origin at ground level, and obtain the 
corresponding equation of motion. 


(b) Suppose that the skier is lowered onto the seat and then released from 
rest when the spring has its natural length. Write down the correspond- 
ing initial conditions for the skier’s subsequent motion. 


(c) Given that the required particular solution of the equation of motion is 
L = Leg + 0.021e—°* — 0.001e—1* (in metres), find approximately how 
long the model predicts that it will take before the skier’s displacement 
is within 0.001 metres (1mm) of the equilibrium position. 


We look next at a different type of situation, which however leads to an 
equation of motion very similar to those seen already. The fuel gauge for a 
vehicle is connected to a mechanism which monitors the level of fuel in the 
tank. This mechanism is designed to damp oscillations in the gauge reading 
after disturbances such as those caused by travel over bumps on the road. 
The mechanism includes a float on the surface of the liquid in the fuel tank, 
and the buoyancy force of the liquid on this float acts in an analogous way 
to a spring. A buoyancy force, sometimes called an upthrust, is experienced 
by any object which is wholly or partly immersed in a liquid. If the object 
floats in equilibrium on the surface of a liquid, then the upthrust from the 
liquid balances the weight of the object (see Figure 2.9). If you push the 
object down further into the liquid, then there is a greater upthrust pushing 
it back up. When you lift the object up a little from its equilibrium position, 
the upthrust is less and the weight of the object pulls it down again. 


upthrust 


weight 
Figure 2.9 


According to Archimedes’ principle, the upthrust is directed vertically up- 
ward and is equal in magnitude to the weight of liquid displaced by the 
object. It follows that if the object has a constant horizontal cross-section, 
then the magnitude of the upthrust on it is proportional to the depth of 
its base below the surface of the liquid. In fact, if the displacement of the 
base (measured downwards from the surface of the liquid) is xi, then the 
upthrust is —kai, where k is a constant that depends upon the density of 
the liquid and the cross-sectional area of the floating object. (For this model 
to be valid, the object must be at least partly immersed in the liquid, but 
not wholly submerged.) Hence the float system in a vehicle’s fuel tank can 
be modelled by a model spring-damper system, provided that the length of 
the spring is regarded as being equal to its natural length when its non-fixed 
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Figure 2.8 


Archimedes’ principle was 
quoted in Unit 7, 

Exercise 4.9, in the context of 
simple harmonic motion. 


In fact, k = pAg, where p is 
the liquid density, A is the 
cross-sectional area and g is 
the acceleration due to 
gravity. 
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end is at the level specified by the liquid surface. However, it may be more 
straightforward to write down the upthrust force directly, as in Example 2.3 
below. The return to equilibrium should be rapid, for ease of reading the 
fuel gauge, and hence the system requires near-critical damping. 


Example 2.3 


The mechanism in a particular fuel tank is to be modelled by a model 
spring-damper system. The upthrust from the liquid fuel on the float is 
equal in magnitude to twice the weight of the float times the proportion of 
the float below the surface. The mass of the float is m = 0.1 kg, its vertical 
height is d = 0.01 metres, and the damping constant is r = 21 Nsm7!. Take 
g =9.81ms~?. Find the equation of motion, and solve it for the case in 
which the motion begins with the base of the float 0.01 metres below the 
surface with zero velocity. Hence predict when the float will be less than 
0.001 metres (1mm) from its equilibrium position, assuming that there is 
no further disturbance. 


Solution 


Take x as the downward displacement of the bottom of the float from the sur- 
face of the liquid (see Figure 2.10). Then the unit vector i points downwards. 


R 
liquid 
surface 
level u 
it 
m 
WwW 
(a) (b) 
Figure 2.10 


The upthrust from the fluid is U = —2mg(a/d)i, the weight is W = mgi and 
the damping resistance force is R = —rai. Hence, using Newton’s second 
law, we obtain 

mzi=W+U+R= moi - (2mg/d)zi — rai, 
which leads to the equation of motion 

mz + rz + (2mg/d)x = mg. 


Once the parameter values have been substituted, the general solution is 
found to be 


xg = Ae 20% 4 Be—9-89 4 9.005. 


The initial conditions are x(0) = 0.01 and «(0) = 0, which give the particular 
solution 


x = 0.005 26e~ 93% — 0.000 257720 + 0.005 (metres). 


There are three terms in the solution. The last represents the equilibrium 
position of 0.005 metres. The second involves e~2°°', which dies away very 
quickly, and the other term is the dominant term in the variable part of 
the solution, namely 0.005 26e~9°. ‘This will reduce to 0.001 metres when 
e980 — 9.190, that is, when ¢ = —(1In0.190)/9.80 ~ 0.17 seconds. Hence 
the model predicts that the displacement of the float will be within 1 mm of 
its equilibrium position in less than a fifth of a second. 


This formula for the upthrust 
is specific to this example. It 
corresponds to the 
equilibrium position of the 
float being half in and half 
out of the fuel. 


In other words, the stiffness 
of the model spring equivalent 
to the upthrust is k = 2mg/d. 
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Exercise 2.4 


Modify the model from Example 2.3 for a mechanism where the upthrust 
from the fluid fuel is again equal in magnitude to that of twice the weight 
of the float times the proportion of the float below the surface level, and 
the mass of the float is again m = 0.1kg, but now the vertical height of the 
float is d = 0.02 metres and the damping constant is r = 11Nsm7!. Take 
g=98lms™. 


(a) Derive the equation of motion, and write down the initial conditions for 
the case in which the motion begins with the base of the float at the 
liquid surface with zero velocity. 


(b) Given that the particular solution for the initial conditions described in 
part (a) is x = 0.001 08e~ 19-2 — 0.0111e—9-" + 0.01 (metres) predict 
when the float will be less than 0.001 metres (1 mm) from its equilibrium 
position, assuming that there is no further disturbance. 


Exercise 2.5 


Bathroom scales can be modelled by a model spring-damper system, as 
shown in Figure 2.11. If the stiffness of the spring is k = 50000 Nm! and 
the damping constant is r = 5000 Nsm7!, what mass of person standing on 
the scales will give critical damping? What would you expect to happen if 
a slightly heavier or lighter person stood on the scales? 


All the models encountered in this subsection have led to equations of motion 
of the form 


mi+ré+ kz = keg, (2.3) 


where Zeq is the equilibrium position of the particle. The following points 

should now be apparent. 

e In Equation (2.3), only the expression for eq depends upon the choices 
of origin and direction for the x-axis. 

e If the origin is chosen to be the equilibrium position of the particle, then 
Equation (2.3) reduces to its homogeneous form 


mi+rzée+kr =0. (2.4) 


e Given any solution to Equation (2.4), there is a corresponding solution 
to Equation (2.3) obtainable by adding the constant 2eq. 


Hence Equation (2.4) always describes the motion of the system relative to 
the equilibrium position. In the next subsection, we summarize the mathe- 
matical possibilities which arise when solving this differential equation. 


We have concentrated on systems with a single model spring and a single 
model damper, but it is easy to extend the results to situations where more 
than one model spring or damper is present, acting as before along an z- 
axis. All that needs to be done is to add an appropriate force term to the 
right-hand side of Newton’s second law for each component present. For 
example, if there are two model springs, with stiffnesses ky and kg, then for 
motion relative to the equilibrium position we again obtain Equation (2.4), 
with k = kj + ko. In other words, the combined effect of the two model 
springs is equivalent to that of a single model spring with stiffness ky + ko. 
A similar result holds for model dampers: the combined effect of two model 
dampers, with damping constants 7; and ro, is equivalent to that of a single 
model damper with damping constant r, + re. 
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Figure 2.11 


In fact, %eq is a particular 
integral for Equation (2.3). 


Section 2 Spring—damper models of motion 


2.3 Weak, critical and strong damping 


A mechanical system whose equation of motion is of the form (2.3) or (2.4) 
is called a damped linear harmonic oscillator, or damped harmonic 
oscillator for short. In the absence of damping, the equation reduces to 
that of a simple harmonic oscillator, whose motion you studied in Unit 7. 


In this subsection we shall summarize the types of behaviour which can During this subsection, you 


occur for a damped harmonic oscillator. We concentrate on the equation of ™ay like to refer to 
motion Procedure 1.1 in Unit 3. 


mi+rée+ kx =0, (2.4) 


for which the motion of the particle is described relative to its equilibrium 
position. The auxiliary equation for Equation (2.4) is 


mM’ +rvA+k=0, 


whose roots are 


se: ee ee 
AL = and A= ; (2:5) 


2m 2m 


The form of solution falls into one of three types, depending on whether 
the expression r? — 4mk is positive, negative or zero. These three cases 
correspond respectively to strong, weak and critical damping. 


Before examining each case in turn, we introduce the damping ratio 


r2 ee 
4mk 2/mk’ 


which makes more transparent some of the mathematical descriptions. For 
example, since r?2 — 4mk = 4mk(a? — 1), the conditions for strong, weak 
and critical damping can be expressed in terms of the damping ratio as 
a>1, a<1 and a=1, respectively. Whereas the damping constant r 
provides an absolute value for the damping force per unit speed exerted on 
the particle, the damping ratio gives a measure of how important damping 
is relative to the mass m and spring stiffness k of the system. Note that a 
is a dimensionless quantity, since the dimensions of r are the same as those 


of Vmk. 


c= (2.6) 


*Exercise 2.6 


Increasing the damping constant r (while keeping the mass m and stiffness k 
fixed) will increase the damping ratio a. What other changes in parameters 
will increase a? 


Exercise 2.7 


For the spring-damper system shown on the video in Section 1, the mass 
was m = 0.711 kg and the spring stiffness was k = 23 Nm7!. The damping 
constants r (in Nsm~') for tubes A-D were, respectively, 0.15, 0.92, 1.33, 
8.42. Find the corresponding damping ratios, and verify that tubes A—C 
provide weak damping while tube D provides strong damping. 


We now look in turn at each of the three cases of damping identified above, 
but as a preliminary there is a reminder of the situation with no damping 
that you saw in Unit 7. 


25 


Unit 17 Damping, forcing and resonance 


No damping 


If there is no damping, then we have r = 0 and a = 0. From Equation (2.5), 
the roots of the auxiliary equation are 


V—-4mk . |k V—4mk Tk 
AL = =% and do9= —_j 
2m m 2m m 


The motion is simple harmonic, as described by the solution 


x(t) = Acos(wt + 9), 


where A and ¢ are arbitrary constants, and w = ,/k/m is the natural (un- 
damped) angular frequency. In practice, we restrict A to be positive, and 
call it the amplitude of the motion. The period of the motion is T= 277/w, 
and @, restricted to the range —7 < $ < 7, is called the phase or phase angle. 
A graph of x(t), with ¢ = 0, is shown in Figure 2.12. 


Weak damping 


For weak damping, r2 — 4mk < 0 anda < 1. The solution to Equation (2.4) 
is the product of a decaying exponential and a sinusoidal function, namely 


a(t) = Ae? cos(vt + ¢), (2:7) 


where p = r/(2m), v= V4mk — r?/(2m), and A and ¢ are arbitrary con- 
stants. (As before, we restrict A to be positive, and the phase ¢ to be within 
the range —7 < @< 7.) A graph of this motion is shown in Figure 2.13. 


For simple harmonic motion, the period is the time to complete one cycle. 
Here the motion does not repeat itself and so we generalize the definition. 
The period 7 of the motion is the time between successive zeros of « where 
the particle is moving in the same direction. In Equation (2.7) the angular 
frequency is v and the period is tT = 27/v. 


To investigate Equation (2.7) further, we write the parameters p and v in 
terms of the damping ratio a = r/(2V mk) and the natural angular frequency 
w= /k/m. To do this we first note that 


lk 4 r r 
Wa = => —4 a 
m A%W/mk 2m e 


The angular frequency v can also be written in terms of w and a: 


—r2 2 ky/1 —r?2/4mk 
eo ee ier ee 
m m 


2m 


The broken curves in Figure 2.13, corresponding to the two graphs 
x = +Ae~, indicate how quickly the oscillations decay (larger a gives 
more rapid decay). The angular frequency v = wV1— a? is less than the 
natural angular frequency w; so the period r= 277/v is greater than the pe- 
riod of undamped oscillations (becoming larger as a increases). If a is close 
to zero, then the period 7 is very close to its undamped value 27/w (because 
T depends on the square of a, namely 7 = 277/(wV1 — a?)). 


For simple harmonic motion, the amplitude is the constant maximum dis- 
placement from the mean position. In this motion the maximum displace- 
ment from the mean position is not constant, so we define the amplitude to 
be the positive and continually changing quantity Ae~’*. Over one cycle, of 
period 7, the amplitude of the motion decreases from Ae~“™ to Ae~#o(t+7) | 
which is equivalent to Ae~*e—“°7, so Ae~*™ is multiplied by the factor 


27a 
ewer exp (- 


Jaa) 
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t=2p/w 


Figure 2.12 


We shall refer to the natural 
angular frequency w again 
below. 


Figure 2.13 


This definition of period was 
used in the special case of 
Section 1 of Unit 7. 


The negative exponent —wat 
ensures that Ae~’™ is a 
decreasing function. 


This effect was apparent in 
Table 1.2, where the periods 
for tubes A—-C from the video 
were very close to the 
undamped value of 

1.10 seconds. 


This is the amplitude decay 
factor per cycle, which was 
used to make predictions for 
the magnet motion within 
tubes A-C in Table 1.2. 


Section 2 Spring—damper models of motion 


Exercise 2.8 


Suppose that the period of a weakly damped harmonic oscillator is greater 
by 10% than the corresponding undamped period 27/w. Show that the 
amplitude of the motion decays by a factor of about 0.056 per cycle. 


A conclusion from the result of Exercise 2.8 is that if the period is very 
different from the undamped value, then few oscillations will be visible on 
a graph. 


Strong damping 


Now consider the solution of Equation (2.4) when r? — 4mk > 0, that is, 
when a > 1. Here the auxiliary equation has real roots, namely 
—r+<r?2—4mk —r—Vr?2—4Amk 
M1 = and AQ = ; (25) 


2m 2m 


and the corresponding solution is 
a(t) = Be™* + Cer", (2.8) 


where B and C are arbitrary constants. In terms of the natural angular 
frequency w and the damping ratio a, Equations (2.5) can be written as 


\ =u (-a+ Ve? =1) and do =u (-a- a1). 


Both A; and Az are negative since a > Va? — 1. Hence solution (2.8) is a 
sum of two decaying exponentials. Solutions of this type predict a return to 
the equilibrium position without oscillation (see Figure 2.14), although the 
graph of x against t may cross the t-axis once. 


Exercise 2.9 


As qa increases from 1, what happens to the values of A, and A2? Which of 
the exponential terms in Equation (2.8) will be the dominant term for very 
strongly damped systems? 


Critical damping 


Finally, we consider the solution of Equation (2.4) when r? — 4mk = 0, that 
is, when a = 1. Here we have equal roots to the auxiliary equation, namely 
r 


Ay = A2 = in WO = —W, 


From Section 4 of Unit 3, the corresponding solution is 
eG) = (Bt Che, 


where B and C are arbitrary constants. Solutions of this form do not rep- 
resent oscillations, although the graph of x against t may cross the t-axis 
once. The graph (see Figure 2.15) resembles that for strong damping, but 
the system returns more quickly to close to the equilibrium position. 


In conclusion, note that there is a continuum of behaviour from weak damp- 
ing, with marked decaying oscillations, through near-critical damping, with 
a rapid return towards the equilibrium position, to strong damping, with a 
slower return towards the equilibrium position. Figures 2.12 to 2.15 above 
show snapshots of the possible behaviour along this continuum — more can 
be obtained rapidly with the aid of your computer. 


0 t 
Figure 2.14 

x 

0 t 
Figure 2.15 
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3 Forcing the oscillations 


All the damped solutions obtained in Section 2 have the property that they 
tend over time towards the equilibrium position of the particle, with the 
motion dying away. Sometimes, in addition to the effect of the model spring 
and damper, we need to model a further force which acts to keep the system 
moving. For example, the sit-ski may go over bumpy terrain or an adult may 
push the baby in the baby bouncer. The motion of a model spring-damper 
system which is subjected to an additional time-dependent force is said to 
be forced. 


There are several distinct ways of providing the forcing to a damped particle— 
spring system. In Subsection 3.1 we look at the case in which a periodic 
force is applied to the particle itself. This could, for example, model the 
regular forcing of the baby bouncer motion by pushing the baby. In Sub- 
section 3.2 we turn to alternative possibilities in which the force arises due 
to the prescribed displacement of some point of the system other than the 
particle itself. The end of the model spring or damper not attached to the 
particle would be such a point. For example, the baby bouncer motion could 
be forced by the action of a motor which moves the top end of the spring 
up and down. For the sit-ski suspension, it is the base of the model spring— 
damper which is displaced, due to contact with an uneven surface beneath. 
In Subsection 3.3 we summarize mathematically how the amended equation 
of motion may be solved. 


3.1 Direct forcing 


As a first model, we assume that the forcing is not just periodic, but sinu- 
soidal. In Unit 21 you will see that any periodic force can be expressed as a 
sum of sinusoidal terms of different frequencies. It follows from the principle 
of superposition that if we can find a particular integral of the equation of 
motion for a ‘typical’ sinusoidal input then, by taking an appropriate sum of 
such solutions, we obtain the particular integral for any periodic input. The 
assumption of sinusoidal forcing is not therefore as restrictive as it might 
seem initially. 


Example 3.1 


Consider the baby bouncer which was described in Example 2.2, with spring 
stiffness k = 200 Nm! and damping constant r = 0.2Nsm7!. The baby 
plus parts of the apparatus suspended from the spring has mass 10 kg. Sup- 
pose that, by alternately pushing downwards and pulling upwards on the 
baby, an adult exerts a direct sinusoidal force of amplitude 10 newtons and 
frequency 1 hertz (1 cycle per second). 


(a) Modelling the baby as a particle, formulate the equation of motion for 
the baby. 


(b) Find the general solution of the equation of motion, and interpret this 
to predict what motion the baby will undergo in the long term. Is this 
affected by the initial conditions? 


Solution 


(a) The model assumes that the baby does not touch the ground and that 
the motion is completely vertical. The model spring-damper diagram 
for the system is shown in Figure 3.1(a), and Figure 3.1(b) is the corre- 
sponding force diagram. The origin is taken, as in Example 2.2, to be 
at the top of the spring, with the z-axis pointing downwards. 
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This was investigated in 


Section 4 of Unit 3. 


Unit 8, Theorem 1.1 


(a) 


Figure 3.1 


(b) 


™m 


wa 


There are four forces to consider. Three of these are the same as in 
Example 2.2, namely the weight W = mgi, the model spring force 
H = —k(a — I9)i and the resistance force R = —rai. In addition, we 
have the sinusoidal force provided by the adult. With a suitable choice 
of time origin, this can be represented as P = P cos(Qt)i, where the am- 
plitude is P = 10 newtons and the angular frequency is Q = 27rads~! 
(corresponding to 1 hertz). Newton’s second law gives 


mzi=W+H+R+P =i —- k(x — Io)i- rzi+ Pcos(Nt)i, 
which leads, after resolution in the i-direction, to the equation of motion 
mé+rée+ kez = mg + kilo + Pcos(Nt). 


The first two terms on the right-hand side can again be written as kieq, 
where 2%eqg = mg/k + Io is the equilibrium position of the baby in the 
absence of forcing. Substituting the given values for m, k, r, P and Q 
in the equation of motion, we obtain 


10% + 0.24 + 2002 = 2002%eq + 10 cos(2rt). (3.1) 


The complementary function is the same as that found in Example 2.2, 
which was 


Ae~ °°" cos(4.5t + $), 


where A and ¢ are arbitrary constants. The particular integral will be 
the sum of two terms, the first of which (again as in Example 2.2) is 
the constant 2.4. According to the principle of superposition, we need 
to add to this a particular integral corresponding to the sinusoidal term 
on the right-hand side. With a trial function of the form 


Lp = Boos(2rt) + Csin(2nt), 
we find B = —5.1337 x 10-2 and C = 3.3120 x 1074, so 
Lp = —5.1337 x 10~? cos(2rt) + 3.3120 x 10~*sin(2zt). 
This can also be written in the alternative sinusoidal form as 
2p = 5.1338 x 10-7 cos(2at — 3.1351). 


When the numerical values are rounded to two significant figures, the 
general solution of the equation of motion becomes 


a = Ae~ °° cos(4.5t + 6) + feq + 5.1 x 107? cos(2at — 3.1), 


where A and ¢ are arbitrary constants which are determined by the 
initial conditions. Whatever these conditions are, the magnitude of the 
complementary function will decay gradually towards zero, as observed 
in Section 2. The initial conditions therefore have no influence on the 
long-term behaviour. After a long time, the motion will be given simply 
by the remainder of the general solution, 


© = eq + 5.1 x 10~* cos(2at — 3.1). 


The predicted motion settles down to steady oscillations about the mean 
position %eq, with amplitude 5.1 x 10~? metres (about 5cm). These os- 
cillations have the same angular frequency 27 as the input sinusoidal 
force 10 cos(2zt)i, but the output is out of phase with the input by al- 
most 7. This means that when the displacement is at its maximum (at 
the lowest point for the baby), the iccomponent of the force exerted by 
the adult is at its minimum, and vice versa. The baby reaches the high- 
est point as the adult pushes down hardest, reaches the lowest point as 
the adult pulls up hardest, and passes through the equilibrium position 
as the adult momentarily exerts no force. I 


Section 3 Forcing the oscillations 


If the equilibrium position 
were chosen as the origin, 
then there would be no 
constant term on the 
right-hand side of the 
equation of motion. 


See Unit 8, Subsection 2.2. 
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This example shows several features typical of such forcing problems. The 
complementary function dies away with time, regardless of the initial con- 
ditions, since, in all cases, the complementary function corresponds to one 
of the damped but unforced systems seen in Section 2. For this reason, 
the complementary function is referred to in this context as the transient 
part of the solution, while the remainder (corresponding to the particular 
integral, which does not die away) is called the steady-state solution of 
the equation of motion. The particular integral does not depend upon the 
initial conditions, so neither does the steady-state behaviour. Another com- 
mon feature is that the frequency of the steady-state solution is the same as 
that of the sinusoidal input force, but the output is out of phase with the 
input. 


Exercise 3.1 


(a) Without performing any detailed calculations or algebra, say how the 
solution to Example 3.1 would alter if the amplitude of the forcing 
oscillations were reduced to 2 newtons, say, by the baby pushing with 
its feet on the floor rather than being pushed by an adult. 


(b) Suppose that a heavier or lighter baby is placed in the baby bouncer. 
Without going into details, say what aspects of the long-term motion 
predicted in Example 3.1 will alter, and what will remain the same. 


*Exercise 3.2 


Bathroom scales are modelled by a model spring-damper system. The spring 
stiffness is k and the damping constant is r. A girl of mass m is on the 
scales. By alternately pushing down against and pulling up on an adjacent 
towel rail, she manages to alter her effective weight on the scales by an 
amount modelled as an input force P = mgcos(Qt)i, where the i-direction 
is upwards. Draw the force diagram for this situation. Taking the origin at 
the base of the model spring, obtain the equation of motion. What long-term 
behaviour is predicted by this model? 


You have seen that the effect of a directly applied sinusoidal force on a model 
spring—-damper system is modelled by an equation of motion of the form 


ME+ re + kz = kveq + Pcos(Mt), (a2) 


where P and Q are the amplitude and angular frequency of the applied force, 
and eq is the equilibrium position of the particle in the absence of forcing. 


Initially, the behaviour of the system depends upon both the particular 
integral and complementary function of Equation (3.2), with the arbitrary 
constants in the complementary function being determined by the initial 
conditions of the situation. However, the complementary function dies away 
with time (is transient), and the particular solution then takes the form 
(equal to the particular integral) 


L = Leq + Boos(Nt) + Csin(OQt) = eq + Acos(Nt + ¢). 


This represents sinusoidal oscillations about the equilibrium position, which 
are independent of the initial conditions. 


The model predicts that the steady-state output oscillations have the same 
frequency as the input forcing, but a different phase. The values of the 
output amplitude A and phase ¢ depend upon the configuration of the 
system, and on the values of the parameters m, k, r, P and Q. 
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This terminology was 
introduced in Unit 8, 
Section 4, where the 
differential equations were 
investigated. 


Section 3 Forcing the oscillations 


3.2 Forcing by displacement 


We look in this subsection at examples of spring-damper systems in which 
the forcing is not applied directly to the particle where the mass of the 
system is concentrated. Suppose, for instance, that the baby bouncer from 
Example 2.2 is adapted by the addition of a motor at the top, which moves 
the top of the spring up and down sinusoidally with time. This situation is 
represented in Figure 3.2. 


The precise form of the model spring force exerted upon the particle which 
represents the baby must differ from that seen before, because now both 
ends of the spring are in motion. However, Hooke’s law continues to apply, 
so the force on the particle due to the model spring is 


H = —K(1 — lo), 


where the spring has stiffness k and natural length lj, and S$ is a unit vector Figure 3.2 
in the direction from the centre of the spring towards the particle. The 

novel aspect introduced by this new situation is how the spring length / is 

changing. The following example illustrates how this is used. 


Example 3.2 


Consider the baby bouncer which was described in Examples 2.2 and 3.1, 
with spring stiffness k = 200N m7! and damping constant r = 0.2Nsm7!. 
As before, the baby plus parts of the apparatus suspended from the spring 
has mass 10kg. Suppose that a small motor causes the top of the spring 
to oscillate sinusoidally, with amplitude 0.04 metres and period 1 second. 
Suppose also that the damping is regarded as due to air resistance alone, so 
that the top of the model damper remains fixed. 


(a) Derive the equation of motion for the particle representing the baby. 


(b) Find the general solution of the equation of motion, and interpret this 
to predict what motion the baby will undergo in the long term. 


(c) Say in general terms what would happen if the period of the oscillations 
at the top of the spring were to be changed to 2 seconds. 


Solution 

(a) As before, the model assumes that the baby does not touch the ground. A 
The configuration of the apparatus is shown in Figure 3.3(a), with the ly yy 
force diagram in Figure 3.3(b). The origin is chosen to be at the mean 
position of the top of the spring, and the direction of the x-axis is 
downwards. The position of the top of the spring is then given by yi, 
where we take y = acos(Qt). The particular given oscillations have 
amplitude a = 0.04 metres and angular frequency 9 = 27rads7!. 


m 


There are three forces to consider. Two of these are as in the previous 

analyses of the baby bouncer, namely, the weight W = mgi and the (a) (b) 
resistance force R = —rai. Since the model spring has length / = x — y, 

the force which it exerts on the particle is Figure 3.3 


H = —K(l — lp)8 = —k(x — y — Ip). 


Newton’s second law gives 


mti=W+H+R=mgi— k(x — y—- Io)i— rai, 
which leads to the equation of motion 
mi+ré+kae = mgt kip + ky. 
On putting teqg = mg/k + Ip and y = acos(Mt), this becomes 
ME + rz + kx = kveq + akcos(Mt). (3.3) 
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On substituting in the given values for m, k, r, a and Q, we obtain 
10% + 0.2% + 2002 = 2002eq + 8cos(2zt). 


(b) The equation of motion is almost identical to that obtained in Exam- 
ple 3.1 (see Equation (3.1)). The only difference is that the amplitude of 
the sinusoidal term on the right-hand side is 8, rather than 10. Thus the 
solution here is obtained by taking that in Example 3.1(b), but scaling 
the particular integral x, for the sinusoidal term by x. This gives the 
steady-state solution 


© = eq + 4.1 x 10~* cos(2at — 3.1). 


The baby undergoes oscillations as before, but now of amplitude of 
about 4cm. 


(c) If the period changes to 2 seconds, then the forcing angular frequency 
becomes 2 = mrads~!. The corresponding steady-state solution will 
also have this angular frequency, but its amplitude and phase depend 
upon 2 as well as on m, k, r and a, so it is not possible to deduce what 
these are from the previous solution. We would need to use a fresh trial 
function, of the form Bcos(at)+Csin(zt). I 


Note that, in contrast to Example 3.1, the equation of motion in Example 3.2 
does not involve an additional force. The effect of the motor is modelled en- 
tirely by the inclusion of the term y in the expression for the spring force, and 
the fact that y is a function of time. Although the mechanism is different, 
Example 3.2(b) demonstrates that the effect of the motor displacing the top 
of the model spring is the same as that obtainable by direct sinusoidal forc- 
ing with a suitable amplitude and the same angular frequency. Leaving aside 
the particular values of the parameters, the equation of motion for direct 
forcing with amplitude P is Equation (3.2), while the equation of motion for 
prescribed displacement oscillations of amplitude a is Equation (3.3). The 
two match, provided that we put P = ak, and the mathematical solution 
and interpretation are then essentially the same in either case. 


The model of the baby bouncer in Example 3.2 assumed that the top of 
the model spring moved, but that the top of the model damper was fixed. 
Suppose instead that the chief cause of damping is not air resistance but 
the internal damping in the spring. Then it is appropriate to model the 
situation by assuming that the top end of the model damper performs the 
same motion as the top end of the model spring (see Figure 3.4). 


This leads to an amended model in which a new expression is required for the 
damping resistance force. You showed in Exercise 2.1(b) that if the model 
damper extends from xi (where the particle is) to yi, then the corresponding 
resistance force upon the particle is given by 


R = —-rl8 = —r(a@ — yi. 


Exercise 3.3 


(a) Modify the model of the baby bouncer with motor, from Example 3.2, 
to represent the top of the model damper being attached to the top 
of the model spring and hence experiencing the same forced sinusoidal 
displacement. How does the equation of motion compare with that for 
direct forcing? 


(b) Describe how you would find the steady-state solution, and hence the 
type of motion predicted by the model (but do not do the detailed 
calculations). 
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A similar approach was 


adopted to solve 
Exercise 3.1(a). 


Figure 3.4 


Section 3 Forcing the oscillations 


*Exercise 3.4 


The model sit-ski which you considered in Exercise 2.3 has spring natural 
length 0.2 metres, stiffness 30000 N m7! and damping constant 6300 Nsm7!. 
During testing, the sit-ski carries a skier plus seat of mass 60kg. To sim- 
ulate the effect of travelling over uneven ground, the base of the sit-ski is 
subjected to regular sinusoidal oscillations, with amplitude 0.1 metres and 
angular frequency trads~! as shown in Figure 3.5. Derive the equation of 
motion, taking the origin to be at the mean level of the sit-ski base. Hence 
describe in general terms the long-term motion predicted by the model. 


Figure 3.5 


You have now seen a case where the model spring alone was subjected to a 

forcing displacement at the end not attached to the particle, and other cases 

where the forcing point was located on both the model spring and damper 

together. A third possibility is where the model damper alone is displaced 

by a forcing displacement (and you are asked to consider this case at the See Exercise 3.6. 
end of the section). Here again, a very similar equation of motion results, 

with a sinusoid on the right-hand side which is similar to the corresponding 

term for direct forcing. 


Under certain circumstances, the position x of the particle relative to some 
fixed point may be of less interest than its position z relative to the forcing 
point. Since z = x — y, it is asimple matter to obtain the solution for z from 
that for x, since the forcing input term y is a known function. Alternatively, 
we can set up a differential equation directly for z rather than for zx. 


For example, the equation 
méit+rée+ke =ktegtryt ky 

arose in both Exercises 3.3 and 3.4. On replacing x by y + z, this becomes 
mz+rée+kz = kteq — my, 

which with y = acos(Qt) gives 
mi + rz + kz = kteq + maM cos(Mt). 


This is yet another occurrence of a differential equation of the form (3.2), so 
similar comments apply as to the method of solution and output behaviour. 


Whether the forcing is applied via a direct sinusoidal force or by sinusoidal 
displacement to one end of the spring and/or damper, and whether the out- 
put is measured relative to a fixed point (x) or to the forcing point (z), the 
solution of the equation of motion is the sum of two parts: the complemen- 
tary function (transient), which dies away and becomes negligible, and the 
particular integral, representing a steady-state sinusoidal oscillation about 
the equilibrium position, with the same frequency as the input forcing. 


The process of finding a particular integral which corresponds to a sinusoidal 
forcing function is time-consuming, as described so far, and we have only 
gone over this step in full for one example. The computer can be used to 
undertake this task, but in the next subsection we indicate how it is also 
possible to calculate the output amplitude and phase more rapidly from 
suitable formulae. 
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3.3 The steady-state solution 


It is tedious to look from scratch for sinusoidal particular integrals for in- 
homogeneous differential equations. In this subsection we shall solve this 
problem once for a large number of possible cases. While this requires a fair 
amount of algebraic manipulation, the result obtained saves much further 
work. It is also a starting point for the discussion in Section 4. 


We start from the differential equation 
ME + re + kz = kveq + Pcos(Mt), (3.2) 


where m, rT, k, eq, P and Q are constants. This equation can be regarded as 
representing all of the equations of motion which arose earlier in this section, 
provided that all of the constants which appear in it (except possibly 2eq) are 
positive. Where there is forcing applied to a model damper, the sinusoidal 
term on the right-hand side includes a phase shift and hence appears initially 
as P cos(Qt + w). However, such a phase can readily be ‘transformed away’ 
by moving the time origin from t = 0 to t = —y/Q. In a similar way, the 
k2eq term on the right-hand side of Equation (3.2) can be ‘transformed away’ 
by choosing a new origin for x at the equilibrium position, x = Xeq. This 
permits us to concentrate on the slightly simpler equation 


mz + rée+ ke = Pcos(Nt). (3.4) 


Once a solution to this has been obtained, we may, if desired, express it 
in terms of the original z- and t-coordinates, by adding xq to it and by 
reversing the phase shift (adding w to the phase obtained). 


The general solution of Equation (3.4) will be the sum of a complementary 
function and a particular integral. The complementary function is found as 
in Subsection 2.3 and, as shown there, dies away in all cases (is transient). 
We concentrate here on finding general expressions which determine the 
particular integral of Equation (3.4). These provide a complete description 
of the steady-state behaviour of any system which Equation (3.4) represents. 


The right-hand side of this differential equation is a sinusoid with angular 
frequency 2. This means that the particular integral will also be sinusoidal, 
with the same frequency, so we start with a trial solution 


Lp = Boos(Nt) + Csin(Nt), 


where B and C are constants to be found in terms of m, r, k, P and Q. The 
first two derivatives of the trial function are 


tp = —OBsin(Qt) + NC cos(Nt), #) = —O? Bcos(Nt) — NC sin(ME). 
Substituting into Equation (3.4) gives 
m (—0?B cos(Mt) — 0?C sin(Mt)) + 7 (—QB sin(Nt) + QC cos(MNt)) 
+k (Bcos(Qt) + Csin(Qt)) = Pcos(Nt). 
On equating the coefficients of cos(Qt) and of sin(Qt) here, we have 
—mY’B+rQC+kB=P, —m0’C-—rQOB+kC =0. 


The second of these equations gives B = (k — mQ?)C/(rQ), and by substi- 
tuting this expression for B into the first equation, we obtain 


2p. 2 _ 2 
mO(k-~mP)C a, , k{k—m0)C 


=P. 
rQ rQ : 


that is, 
((k — mQ?)? + 120?) C 
rQ 


=P: 
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See Exercises 3.3, 3.4 and 3.6. 


We can compare coefficients 
here because the cosine and 
sine functions are linearly 
independent: 

if asinrxz + bcosra = 0 

for all zx, then a=6b=0. 


Section 3 Forcing the oscillations 


The required expressions for B and C are therefore 


PrQ P(k—mQ? 
C= 5 and B= ( ut ) ; (3.5) 
(k- m?) + r20? (k — m?) + 720? 
The alternative formulation for the sinusoidal particular integral of Equa- 
tion (3.4) is x» = Acos(Qt+ ¢), where the amplitude A of the motion is 
given by A = /B?+ C2, that is, 


ae = (3.6) 


V(b mo?)? + 202 
The phase ¢ satisfies the pair of equations 
Acos@=B, Asingd=—C. 


Now the expression for C’ is always positive, so sing < 0 and ¢ lies in the 
third or fourth quadrant. Since arccos is defined to give values in the first or 
second quadrant, it follows that the formula ¢ = — arccos(B/A) will apply The fact that ¢ is negative 


in all cases, that is, athe the ee lags 
ein ne Wput. 


k — m0? 
y (k— mo2)? + 7202 
For any values of the constants m, r, k, P and Q, the steady-state solution 


x = Bcos(Mt) + Csin(Qt) = Acos(Nt + ¢) 


go = —arccos (3.7) 


is completely determined by either Equations (3.5) (first form) or Equa- 
tions (3.6) and (3.7) (second form). 


*Exercise 3.5 


(a) In Example 3.1 we studied the baby bouncer with direct forcing applied, 
for which m = 10kg, k = 200Nm7!, r=0.2Nsm7!, P=10N and 
Q = 2m7rads~!. Use Equations (3.6) and (3.7) to check the values quoted 
in Example 3.1 for the amplitude and phase of the steady-state solution. 


(b) Example 3.2 concerned the baby bouncer with forcing at the top of the 
model spring alone. The values of m, k and r were as in part (a). Use 
Equation (3.6), with P = ak and a = 0.04 metres, to find whether the 
forcing period of 2 seconds referred to in Example 3.2(c) would give a 
greater or lesser steady-state amplitude than the 4cm which was found 
for a forcing period of 1 second. 


(c) Use Equation (3.6) to estimate the steady-state output amplitude for 
the sit-ski testing scenario described in Exercise 3.4. Here m = 60 kg, 
k = 30000Nm7', r = 6300Nsm7, a= 0.1m and 2 = rrads™'. Take 


P=avVk? + r?Q? (as explained in the solution to Exercise 3.3(a)). 


Suppose that we are looking at a forced displacement of the model spring 


alone, as in Example 3.2. Then we have P = ak in Equation (3.6), which In other cases P will also 
gives depend on the amplitude a of 
the input, but in a different 
=_ ki (3.8) manner. 


’ Vk — m0)? +202, 


Now A/a is the ratio of the amplitude A of the steady-state output oscilla- 
tions to the amplitude a of the input forcing displacement. In other words, 
M = A/a is the amplitude magnification factor caused by the forcing 
process. 
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It is possible to write the right-hand side of Equation (3.8) in terms of two 

dimensionless constants: 

e the damping ratio, a = r/(2Vmk), which was introduced in Subsec- 
tion 2.3; 

e the ratio 6 = Q/w of the forcing angular frequency 2 and the natural 
angular frequency of the system, w = ,/k/m. 


After some algebraic manipulation, we find that the magnification factor, 
M = A/a, is given by 


M= (Gd 6) + 40?) oe (3.9) 


From this formula, we can predict the extent to which input oscillations are 
magnified in amplitude for any values of a and (3. Thus we can also examine 
how M varies with changes to a and §, which corresponds to investigating 
how the system response depends upon the input forcing frequency and on 
other parameters of the system. This is done in the next section. 


In this section you have seen how to model the behaviour of systems such 
as damped harmonic oscillators maintained in a state of vibration by some 
external sinusoidal force or displacement. There are many examples of forced 
spring-damper systems, in addition to those which have been modelled so 
far. For instance, a vehicle suspension going over rumble strips, cobbles or a 
cattle grid; an idling engine causing the body of a stationary bus to vibrate; 
people walking in step over a bridge. The model predicts that a sinusoidal 
forcing input produces a sinusoidal output vibration of the same frequency. 


End-of-section Exercise 


Exercise 3.6 


Modify the model of the baby bouncer with motor, from Example 3.2, to 
represent the top of the model damper alone being made to undergo a sinu- 
soidal motion, with the top of the model spring held fixed (see Figure 3.6). 
Find the form of the equation of motion, without substituting in numerical 
values. How does this equation of motion compare with the direct forcing 
Equation (3.2)? 


4 Forced vibrations and resonance 


At the end of Section 3 we derived alternative formulae (Equations (3.8) 
and (3.9)) for the magnification factor by which input oscillations are en- 
larged in amplitude by a particular type of spring-damper system. As well 
as providing amplitude output values in specific cases, this enables us to 
study how the magnification depends on the input parameters, and espe- 
cially on the forcing angular frequency. It turns out that, for some systems, 
there is a marked peak in amplitude magnification close to a certain forcing 
angular frequency. This phenomenon is known as resonance, and we take 
a look at this in Subsection 4.1. The remaining video sequences for this 
unit are associated with Subsection 4.2. The particle-spring system with 
magnetic damping from Section 1 is modified by a forcing motor at the top 
of the spring. The model constructed in Section 3 can be applied to predict 
what magnification factor would occur for certain input frequencies, and the 
estimates obtained may be compared with experimental outcomes. 


36 


Note that M itself, as the 
ratio of two lengths, is also 
dimensionless. 


Figure 3.6 


Section 4 Forced vibrations and resonance 


4.1 Resonance 


Consider once more a spring-damper system in which the forcing point is 
attached to the model spring only, while the model damper has one end fixed. 
As pointed out at the end of Section 3, the magnification factor M = A/a, 
from the input forced displacement amplitude a to the steady-state output 
amplitude A, is given for such a system by 


M= - = (( aye 40? 9?) ace (4.1) 


V(k — mo)? + 720? 


where a = r/(2Vmk) and G=Q/w. Here the system has mass m, spring 
stiffness k, damping constant r and natural angular frequency w = \/k/m. 
The input forcing angular frequency is 2. 


For a given damping ratio a (and hence for given values of the system 
parameters m, k and r), the magnification factor M is a function of (. 
From the graph of this function, you can read off the rough magnification 
factor for the system for any input forcing angular frequency. Several graphs 
of M against G, for different fixed values of a, are shown in Figure 4.1. 


MA 


Figure 4.1 


The graphs predict that for some (but not all) damping ratios, there is a 
maximum magnification factor at a certain positive forcing frequency, and 
this phenomenon is called resonance. If the damping is strong (a > 1) 
or critical (a = 1), then no resonance occurs, and the magnification factor 
decreases throughout as 9 increases. Nor does resonance occur with weak 
damping, unless the value of @ is beneath a particular threshold level. For 
smaller values of a, however, there is resonance, and its effect becomes 
more and more significant as a decreases towards zero. Note that for small 
values of a, resonance occurs in the vicinity of G6 = 1, that is, when the 
forcing angular frequency 2 is close to the natural angular frequency w of 
the system. 


Now that we have seen from Figure 4.1 that the model predicts the phe- 
nomenon of resonance, let us see if we can derive this analytically directly 
from Equation (4.1). So we consider M = M({) to be a function of 3, and 
we wish to find the maximum magnification as @ varies. The easiest way to 
do this is to recognize M(() as a composite function, i.e. M(3) = f(g(6")), 
where 


f(u)=u-¥? and g(x) = (1-2)? + 4a?z. 


The baby bouncer of 


Example 3.2 is such a system. 


See Equations (3.8) and (3.9). 


You will see below that this 


threshold value is 


a=1//2~ 0.7. 


Another approach is to 
differentiate M((3) directly. 
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Now f(u) is a strictly decreasing function for positive u, with no local max- Note that g((”) is always 
ima or minima (as shown in Figure 4.2). So a minimum of g(x) corresponds Positive, since a > 0 and 


to a maximum of f(g(x)). So we need to find the minima of g(z). # > 0. 
Sw) 
O i 
Figure 4.2 


Now consider g(a), which is a quadratic with a positive coefficient of x? and 
so has a single local minimum (which is also the global minimum). To find 


the location of the minimum, we differentiate g(x): Alternatively, the minimum 
; 2 9 can be found without 
g (x) = 2(1 — x) x (-1) + 40% = 22 + 4a* — 2. calculus, by completing the 
So the derivative is zero when x = 1 — 2a”. ake 
Putting the above results together gives that f(g(z)) has a unique global 
maximum at 2 = 1 — 2a?. So M(3) = f(g(8)) has a single maximum when 
G? =1—2a?. Note that if 1— 2a? <0, then there are no real values of 3 
satisfying this equation. These results are worth remembering. 
Resonance frequency 
The frequency at which resonance occurs is given by By substituting in this value, 
we can show that the 
B= V1-—-2a?. (4.2) maximum magnification 
factor is gi b 
Resonance can occur when (and only when) 1 — 2a? > 0. ices 5 . 
M = —___. 
2avV1 — a? 


Let us now return to the baby bouncer example. 


*Exercise 4.1 
The baby bouncer from Example 3.2, with a baby plus seat of mass 10 kg, 
has damping ratio 

r 0.2 


eo — — 
2/mk 2/10 x 200 


and natural angular frequency 


[k [200 - 
v= a io areas : 


What amplitude of oscillations for the baby are predicted for a forcing in- 
put (at the top of the spring) with amplitude a = 0.04 metres and angular 
frequency w? Comment on your result. 


~ 0.002, 
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Resonance is found in many physical systems, and in some is desirable. 
Thus a radio receiver may be tuned to an input signal of a particular carrier 
frequency, and inputs of other carrier frequencies have much lower magnifi- 
cation factor at that frequency. However, there are other situations where 
resonance is most undesirable. In the case of a vehicle suspension, a large 
magnification factor when the vehicle goes over regular bumps would cer- 
tainly be uncomfortable, and might also be dangerous and destructive. 


4.2 Forcing in practice 


The remaining video sequences for this unit involve the addition of a motor 
to the particle-spring system with magnetic damping, which you saw earlier. 
This motor has the effect of forcing the top of the spring to undergo a 
sinusoidal displacement, while the tubes which cause the damping remain 
fixed. An appropriate model for this situation is the same as that developed 
for the baby bouncer in Example 3.2 (see Figure 3.3). The corresponding 
equation of motion is as before, 


ME + rz + kx = kveq + akcos(Nt), (3.3) 


if the origin is taken at the mean position of the top of the spring. However, 
with the alternative choice of origin at the equilibrium position of the particle 
(as on the video), this becomes 


mz +ré+ kx = akcos(Nt), 


which is of the form of Equation (3.4) with P = ak. Equations (4.1) give the 
magnification factor, which is the ratio of the amplitude of the sinusoidal 
particular integral to the amplitude of the input forcing displacement. The 
video looks at the forced motion for each of tubes A, C and D, for different 
sets of initial conditions. The model predicts that the transient part of 
the solution dies away with time, leaving a sinusoidal steady-state solution. 
This is illustrated in Figure 4.3 below for each of the tubes, where the input 
forcing has angular frequency Q = fn rads~! (equivalent to 2 hertz or to 40 
cycles per minute, as on the next part of the video). 


As before, the experimental apparatus has particle mass m = 0.711 kg and 

model spring stiffness k = 23Nm7!. The amplitude of the input forcing is 

a = 0.03 metres, hence the value of P = ak is 0.69 newtons. The damping The quantity P is referred to 
constants, in Nsm~! (as found for Table 1.1), are on the video as Po. 


r=0.15 (tube A), r=1.33 (tube C), r= 8.42 (tube D). 


You found the corresponding damping ratios in Exercise 2.7. According 
to Equations (4.1), the magnification factors for the steady-state output 
amplitude as compared with the input amplitude will be 


M =2.2 (tube A), M=1.9 (tube C), M =0.6 (tube D). (4.3) 
These magnifications are visible on the graphs in Figure 4.3. 


The graphs and the values (4.3) for M are predictions of the model, which 
may be compared with the outcomes of actual experiments. View the video 
with this in mind. 
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input displacement 
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Figure 4.3 Predictions from model for tubes A, C and D, with Q = $mrads~', (0) = 0 and #(0) =0 


Watch Part 3 of the video for this unit now. 
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Figure 4.4 Pa ee a aces for tube A Figure 4.5 Output i aces for tube C 
with Q = 4a rads— with Q = $rrad s~ 
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Figure 4.6 Output traces for tube D 


with Q = $mrad st 
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The experiments shown on the video confirm the predictions of the model 

in the following respects. 

e There is, for each tube, an apparently sinusoidal steady-state solution, 
independent of the specific initial conditions (see Figures 4.4—4.6), to- 
gether with a transient part which dies away. 

e The transient part of the motion dies away more rapidly when the damp- 
ing is stronger. 

e The angular frequency of the steady-state solution is identical to that of 
the input forcing. 

e The amplitude magnification factors for this forcing frequency (which 
can be measured from Figures 4.4—4.6) decline as the amount of damping _ It is possible to perform these 


increases, from tube A through tube C to tube D. measurements, and to 
compare the values obtained 


e For tubes A and C the output has larger amplitude than the input, while 1 ine values (4A) given 


for tube D there is attenuation (lower output than input amplitude). below: 
The measured values of the magnification factor are, approximately, given The value of M for tube C is 
by that quoted on the video. 
Measurements from 
M=2 (tube A), M=1.8 (tube C), M =0.8 (tube D), (4.4) Figure 4.5 suggest that 


which may be compared with the predicted values (4.3) of the model. BES Tey ay UE eOSee, 
The remainder of the video concerns how, for each tube, the steady-state 

oscillations of the suspended mass alter with changes to the input forcing 

frequency. The experiment is run with the forcing oscillations at 40, 60 

and 80 cycles per minute, for which the angular frequency 2 (in rads~*) 

has the respective values om, 27 and Snr, The corresponding predictions 

of the model for the magnification factors M are given in Table 4.1 below. 

These values may be obtained from Equations (4.1). 


Table 4.1 Magnification factors predicted by the model 


Tube Damping constant, Damping Magnification factor, M, for 


r (Nsm~?) ratio,a Q= fit Q=2r 2= Sir 
A 0.15 0.02 2.2 4.5 0.9 
C 1.33 0.16 1.9 2.4 0.8 
D 8.42 1.04 0.6 0.4 0.3 


Note that the values predicted at the intermediate angular frequency, 
Q = 2rrads~!, for tubes A and C are higher than those at the higher or 
lower frequency. This amounts to a prediction that resonance will occur. 
Indeed, the model predicts resonance in these cases close to the natural 
angular frequency of the system, which is 


lk / 23 41 
eas | ors O71 wr rads : 


This corresponds to forcing at a frequency of about 54 cycles per minute. 


Watch Part 4 of the video now. 
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Figure 4.7 Output trace for tube A Figure 4.8 eu trace for tube A 
with Q = 27rads7! with Q = Sir rads— 
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Figure 4.9 Output trace for tube C Figure 4.10 Ouipyp trace for tube C 
with Q = 27rads7! with Q = Sarads~ 
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Figure 4.11 Output trace for tube D Figure 4.12 OntpMp trace for tube D 
with Q = 27rads7! with Q = Sarads~ 


42 


Section 4 Forced vibrations and resonance 


The results for the video experiments with forcing at angular frequency 
Q= mrad s~! are as shown earlier, in Figures 4.4~4.6, with magnification 
factors as given in (4.4). The video traces for the other experiments are 
shown in Figures 4.7—4.12. 


From these traces, the approximate magnification factors in Table 4.2 may It is possible to estimate 
be derived. (The trace for tube A with Q = 27rads~! shows that the motion these experimental 


went off the scale, indicating an amplitude magnification greater than 4.) magnification factors by 
taking measurements directly 


Table 4.2. Magnification factors obtained from experiment ROE ME ARCO: 


Tube Magnification factor, M, for 
Q = érrads—! Q=2n rads-! Q= Srrads—! 
A 2 >4 2 
C 1.8 2.3 0.7 
D 0.8 0.5 0.5 


Comparing these values with those predicted by the model in Table 4.1, 
the qualitative agreement is quite good. The model predicts correctly that 
the magnification factors for the weakly damped systems of tubes A and C 
will be greater than 1 at certain frequencies and that those for the strongly 
damped motion of tube D will be less than 1 in each case. The predictions 
of resonance for tubes A and C, and more markedly for A, are borne out by 
the actual experiments. 


Although not shown on the video, the experiments were carried out once 
more for tubes A and C, at a forcing frequency of 50 cycles per minute (for 
which Q = 27rads~!). The observed magnification factor for tube C was 
about 2.7, while the behaviour for tube A was again beyond the limits of the 
apparatus. The corresponding predictions from the model are, respectively, 
M = 2.95 and M = 6.4. 


The model makes a number of simplifying assumptions: the model spring be- 
haviour is one assumption, linear damping is another, and a pure sinusoidal 
input forcing displacement is a third. Hence it is not surprising that the 
numerical predictions are somewhat at odds with the experimental values 
obtained. 


Despite this, there is a significant degree of qualitative agreement between 
the behaviour of the model and that of the real system. In particular, the 
phenomenon of resonance was observed as predicted. 
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5 Damping and forcing on the computer 


Each activity in this section refers to work you have done earlier in the unit 
or is a spin-off from the video. The computer algebra package allows you 
to investigate the effects of changes to the various parameters of the system 
under discussion. 


Use your computer to complete the following activities. 


Activity 5.1 


In this activity we show how the four experiments described in Section 1 
were analysed. 


In the first part of the video a magnet was dropped down each of four tubes 
in turn and the time to fall one metre was measured. The times recorded 
were: 0.648 (tube A); 2.52 (tube B); 3.60s (tube C); 22.60s (tube D). This 
experiment was modelled in Example 1.1, which led to Equation (1.1) as the 
position function. You will see that this leads to the values of the damping 
constant r for each tube, as quoted in Table 1.1. 


Now consider the damped particle-spring system considered in Subsec- 
tion 1.3. You will see how the equation of motion (Equation (1.3)) derived 
leads to predictions of the motion as shown in Figure 1.5. 


Activity 5.2 


The following damped particle-spring systems were considered in Subsec- 
tion 2.2. Data should be taken as in the example or exercise referred to. 


(a) The motion of the baby bouncer in Example 2.2 was obtained for a case 
in which the mass of the baby is 10 kg. Experiment with different values 
of the mass, in order to predict whether a lighter or heavier baby will 
enjoy a better ride (larger amplitude oscillations after a specified time). 


(b) The model of the sit-ski in Exercise 2.3 had spring stiffness 30000 N m7?. 
Experiment with different values of the stiffness, and note the predicted 
effect on the skier. 


(c) The model for the motion of a float in a fuel tank in Example 2.3 had 
damping constant 21 Nsm7!. Experiment with different values for the 
damping constant, in order to design a system in which the float will 
return close to its equilibrium position as quickly as possible after any 
disturbance. 


(d) In Example 3.1, the baby bouncer was subjected to direct sinusoidal 
forcing with angular frequency 27rads~!. Using the data from Exam- 
ple 3.1, confirm the long-term predictions of the model as quoted there. 


Now experiment with different values of the forcing angular frequency, 
to see whether there are frequencies which produce oscillations for the 
baby of significantly larger amplitude. 
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Outcomes 


Outcomes 


After studying this unit you should be able to: 

e understand the meanings of damping, forcing and resonance; 

e explain and apply the linear damping model; 

e distinguish between weak, critical and strong damping, and be aware of 
the distinctive features of each case; 

e appreciate the role of the damping ratio; 

e apply the model spring and model damper force specifications to situa- 
tions in which either spring or damper, or both, may undergo a forced 
displacement at the end away from the particle; 

e model direct forcing to the particle where appropriate; 

e derive an equation of motion, based upon Newton’s second law, for mod- 
els which feature a model spring and model damper, with or without 
forcing, and formulate appropriately the initial conditions for a particu- 
lar motion; 

e formulate the equation of motion either with the origin at the equilibrium 
position of the particle or at some other fixed point; 

e solve the resulting initial-value problem for a damped but unforced har- 
monic oscillator; 

e find the particular integral for a sinusoidally forced and damped har- 
monic oscillator; 

e interpret the solutions of an equation of motion in terms of the situation 
from which the model arose; 

e understand the terms transient and steady-state, as applied to the solu- 
tions of forced and damped harmonic oscillators, and explain the essen- 
tial features of each of these; 

e find via formulae the amplitude and phase of a steady-state solution in 
terms of the amplitude and angular frequency of the input forcing and 
other parameters of the system; 

e find the magnification factor for the steady-state output amplitude as 
compared with an input forced displacement amplitude for the model 
spring; 

e identify whether resonance may occur or will not occur in a system, and 
where it may occur, say what approximate input angular frequency will 
cause it for small damping ratios. 
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Solutions to the exercises 


Section 1 


1.1 The equilibrium extension is 
mg _ 0.711 x 9.81 


i 33 ~ 0.30 m. 


1.2 Equation (1.3) is 

mé+raé+ kl = mgt kilo. 
If the origin for x is chosen at the fixed top end of the 
spring, then the displacement of the particle from that 


origin is x = 1, and the equation of motion takes the 
inhomogeneous form 


mE +rae+ ka = mg + kip. 


This can also be written as 


mé+ré+ kx = kieq, 
where Zeq = Io + mg/k is the equilibrium displacement 
of the particle. (With this choice of origin, we have 
Leq = leq:) 


1.3 (a) Strong damping is needed, as the train should 
bounce back as little as possible from the buffers. 


(b) Critical or strong damping is called for, but not so 
strong as to make the door close too slowly. 


(c) Near-critical damping is appropriate, as the fuel 
gauge should revert quickly to a true reading and not 
oscillate much. 


(d) Strong damping is needed, as oscillations between 
the vehicles could be dangerous and should be avoided. 
(e) Near-critical damping is required, perhaps slightly 
on the weak side of critical to allow for the envisaged 
range of weights. This situation is similar to that of 
kitchen scales, which is discussed in the previous text. 


Section 2 


2.1 (a) Suppose first that the z-axis is in the same 
direction as that of S, so that S =i. Then, with one 
end of the model damper attached to the particle at x 
and the other end fixed, we have « = / (regardless of 
the choice of origin for 7). Hence the resistance force is 
R = —ris = —rii. 

If, on the other hand, the z-axis is in the opposite di- 
rection to that of 8, then S = —i, but also « = —l, so 
the same expression for R results. 


(b) The vector xi — yi = (a — y)i has length / and the 

same direction as 8, so (a — y)i = 1S. Hence we have 
R = -ris = —r(é — yi. 

(This approach also provides an alternative way of tack- 

ling part (a), where y is constant and so y = 0.) 


46 


2.2 (a) 


k 


From Equation (2.1), the model spring force is 
H = —k(l — Ip)S = —k(a — Ip)i. 
From Exercise 2.1(a), the resistance force is 


R = —rl8 = —riti. 
The equation of motion is therefore 
m#i=H+R = —K(ax — Ip)i- rai, 
which after resolution in the i-direction gives 
mé+ra+ ka = kilo. 
Substituting in k = 140Nm7!, r=180Nsm7}, 
m = 40 kg and Jp = 0.5m, we have 
40x + 180x + 1402 = 70, 
that is, 
4% + 182+ 14x = 7. 
Since we have 
r? — 4mk = 100(18" — 4 x 4 x 14) = 104, 
which is positive, the damping is strong. 
(b) The train meets the buffers first at « = Ip = 0.5 
and at time t= 0. It is then moving in the negative 


x-direction, with speed 1ms~!. Hence the appropriate 
initial conditions are 


x(0)=0.5, «(0) =-1. 

(c) The solution is given as 
x =0.5—0.4e7* + 0.4e79", 

Maximum compression of the buffers occurs when 
ee0de* = lde*' = 0, 

that is, when e~?! = 2 or t= 0.41In3.5 ~ 0.50s. The 


corresponding value of x is 0.33m, so the maximum 
compression is 0.50 — 0.33 = 0.17 m. 


As explained in Example 2.1, the train leaves the buffers 
when 


#=—0.4e*+49e-3** — 0, 
that is, when e~?* = 4 or t=0.8n3.5 ~ 1.00s. The 
corresponding value of x is 0.37 m, and the correspond- 
ing velocity (with which the train leaves the buffers) 
is zi, where ¢ = 0.10ms7!. 
(d) Since we now have 

r? —4mk = 100(12? — 4 x 4 x 14) = —-8 x 10°, 
which is negative, the damping is weak. The solution 
will now be expressible as an exponential times a sinu- 
soid. (However, oscillations will not be visible in the 
motion of the train, since this is never pulled towards 
the buffers. What is observable is only part of one os- 
cillation, before the train leaves the buffers.) 


With weaker damping, we would expect that: 

e the spring will be compressed more than before; 

e it will take longer for the spring to reach maxi- 
mum compression and subsequently for the train 
to leave the buffers, though this must occur before 
the spring has returned to its natural length; 

e the spring will bounce back further from maximum 
compression before the train parts company with 
the buffers; 


e the parting speed of the train will be higher. 


(All these expectations are borne out by the solution in 
this case.) 


2.3 (a) i 
x 

H 

m 
O 
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The model spring force is H = —k(x — Ig)i, the weight 
is W = —mgi and the resistance force is R = —réi. 
Newton’s second law gives 

mii =H+W+R= —k(a —1o)i-— mgi — rai, 
which leads to the equation of motion 


mi +ra+ kx = kieq, 
where Yeq = lo — mg/k. On substituting the values 
given for parameters, we have 

60% + 6300% + 30 000x = 5411.4, 
that is, + 105% + 5002 = 90.19. 


(b) The required initial conditions are 
2(0)=0.2, #(0) =0. 


(c) As given, but with x.q = 0.180m, the particular 
solution is 

x = 0.180 + 0.021e~*! — 0.001e7 10, 
The third term decays very quickly, and so it is the sec- 
ond term in which we are interested. It reduces to 0.001 
metres when 

e~ = 0.001/0.021 ~ 0.048, 
that is, when 

t = —0.21n 0.048 ~ 0.61s. 
The model predicts that the sit-ski will take just over 
half a second for the amplitude to reduce to 0.001 me- 
tres and hence for the displacement of the skier to be 
that close to the equilibrium position. 


2.4 (a) Take x as the downward displacement of the 
bottom of the float from the surface of the liquid, as 
shown in Figure 2.10. The upthrust from the fluid 
is U = —2mg(a/d)i, the weight is W = mgi and the 
damping resistance force is R = —rzi. 


Solutions to the exercises 


Hence, using Newton’s second law, we obtain 
méi=W+U4+R= mgi-— (2mg/d)xi — rai, 
which leads to the equation of motion 
mé + r&é+ (2mg/d)x = mg. 
Once the parameter values have been substituted, this 
becomes 


0.1% + 11é + 98.12 = 0.981, 
that is, @+ 110% +4 98la = 9.81. 
The initial conditions are x(0) = 0 and «(0) = 0. 
(b) The particular solution is given as 
z = 0.001 08e— 1-2" — 0.0111e—9-* + 0.01 (metres). 


The last term represents the equilibrium position. The 
first involves e~ 109-2", which dies away very quickly, and 
the other term is the dominant term in the variable part 
of the solution, namely —0.0111e~9:. The magnitude 
of this will reduce to 0.001 metres when e~ 9-79! = 0.090, 
that is, when t = —(In0.090)/9.79 ~ 0.25s. Hence the 
model predicts that the displacement of the float will 
be within 1mm of its equilibrium position in about a 
quarter of a second. 


2.5 Critical damping will occur when r? — 4mk is zero. 
The corresponding mass is therefore 


r2 


m= 7 = 125 kg. 

So a person whose mass was exactly 125 kg would pro- 
duce critical damping when he or she stood on the 
scales. However, if a person with a slightly larger mass 
stood on the scales, then r? — 4mk would be negative 
and there would be weak damping (decaying oscilla- 
tions). If a person with a slightly smaller mass stood 
on the scales, then r? — 4mk would be positive and there 
would be strong damping. 


(This is a correct answer, but in reality you would not 
be able to detect any noticeable difference in the way 
the scales behaved for slight variations around critical 
damping. In the case which is technically weak damp- 
ing, any oscillations would die down so quickly that they 
would be imperceptible. In the case of the technically 
strong damping, the return towards the equilibrium po- 
sition would be slightly slower than with critical damp- 
ing, but imperceptibly so.) 


2.6 The damping ratio a = r/(2Vmk) will be in- 
creased if either m is decreased (with r and k fixed), 
or k is decreased (with r and m fixed). 


2.7 For tube A, we have the damping ratio 
r 0.15 

© oVmk 2/071 X23 
Similarly, we obtain a ~ 0.11 (tube B), a ~ 0.16 
(tube C) and a ~ 1.04 (tube D). The first three val- 
ues satisfy a < 1, so the motion in tubes A-C is weakly 
damped. For tube D, we see that a > 1, confirming 
strong damping. (However, this is not far from critical 
damping, for which a = 1.) 


~ 0.02. 
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Unit 17 Damping, forcing and resonance 


2.8 If r= 2n/v = 1.1 x 2n/w, where v = wV1 — a?, 
then we have 1.1/1 — a? = 1, with solution a ~ 0.417. 
The amplitude decay factor per cycle is therefore 


27a 
e ————— _] ~ 0.056. 
ae ( v= =) 


2.9 As a increases from 1, the value of Va? — 1 be- 
comes increasingly close to a, so the magnitude of A 
decreases towards zero, while Az tends towards —2wa, 
which increases in magnitude with a. Since both A; and 
Ag are negative, it is the exponential with the exponent 
of smaller magnitude which dominates for large a, that 
is, the e*"* term. 

(In fact, for large a, we have 1 ~ —w/(2a), since 
Mt AQ => w*.) 


Section 3 


3.1 (a) The solution would proceed in the same way 
as in Example 3.1, only this time P would be 2N in- 
stead of 10N. Since the differential equation is linear, 
this change has the effect of scaling the constants B 
and C’ by the factor 0.2. Hence the predicted motion 
about the equilibrium position in the long term would 
consist of oscillations with the same angular frequency 
and phase as before, but with one fifth of the ampli- 
tude. The baby would then bounce with an amplitude 
of about 107? m, or lcm. 


(b) If the mass m of the baby is changed, then this 
will change the complementary function, but the lat- 
ter still dies away with time. The value of xq will 
be changed (becoming smaller if the baby plus seat is 
lighter than 10kg, or larger if the baby is heavier). The 
steady-state behaviour will still consist of sinusoidal os- 
cillations about the (new) equilibrium position, with the 
same angular frequency, but the values of the constants 
B and C will be different. The amplitude and phase of 
the output oscillations may both be different. 


3.2 P 
: R 
H 
m 
O 
WwW 


The forces acting are the weight, W = —mgi, the 
spring force, H = —k(ax — Io)i, the damping resistance 
R = —réi and the girl’s input force P = mgcos(Mt)i, 
so Newton’s second law gives 

méi=W+H+R+P 


= —mgi — k(a — Io)i 


r&i+ mg cos(Nt)i. 
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This leads to the equation of motion 
mé+raé+ kx = klo — mg + mg cos(Nt) 
= kteqg + mg cos(Nt), 

where eq = lo — mg/k. This differential equation is of 
the same form as that derived for the baby bouncer in 
Example 3.1. The values of the parameters will dif- 
fer, but the model predicts the same overall long-term 
behaviour, namely, oscillations of angular frequency 2 
about the equilibrium position, with a steady-state dis- 
placement function of the form 


L = Leq + Acos(Nt + ¢). 
The values of A and ¢ here may be calculated (using a 


sinusoidal trial function in the manner of Example 3.1) 
from the values for m, k, r and Q. 


3.3 (a) The weight W = mgi and model spring force 

H = —k(a# — y —Io)i are as in Example 3.2. The damp- 

ing resistance force is now R = —r(a# — y)i. This change 

leads to the amended equation of motion 
mé+rae+ ke =mg+klo +ryt ky. 

On putting teg = mg/k + Ip and y = acos(Nt) (so that 


also y = —aQsin(Qt)), this becomes 
me + r&e + ke 
= k&eq + kacos(Qt) — raQ sin(Mt). (S.1) 


On substituting in the values for m, k, r, a and 2 given 
in Example 3.2, we obtain 

10% + 0.24 + 2002 = 2002eq + 8 cos(27t) 

— 0.0167 sin(2r¢). 

Comparing Equation (S.1) with the direct forcing equa- 
tion (3.2), the form of the sinusoid on the right-hand 
side is different, in that a sine appears as well as the co- 
sine term. This is to some extent a superficial difference, 
since we can re-express the sinusoid on the right-hand 
side of Equation (S.1) using its alternative form, that 
is, 

kacos(Qt) — raQ sin(Qt) = P cos(Qt + y). 
The connection between the two forms is given by 

Poosw=ka, Psinw=raQ, 
or by 


P=avk?+r20?, a =arctan(rQ/k). 


Equation (S.1) then becomes 
mé+ré+ kx = kteq + Pcos(Nt + vy), 


and this now differs from the form of the direct forcing 
equation (3.2) only by a shift of phase. 


(b) The steady-state solution will be the constant Zeq 
plus a sinusoid of the form B cos(Qt) + C sin(Qt), which 
can also be written in the form Acos(Qt+ ¢). In or- 
der to find the values for B and C (and hence subse- 
quently A and ¢), substitute the trial particular integral 
Bcos(Qt) + Csin(Mt) into the differential equation and 
equate coefficients of cos(Qt) and sin(Qt), to obtain si- 
multaneous equations in B and C. 


Then A = VB? + C? gives the amplitude of the vibra- 
tion, and the phase ¢ is the solution of the pair of equa- 
tions cos¢ = B/A, sin@ = —C/A. Hence the model 
again predicts steady-state oscillations, of the same fre- 
quency as the input forcing displacement. 

(In fact, because the given damping constant r is so 
small compared with the mass m and stiffness k, the 
solution for the case here is almost indistinguishable 
from that obtained in Example 3.2.) 


3.4 


(b) 


The forces acting are the weight, W = —mgi, the 
model spring force H = —k(I — Ip)S = —k(a% — y — Io)i 
and the damping resistance R = —r(% — y)i, where 
y = acos(Nt). This leads to the equation of motion 

mi+ré+ kx =klo-—mg+ryt+ ky 

= k&eq + kacos(Qt) — raQ sin(Mt), 

where %eq = 19 — mg/k. With the numerical values in- 
serted (and taking g = 9.81 ms~), this becomes 

60% + 6300¢ + 30 0002 = 300002eq + 3 000 cos(zt) 

— 6307 sin(zt), 


or 
# + 105é + 500x = 90.2 + 50 cos(nt) — 10.57sin(rt). 


The form of this equation is the same as that consid- 
ered in Exercise 3.3, and hence the same approach to 
finding a particular integral and general conclusions ap- 
ply. The model predicts steady-state oscillations of the 
same angular frequency trads~! as the input forcing 
displacement. 


3.5 (a) Equation (3.6) gives A ~ 0.051338m and 
Equation (3.7) gives ¢@ ~ —3.135lrad, in agreement 
with the result quoted in the solution to Example 3.1. 
(b) Here we have P = ak = 8N. For a period of 2 sec- 
onds, the angular frequency is Q = trads~!. According 
to Equation (3.6), the corresponding output amplitude 
in the steady state is A ~ 0.079m. This is about 8cm, 
which is twice the amplitude which was found for a forc- 
ing period of 1s. 


(c) Here we have 
P = 0.130000? + 630027? ~ 3594N, 


which leads to A ~ 0.101m. This output amplitude is 
almost the same as that of the input forcing. 


Solutions to the exercises 


3.6 The solution is very similar to that for Exercise 3.3. 
As there, the weight is W = mgi and the damping re- 


sistance is R = —r(a — ¥)i, but now the model spring 
force is H = —k(a — 1,)i. The resulting equation of mo- 
tion is 


mé+ra+ ke =mg+klo+ry. 
On putting teg = mg/k + Ip and y = acos(Mt) (so that 
y = —aQ sin(Qt)), this becomes 

mé+ré+ kx = kteq — raQ sin(Mt). 
This is of the same form as Equation (3.2) except for a 
phase shift, since 


—raQ sin(Qt) = Pcos(Qt + w) 
provided that P = raQ and w= 3. 


Section 4 


4.1 We have a ~ 0.002 and 8=Q/w=1. According 
to Equation (4.1), the corresponding magnification fac- 
tor is 


M= (a — 6)? + 426°)” = (2a)~1 ~ 250. 


The steady-state output oscillations are therefore pre- 
dicted to have amplitude 


A= Ma ~ 250 x 0.04 = 10m. 


The system will not in fact be able to sustain an oscilla- 
tion of this amplitude! For one thing, the natural length 
of the model spring used to represent a baby bouncer 
will be nowhere near 10m. However, the model may be 
useful to the extent of predicting a potential catastro- 
phe which needs to be avoided. 


(Note that the forcing angular frequency of 4.47 rads“, 


which is predicted to cause such a breakdown, lies be- 
tween rads! and 27rads~!, for which we found ear- 
lier that the predicted output amplitudes were only 8cm 
and 4cm, respectively. The large magnification factors 
occur for a fairly narrow range of values of the input 
forcing frequency.) 
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UNIT 18 Normal modes 


Study guide for Unit 18 


This unit continues the mechanics part of the course; in particular, it builds 
on the earlier units that dealt with oscillations, Units 7 and 17. In order to 
solve the equations of motion derived for the mechanical systems studied, 
it uses the methods for solving systems of differential equations which were 
developed in Unit 11. Like Unit 11, this unit draws heavily on the discussion 
of eigenvalues and eigenvectors in Unit 10. 


The five sections in this unit should be studied in numerical order. Section 1 
contains the main ideas of the unit and is longer than the other sections. 
You should therefore allow more time for studying it. Section 5, on the other 
hand, is shorter than average. 


There is a video sequence associated with Section 1. 


You will need to use your computer in Section 3 to study the multimedia 
package that comprises the section. 


The ideas in this unit will be made use of in Unit 19, which analyses similar 
mechanical systems but concentrates on the effect of having an external force 
influencing the system. In addition, some of the ideas in Section 4 will be 
developed further in Unit 22. 


51 


Unit 18 Normal modes 


Introduction 


In Unit 7 you studied the simple harmonic motion of oscillating mechanical 
systems, in particular those involving model springs. A typical example of 
such a system is shown in Figure 0.1, where an object modelled as a particle 
is connected by a model spring (of natural length lp and stiffness k) to a fixed 
wall; the particle is constrained to move in a straight line on a frictionless 
horizontal surface. In Unit 7 the equation of motion for this system was 
found to be 


mi + ka = kilo. 
The solution of this differential equation can be written in the form 
x(t) =1l9 + Acos(wt + 9), 


where x is the displacement from the wall, and w (= \/k/m), A and ¢ are, 
respectively, the angular frequency, the amplitude and the phase angle of 
the oscillations executed by the particle. 


Damping and forcing were incorporated in the simple harmonic motion 
model in Unit 17 to make it more realistic. This unit extends the basic 
model in a different way, to take account of another aspect of the motion of 
oscillating mechanical systems — the fact that usually more than one part 
of the system is free to move. 


A simple mechanical system, typical of those considered in this unit, and 
its schematic representation are shown in Figure 0.2. The diagram shows 
two particles connected by model springs to one another and to two fixed 
walls. Each particle is free to move, so the motion of the system is not 
as straightforward as the simple harmonic motion considered above — un- 
like simple harmonic motion, it is, in general, not sinusoidal. But there 
are particular solutions to the equation of motion for such systems that do 
correspond to each part of the system oscillating backwards and forwards 
sinusoidally with the same frequency. These particular solutions are called 
normal modes. This unit is concerned with finding the normal modes of 
simple oscillating mechanical systems and showing how any motion of such 
a system can be built up from normal modes. 


Section 1 provides an overview of the unit and introduces many of the ideas 
that underpin the unit; notably it contains several important concepts and 
definitions. Section 2 looks at systems that are confined to one dimension. 
Section 3 is a computer section that provides the opportunity to simulate 
the motions of the mechanical systems studied in the unit. Section 4 is a first 
step at looking at two-dimensional problems; the context for the discussion 
is a problem concerned with modelling the behaviour of a guitar string. 
Finally, Section 5 draws together the results from the preceding sections, 
showing how they can be used to analyse simple two-dimensional problems. 


1 Oscillations and normal modes 


The important concepts of a normal mode and of degrees of freedom are 
introduced in Subsection 1.1, with the help of a video sequence. Subsec- 
tion 1.2 goes on to show how normal modes constitute the building blocks 
for modelling the motion of oscillating mechanical systems. Subsection 1.3 
then explores how certain eigenvectors can be used to determine the initial 
conditions for the normal mode motion of such a system. 
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Figure 0.1 


Damping and forcing are not 


considered in this unit. 


Lyie-w@-ni 


Figure 0.2 


Section 1 Oscillations and normal modes 


1.1 What is a normal mode? 


In real mechanical systems, more than one part of the system is usually 
free to move. For example, in the system shown in Figure 1.1, a railway 
engine and two trucks are connected by stiff springs. As the engine starts 
to move along the track, so do the trucks. However, because of the springs, 
the motion of the trucks is different from that of the engine — the position 
of each truck oscillates backwards and forwards relative to the position of 
the engine. The system can be modelled by three particles connected by 
two model springs. Since the relative positions of the particles representing 
the trucks and engine can change, we need to specify not one but three 
coordinates to describe the configuration of the system — one per particle 
(as shown in Figure 1.1). 


Definition 


The number of degrees of freedom of a system is the smallest number 
of coordinates needed to describe its configuration (i.e. the positions of 
the constituent parts of the system) at any instant in time. 


The positions of the constituent parts of the system illustrated in Figure 1.1 
— that is, the engine and the two trucks (or the particles that model them) 
— can be specified by giving their displacements from a fixed origin O, 
as shown in the figure. But there are many other ways of specifying the 
configuration: for example, we could use a different fixed point for the origin; 
or we could measure the position of each truck relative to the changing 
position of the engine, which, in turn, would be determined by reference 
to a fixed point; and so on. The important thing to note is that, in each 
case, three pieces of information are required to specify the configuration of 
the system completely — fewer would leave some element unspecified, more 
would be superfluous. It is for this reason that we say this system has three 
degrees of freedom. 


*Exercise 1.1 


State the number of degrees of freedom of each of the following mechanical 
systems. Assume that the railway track is straight and flat, and that the 
engine and trucks are modelled as particles, and the springs as model springs. 


= a 


(a) (b) 
rigid connection 
(c) (d) 


(e) (f) 


f t t : 
w+» 

— % 

O Xx, 

Figure 1.1 


In general, any convenient 
point can be chosen as an 
origin. Often, for simplicity, 
an equilibrium position of a 
system is taken to be the 
origin. 


Note that the rigid 
connection in (d) effectively 
ties the trucks together as a 
single entity that can be 
modelled as one particle. 
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Unit 18 Normal modes 


The concept of degrees of freedom relates to more situations than trains 
travelling on straight railway tracks. It applies to systems ranging from 
pendulums to individual molecules. However, determining the number of 
degrees of freedom of a system is not always as straightforward as in the 
case of the train considered above — more detailed analysis of the system 
is often necessary. For example, consider the simple pendulum shown in You studied the simple 
Figure 1.2. This is a mechanical system that moves in two dimensions, i.e. pendulum in Unit 8. 
in a vertical plane, and so we could specify the position of the pendulum 

bob using a pair of Cartesian coordinates. You might therefore expect that 

the system would have two degrees of freedom. But the pendulum bob is 
constrained to move along a circular path in the vertical plane, so only one nei 
coordinate, the angle 0, is needed to specify its position. Hence the system 
has one degree of freedom. Other systems with one degree of freedom include 
the spring systems that you studied in Units 7 and 17. In this unit, however, 


. Figure 1.2 
we concentrate on systems with more than one degree of freedom. 


So, what is the significance of degrees of freedom in relation to normal 
modes? Degrees of freedom are important in this context as they indicate 
the number of normal modes that a system has, as you will see in the video 
for this unit. We begin by looking at some simple mechanical systems with 
two degrees of freedom and their normal modes. 


Watch the video for this unit now. 


From the video it is evident that mechanical systems with two degrees of 
freedom can behave in simple or complicated ways, depending on the initial 
positions and velocities of the constituent parts. In the video you observed 
the motion of the double pendulum pictured in Figure 1.3 below. Two co- 
ordinates are needed to specify the configuration of this mechanical system, 
which therefore has two degrees of freedom. The two coordinates used in 
the video were the horizontal displacements of the two pendulum bobs: 2x1 
(for the upper pendulum bob) and x2 (for the lower pendulum bob). You 
saw that the system usually moves in a complicated manner, as shown in 
Figure 1.4. This behaviour is very different from that of the mechanical 
systems with one degree of freedom studied in Unit 7, where the motion is 
always sinusoidal. 


Figure 1.3 Figure 1.4 Almost all initial conditions 
result in complicated motion like this. 


However, the motion is not always so complicated, and there are situations 
where both particles move sinusoidally with the same frequency. In the 
video, two such simple motions were shown, the first of which is illustrated 
in Figure 1.5. By comparing Figure 1.4 and Figure 1.5(b), you can see that 
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the motion is much more regular in the latter: the particles complete each 
cycle simultaneously, i.e. the sinusoidal motion is of the same period (and 
so of the same frequency). Consequently, the motion of the particles in 
Figure 1.5(b) can be modelled by a pair of equations of the form 


{ xi1(t) = Ai cos(wt+ @), 


xo(t) = Ag cos (wt + ¢), on 
where |Aj| and |Ag| are the amplitudes of the motions of the particles, w 
is the common angular frequency and ¢ is the common phase angle. Such 
motion is known as a normal mode of the system. 


(a) (b) 


Figure 1.5 (a) Snapshots, at intervals of one sixth of a cycle, of the motion of a 
double pendulum system moving in a normal mode. (b) Traces of the 
corresponding sinusoidal motions of the pendulum bobs. 


Definition 


A normal mode is a type of motion of a system of particles in which 
the coordinates of the particles all vary sinusoidally with the same 
frequency. The angular frequency of the sinusoidal motion is called the 
normal mode angular frequency. 


For each of the systems with two degrees of freedom that you saw in the 
video, you observed two normal modes. Generally, the number of distinct 
normal modes of a system corresponds to the number of degrees of freedom 
of the system (though we shall not prove this here). 


We turn now to another important aspect of motion, which is illustrated in 
Figure 1.5 above. You may have noticed that when one of the pendulum 
bobs moves from left to right, so does the other, and similarly when one 
moves from right to left, so does the other. This type of motion, in which 
two particles move in the same direction, is said to be in-phase motion. 
As you saw in the video, not all normal mode motion is in-phase: it can also 
be phase-opposed motion, which occurs, as you might expect, when two 
particles move in opposite directions, as illustrated in Figure 1.6. 


(a) (b) 


Figure 1.6 
double pendulum system moving in a phase-opposed normal mode. 
the corresponding sinusoidal motions of the pendulum bobs. 


(a) Snapshots, at intervals of one sixth of a cycle, of the motion of a 


(b) Traces of 


Notice that each equation 
represents simple harmonic 
motion, as defined in Unit 7. 


For a normal mode, the 
coefficients A; and A» can be 
positive or negative. 


The snapshots in (a) include 
the most extreme points of 
the motion, when the 
pendulums are both 
momentarily at rest. 


In this context, normal 
means ‘standard’ and not 
‘usual’. (In fact, normal 
modes are unusual in that 
most modes of motion are not 
normal modes.) 


This correspondence occurs in 
all cases if we extend the 
definition of normal modes to 
include what is known as rigid 
body motion. Such motion is 
discussed in Subsection 2.2. 


The snapshots in (a) include 
the most extreme points of 
the motion, when the 
pendulums are both 
momentarily at rest. 
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If you look at Figure 1.5(b) you will see that, for the in-phase motion, the 
phase angles of the two sinusoids are the same. In contrast, you can see in 
Figure 1.6(b) that, for the phase-opposed motion, the phase angles of the 
two sinusoids differ by 7. This is true in general: the sinusoids representing 
normal mode motion have phase angles that either are the same (in which 
case the motion is in-phase), or differ by a (in which case the motion is 
phase-opposed). In both cases, though, equations of the form (1.1) can be 
used to represent the normal mode motion. 


If two particles are moving in a normal mode with their motion aligned 
with a common axis, there are only three situations that can occur: the 
particles move in-phase, or they are phase-opposed, or one or both particles 
are stationary. By extension, in a system with three or more particles, each 
pair of particles can be considered separately; thus, for any particular pair, 
the particles can be in-phase, or phase-opposed, or stationary, relative to 
each other. 


*Exercise 1.2 


For each of the following sets of graphs showing the motion of two (or three) 
particles, state whether or not the motion represented is normal mode mo- 
tion. If it is, state whether the motion of each pair of particles is in-phase 
or phase-opposed. 


X\A XA 
0.2- 0.2- 
0 T T 7 0 T T 7 
5 10 5 10 
=62- =03- 
(a) 
XA X54 X3A 
63 0.2 ‘ea 
1 ae 1 Too. Te 
0 5 in. 0 5 ig? 0 10. * 
12 09 =0:34 
(b) 
XA X54 
0.2 0.2 
LN Sf NS * 
0 5 10 ¢ 0 5 io? 
-0.2-4 -0.2 
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This is because 


cos(wt + + 7) = —cos(wt + ¢), 


and the negative sign can be 
absorbed into the 

coefficient A; (which can be 
negative or positive). 


Section 1 Oscillations and normal modes 


1.2 Analysing oscillating mechanical systems 


In this subsection you will see how to obtain the equations of normal mode 
motion for an oscillating mechanical system, and how these equations can be 
combined to model any motion of such a system. We examine two systems 
which are similar to those you saw in the video. We begin by deriving the 
equations of motion for one of these systems, using techniques familiar from 
Units 5 and 7. 


Example 1.1 


Consider two particles of masses m, and m2, joined to each other and to 
two fixed walls by three identical model springs of stiffness k and natural 
length Jp, as shown in Figure 1.7. The particles are constrained to move 
across a frictionless horizontal surface in the straight line joining the points 
of attachment (i.e. the motion is one-dimensional). To simplify the analysis, 
the distance between the fixed walls is assumed to be exactly three times 
the natural length of the springs; hence the equilibrium position of the sys- 
tem is that shown in Figure 1.7(a). Two coordinates are needed to specify 
the positions of the particles in the system; therefore the system has two 
degrees of freedom. The simplest option for the coordinates is to measure 
the displacement of each particle from its equilibrium position. These dis- 
placements are labelled x; and x2 in Figure 1.7(b), and are measured from 
the origins O, and Oo, respectively. 


What are the equations of motion for this oscillating system? 
Solution 


To obtain the equations of motion for this system, Newton’s second law is 
applied to each of the particles separately. In order to do this, the first step 
is to draw two force diagrams — one for each particle. 


Here the weights of the particles are denoted by W, and We, the normal 
reactions of the surface on the particles by N; and Na, and the forces exerted 
by the springs on the particles by H,, Ha, H3 and Hy. Since the motion is 
horizontal, the two vertical forces on each particle must balance one another 
(W, + N; = 0, W2 + N2 = 0), so the total force (i.e. the resultant force) 
on the first particle is Fj = H; + Hg and that on the second particle is 
F, = H3+ Hy. Now we apply Newton’s second law to the first particle and 
obtain 


mr, = H, + Ho, (1.2) 


where rj is the position vector of the first particle with respect to its equi- 
librium position, i.e. ry = 711, with i being a unit vector in the direction of 
positive x; and x2. Similarly, for the second particle, 


moro = H3+ Hy. (1.3) 


The four forces due to the springs can then be modelled using Hooke’s law. 
First, recall from Unit 7 that, according to Hooke’s law, a model spring of 
natural length Jpg and stiffness k exerts a force on an object attached to one 


k m, k ‘m, k 
WWW3$-@— WV Wh 


(b) 


Figure 1.7 


You have already met the 
idea (in Unit 5, in relation to 
particles in equilibrium) that, 
when considering the forces 
acting on the particles in a 
system, each particle can be 
treated separately. This is the 
first time in the course that 
this principle has been 
applied to a system in motion. 


You have seen one-particle 
systems analysed in this way 
in Unit 7. 
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end of the spring, such that the force is given by H = —k(l — Io) 8, where | 
is the length of the spring and S$ is a unit vector directed from the centre 
of the spring to the point where the object is attached. For the force Hj, 
which is the force exerted by the left-hand spring on the first particle, we 
have | = 19 + x; and § =i, so 

H, = —k((Io + £1) ane Io)i = —kr4i. 
For the force Ha, we have | = Io + xg — x1 and S$ = —i, so 

Hy = —k((Io + £2 — £1) _ Io) (—i) = k(x _ £1)i. 


For the force Hg, we can apply Hooke’s law again, or we can simply note 
that all the data are the same as for H» (since we are considering the same 
spring) except that now Ss = i, thus 


Hz = —k(x2 = 21 )i. 
For the force Hy, we have | = Ip — x2 and S = —i, so 
Hy = —k((lo Io)(—i) = 


Now that all the forces have been modelled, they can be substituted into 
Equations (1.2) and (1.3), giving 


my, = —kayit k(x _ ei, 
Mofo = —k(xq _ x1)i _ kagi. 


£2) kal. 


(1.4) 


But ry = 711 and rg = 2i, therefore ry = %1i and ro = %ei. Substituting 
for ¥; and fg in Equations (1.4), resolving in the i-direction and collecting 
terms gives 


ee = —2ka,+ kao, 


mo2x2 = kx — 2Qkxo. (1.5) 


These differential equations are the equations of motion for the oscillating 
mechanical system depicted in Figure 1.7. 1 


Equations (1.5) can be written in matrix form as 


«(8-78 ti 2] 


L2 k/me —2k/me x2 (1.6) 


The equation X = Ax is referred to as the (matrix) equation of motion for 
the mechanical system, and the matrix A is called the dynamic matrix of 
the system. 


In Unit 11 you saw that, provided A has distinct real eigenvalues, the general 
solution of such an equation can be expressed as a linear combination of 
exponentials, sinusoids and linear terms. Since Equation (1.6) models the 
motion of an oscillating mechanical system (without damping or forcing), we 
would expect only sinusoids in the general solution because sinusoids best 
represent this type of periodic motion. Thus we would anticipate a general 
solution of the form 


x(t) = vi(Dj cos(w t) + D2 sin(w1t)) + v2(D3 cos(wet) + D4 sin(wet)), 


comprising four linearly independent terms, where v; and v2 are eigenvec- 
tors corresponding to the eigenvalues A; and Ag of A, and wy, = V—A1, 
we = /—A2, while Dy, Do, D3 and D4, are arbitrary constants. For present 
purposes, we shall rewrite this general solution in the form 

x(t) = Civi cos(wit + ¢,) + Cove cos(wat + do), (1.7) 


where the four arbitrary constants D,, D2, D3 and D4 have been replaced 
by the four arbitrary constants C1, C2, ¢, and 5. 
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Hooke’s law tells us that the 
forces exerted at either end of 
a model spring are always 
equal in magnitude but 
opposite in direction. We 
shall frequently make use of 
this property, which is a 
consequence of Newton’s 
third law. (Compare this 
property of model springs 
with that of model strings 
discussed in Unit 5.) 


See Procedure 4.1 in Unit 11. 


In fact, as you will see in 
Subsection 2.2, there can also 
be linear terms in the 
solution. 


You saw in Units 7 and 17 
that Bcos(wt) + C'sin(wt) can 
be rewritten in the form 
Acos(wt + ¢), where 

B= Acos¢ and C = —Asin ¢. 


Section 1 Oscillations and normal modes 


One specific solution of Equation (1.7), obtained by putting C; = 1 and 
C2 = 0, is x(t) = v1 cos(w it + ¢,), which can be written in the form 


{ x(t) = v11 cos (wit + ¢1), 
X2(t) = v12 cos (wit + G1). 


The interesting thing about this solution is that it represents a normal mode 
of the system in Example 1.1. To see this, look back at the general equations 
for normal mode motion (1.1) and replace Aj, Ag and ¢ by v11, Vig and ¢y, 
respectively. 


(1.8) 


Similarly, putting C; = 0 and C2 = 1 in Equation (1.7) gives the solution 
x(t) = v2 cos(wet + @2), which represents a second normal mode of the sys- 
tem. Hence, Equation (1.7) tells us that the general solution of the equation 
of motion for the mechanical system in Example 1.1 can be expressed as a 
linear combination of normal modes. 


This finding concerning the solution of the equation of motion is generally 
fulfilled. This is because the motion of an oscillating mechanical system 
(without damping or forcing) can be modelled by a system of linear second- 
order differential equations, such as Equation (1.6), whose coefficient matrix, 
i.e. the dynamic matrix, has real non-positive eigenvalues, all of which usu- 
ally are negative. If we put aside for the moment the case where some of 
the eigenvalues are zero, we have a dynamic matrix with negative eigenval- 
ues. From Unit 11, Section 4, this means that, provided these eigenvalues 
are distinct, the general solution can be written as a linear combination of 
sinusoids of the form vcos(wt + ¢), i.e. as a linear combination of normal 
modes. Furthermore, these normal modes will be linearly independent, since 
they correspond to linearly independent eigenvectors. Therefore we have the 
following important result. 


Theorem 1.1 


The general solution of the equation of motion for an oscillating me- 
chanical system (without damping or forcing) whose dynamic matrix 
has distinct non-zero eigenvalues can be written as a linear combination 
of linearly independent normal modes of the system. 


Theorem 1.1 indicates why normal modes are so important: not only are 
they especially simple oscillations themselves, but every motion can be ex- 
pressed in terms of them. 


Having established that the solution of the equation of motion obtained in 
Example 1.1 is likely to be expressible as a linear combination of normal 
modes, we now use the techniques of Units 10 and 11 to find those normal 
modes, and hence the general solution of the equation of motion. 


Example 1.2 


Suppose that, in the mechanical system in Example 1.1, each particle has 
mass 0.1 kg and each spring has stiffness 0.2 Nm7!. Determine the general 
solution of the equation of motion. 


In general, any normal mode 
can be written in vector form 
as x(t) = vcos(wt + @), where 
v is aconstant vector, w is 
the normal mode angular 
frequency and ¢ is a constant 
scalar. 


We do not prove that the 
eigenvalues must be 
non-positive here. 


The case where some 
eigenvalues are zero is 
considered in Subsection 2.2. 


In this case the number of 
linearly independent normal 
modes of a system is the same 
as the number of degrees of 
freedom of the system. 


Solving equations of the form 
x = Ax is dealt with in 
Section 4 of Unit 11, while 
finding eigenvalues and 
eigenvectors is covered in 
Unit 10. 
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Solution 


From the given data, we have k/m, = k/mz = 0.2/0.1 = 2, so the dynamic 
matrix of the system is 


a= (“et |=[2 4). 


To find each normal mode, and hence the general solution of the equation 
of motion for the system, the first step is to determine the eigenvalues and 
eigenvectors of the dynamic matrix. The eigenvalues can be found by form- 
ing the characteristic equation, and solving the resulting quadratic equation 

| -4—-\ 2 


: 4 = 74+ 84412 = (A+ 2)(A+ 6) =0. 


So the eigenvalues are —2 and —6. 


A =-2]| The eigenvector equations are 


2 4-9] [2] =[0- 


or equivalently 


—2v;, + 2vq = 0, 
2v4 = 2v2 = {(); 


These equations both reduce to vg = v1, so [1 1)” is an eigenvector. 


The eigenvector equations are 
—4 — (-6) 2 vy | — {0 
2 —4—(-6)] }v2} |0]’ 


or equivalently 


2v, + 2v2 = 0, 
2v1 + 2v2 = 0. 
These equations both reduce to vg = —v;, so [1 —1]” is an eigenvector. 


As you saw above, each eigenvalue/eigenvector pair gives a normal mode 
of the system of the form vcos(wt +), where v is the eigenvector and 
w= /—X, with the eigenvalue. For \ = —2 we have the normal mode 
angular frequency w; = /2rads~!, and for \ = —6 we have w) = V/6rads~!. 
Therefore, two linearly independent normal modes of the system are 


x(t) = [i] es (v2t + 41) and x(t) = |] cos (vot + 42). 


Hence, by Theorem 1.1, the general solution of the equation of motion is 


x(t) = | 2G, | cos (Vt + 41) + C2 |_| cos (V6t+ 42), 


x(t) 


where C1, C2, ¢, and @¢, are arbitrary constants. MH 


*Exercise 1.3 


Determine the general solution of the equation of motion for the mechanical 
system considered in Example 1.1 if the particles have mass 0.1 kg and 0.2 kg, 
respectively, and each spring has stiffness 0.2Nm7!. Give your calculations 
to three decimal places. 
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The method employed in Examples 1.1 and 1.2 can be generalized to any 
oscillating mechanical system (without damping or forcing), and takes the 
form of the following general procedure. 


Procedure 1.1 Analysing oscillating mechanical systems 


To analyse the motion of a given oscillating mechanical system (without 
damping or forcing) with n degrees of freedom, proceed as follows. 


(a) Model the system using particles in conjunction with model springs, 
model rods, etc. Draw a sketch of the physical situation and an- 
notate it with any relevant information. 


Choose n coordinates (denoted by, say, £1,..., Zp) and correspond- 
ing origins. 
(c) Draw a force diagram for each particle separately. 


Apply Newton’s second law to each particle separately, and resolve 
each force in the directions of appropriate axes to obtain n linear 
second-order differential equations of motion. 

(e) Write the equations in matrix form as x = Ax, where A is the 
n X n dynamic matrix of the system. 


Find the eigenvalues A1,...,An and a corresponding set of lin- 
early independent eigenvectors v1,...,Vn of A. (The eigenvectors 
Vi,...,Vn are often referred to as the normal mode eigenvec- 
tors of the system.) 


Determine the normal mode angular frequencies w,. 


the formula w; = /—;. 


Write down the general solution of the equations of motion in the 


.., Wy, from 


form 
x(t) = Civ cos(wit + $1) +--+ + Chvncos(wpt+¢,), (1.9) 
where C),...,C, and ¢1,...,¢@,, are arbitrary constants. 


(i) Interpret the solution in terms of the original problem. 


Notes on Procedure 1.1 


As mentioned earlier, the eigenvalues of the dynamic matrix of an oscil- 
lating mechanical system (without damping and forcing) are always real 
and non-positive. However, if the eigenvalues are not distinct or if any 
of them are zero, Procedure 1.1 will break down as Theorem 1.1 does 
not apply in such circumstances. 

If we know 2x;(0) and «;(0) for each i, then a particular solution of the 
equations of motion may be obtained. But, to obtain such a solution can 
involve solving a system of 2n equations — even for a mechanical system 
with just two degrees of freedom, this could mean solving a system of 
four equations. 

When we do not have particular values for the C; and @,, it is still possi- 
ble to obtain some information about the behaviour of the system. For 
example, knowledge of the normal mode angular frequencies w; enables 
us to determine the frequencies f; and periods 7; of the normal modes 
from the formulae f; = w;/(27) and % = 27/wj. 


We now apply Procedure 1.1 to the kind of double pendulum that you saw 
in the video. 


<Draw picture> 


<Choose coordinates» 


<Draw force diagram/(s)> 
<Apply Newton’s 2nd law» 


<Solve equation(s)> 


If the eigenvalues are not 
distinct, the procedure can 
break down. If any of them 
are zero, the procedure needs 
to be adapted as described in 
Subsection 2.2. If any of them 
are positive or complex, you 
have made a mistake! 


<Interpret solution» 


As you will see later, if the 
mechanical system starts 
from rest, each ¢; can be 
taken to be zero, and a 
system of only n equations 
then needs to be solved. 


See Unit 7. 
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Example 1.3 


Consider the motion of a double pendulum where the lower pendulum is 
attached to the bob of the upper pendulum and where both pendulums are 
constrained to move in the same vertical plane (see Figure 1.8). The stems 
of the pendulums have lengths /; and lz, and may be modelled as light model 
rods. The pendulum bobs have masses m, and m2, and may be modelled 
as particles. The angles made by the stems of the pendulums to the vertical 
are denoted by 6; and 42 (measured anticlockwise from the vertical). The 
oscillations of both pendulums are sufficiently small for the approximations 
sin 6; = 0; and cos@; = 1 (i = 1,2) to be applicable at all times during the 
motion of the system. 


(a) Derive linear equations of motion for the double pendulum. 


(b) Suppose that J, = lg and m, = m2. What is the general solution of the 
equations of motion? 


(c) If each pendulum has length 50cm, estimate the periods of the two 
normal modes. 


Solution 


(a) The system has two degrees of freedom — one associated with each 
pendulum. A suitable choice of coordinates would be the angles 6; 
and @2, which are marked on Figure 1.8, as these completely specify 
the configuration of the system at any given time. However, in order 
to use Newton’s second law to generate equations of motion, we also 
need a set of Cartesian coordinate axes, which we shall take to have 
origin O at the point of attachment of the upper pendulum, with the z- 
axis pointing horizontally to the right and the y-axis vertically upwards, 
as in Figure 1.8. 


The force diagrams for the system are shown below, with W, and W2 
denoting the weights of the particles, and T,, Tz and Ts; denoting 
tension forces exerted on the particles by the model rods. 


Applying Newton’s second law to the two particles separately, we obtain 
mit, =W1+T14+T2, mete =W2+T3, 


where ry = 411+ yj and rg = xgi + yoj are the position vectors of the 
two pendulum bobs relative to O. Resolving in the i- and j-directions 


gives 
mr = —|T3| sin 0; + |T| sin 4, Mor = —|T3| sin 4, 
mii = —myg + |T1| cos 6; — |T2| cos 62, | moy2 = —mag + |T3| cos 62. 


From Figure 1.9 we can deduce the following relationships between the 
linear coordinates and the angular coordinates: 


x1 = 1, sind), rq = 1, sin 6, + lgsin 9, 


yy = —l, cos6,, yo = —l, cos 6, — lg cos Oo. 
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<Draw picture> 


Figure 1.8 


<Choose coordinates» 


<Draw force diagram(s)> 


We model the forces on the 
particles due to the model 
rods as tension forces in the 
same way that we model 
forces on a particle due to 
model strings. 


<Apply Newton’s 2nd law» 


Figure 1.9 
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Now, since the oscillations of the pendulums are small, we can use the 

small-angle approximations specified in the question, i.e. sin 6; ~ 6; and 

cos 6; ~ 1 (¢ = 1,2), in the two previous sets of equations, to obtain 
i ~ —|T1|01 + |T2|42, es aT 3|05, (1.10) 

mii =~ —mig+|Ti|—|Te2|, | mete = —mog + |Tsl, 

and 

rg ~ 1,0, + loo, 

Yo = ly — dg. 


my Oi, 
y= ty; 
From 2x, ~ 1,01, an approximation for the horizontal acceleration can 
be derived by differentiation as % ~ 1,6). Similarly, differentiating 
x2 ~ 140, + lo gives to ~ 1,01 + Ino. As the expressions above for 
y1 and yg are constants, it follows that y ~ 0 and j2 ~ 0. (The physi- 
cal interpretation of this is that for small oscillations the pendulum bobs 
do not move vertically.) These approximations for the horizontal and 
vertical accelerations can then be substituted into Equation (1.10) to 
give 
eee ~ —|T1|0, + |T2|0o, nee + Ip92) ~ —|T3|62, (1.11) 
02 mg |Ty| =|Tal, 0 ~ —mog + |Tsl. , 


From the last equation in (1.11) we obtain |T3| ~ mag. By Newton’s 
third law we have |T2| = |T3], therefore |T2| ~ mag. This can be sub- 
stituted into the third equation in (1.11) to yield |T1| ~ (mi + m2)g. If 
we then substitute for |T,|, |T2| and |T3| in the first two equations in 
(1.11), we have 


m4l61 ied —(m4 + m2) gO + m6, 
me2(1101 + 1202) ~ —mg62. 


To put these equations into a standard form, i.e. with only one second 
derivative on the left-hand side of each, first divide by the masses to get 


- m mM 
1,01 = (1 + 2) gM + “965, 
m1 my 


1,6} + In 85 ~ —g>. 


(1.12) 


Next subtract the first equation from the second to eliminate the 1,6} 
term from the left-hand side, giving 


lobo ~ —gOo ( (1 ES m2 0 + 2 46) 
My], My, 


— (1 + | gO (1 + “2 go. 
My My], 


Now divide the first equation in (1.12) by /;, and Equation (1.13) by lo, 
to obtain equations with one second derivative on the left-hand side of 
each. Thus we arrive at the following linear second-order differential 
equations of motion for the double pendulum when it is undergoing 
small oscillations: 


(1.13) 


m2 I 9, 
1 b) 


6, = 


65 = 


These small-angle 
approximations will ensure 
that the resulting differential 
equations are linear. 


Differentiation of these 
approximations is valid 
provided that 0; and @2 not 
only are small, but also do 
not vary too rapidly. 


Newton’s third law tells us 
that the forces exerted at 
either end of a model rod 
must be equal in magnitude 
but opposite in direction. 
Recall the case of a model 
string in Unit 5. 


Since this is a model of the 
motion, there is no need to 
retain the ~ signs. 
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(b) In the case where 1, = lz (= 1) and m; = ma, the equations of motion 
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become 


To solve these, we write them in matrix form as 


A) gf-2 1) [% 
62) 1 2 —2] | 62] ° 
Following Procedure 4.1 in Unit 11, we now need . find the eigenval- 
—2 1 


ues and eigenvectors of the dynamic matrix A = ; 9 _9\° How- 


ever, this is equivalent to finding the eigenvalues and eigenvectors of 


B= E 3] , provided that we remember to scale these eigenvalues 


by the factor g/l later. The characteristic equation of B is 
oy ae 7 


Therefore the eigenvalues of B are \ = —2 + v2. 


\=-—2+4+ V2! The eigenvector equations are 


caval [8 -[t): 


or equivalently 


-V2u,+ w=0, 
2v1 — V/2v2 = 0. 


Both these equations simplify to va = V2v1, so [1 V2)” is an eigenvec- 
tor. 


\ = —2-— 2] The eigenvector equations are 


pa eval [el [o) 


or equivalently 


oe v2 = 0, 


2u, + V2v9 = 0. 


Both these equations simplify to vy = —V/2v1, so [1 —vV2]" is an eigen- 
vector. 


After we have scaled by g/l, we obtain the eigenvalues of the dynamic 


matrix as Ay = —g(2— V2)/l and Ay = —g(24+ V2)/l. Since w; = V/—Xi, 


the normal mode angular frequencies are 


ee g(2 + V2) 
aq 4 


From Equation (1.9), the general solution of the equations of motion 
can then be sree as 


i} 0 [A)emerseee[ emerson 


<Solve equation(s)> 


Recall from Unit 10 that if A 
is an eigenvalue of B with 
eigenvector v, then pA is an 
eigenvalue of pB with the 
same eigenvector v. 


Note that 2 > V2, so both 
eigenvalues are negative. 
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(c) The information that each pendulum has length 50cm enables us to <Interpret solution» 
calculate the normal mode angular frequencies as 


2—V2 2 2 

Wy = g(2 — v2) ~ 3.390rads7t, wo = g(2 + V2) ~ 8.185 rads. 
0.5 0.5 

The periods of oscillation of the two normal modes of the double 


pendulum are 


2 2 
7 = 185388, m=" ~ 0.7685. 
Wy W92 
So this model predicts that the periods of oscillation of the normal 
modes are approximately 0.8s and 1.9s. I 


Notice how, in this example, we used small-angle approximations to produce 
a system of linear differential equations; otherwise the equations would have You met similar techniques 


been non-linear. for linearizing systems of 
non-linear differential 
Exercise 1.4 equations in Unit 13. 


Figure 1.10 shows a mechanical system in which a particle of mass m is free 
to move along a smooth straight horizontal bar. The particle is subject to 
the forces exerted by two identical model springs of stiffness k and natural 
length Jp, and to the force exerted by a pendulum of length / suspended 
from the particle. The bar is twice the natural length of each spring, so 
the system is in equilibrium when the springs are at their natural lengths, 
i.e. not extended or compressed. The pendulum stem may be modelled as 
a light model rod and its bob as a particle of mass m. Assume that the Figure 1.10 
oscillations of the pendulum are small, and hence that small-angle approx- 

imations (as in Example 1.3) are valid. The displacement x of the sliding 

particle is measured from its equilibrium position O and the displacement 

of the pendulum is given by the angle 6 (measured anticlockwise from the 

vertical), as shown in the figure. 


(a) Derive linear equations of motion for the system in terms of x; and 0. 


(b) Ifk =1Nm7!, m=1kg and 1 = 1 metre, find the normal mode angular 
frequencies to two decimal places. 


1.3 Interpretation of normal mode eigenvectors 


In the video the normal mode oscillations of several mechanical systems 
were demonstrated. But how did we know the initial conditions required to 
make a system oscillate in a normal mode? This question is answered in 
this subsection, by using the normal mode eigenvectors. Before we do this, 
we derive a result that is useful in describing systems where all the particles 
start from rest. We shall illustrate the argument in relation to a system 
with two degrees of freedom, though the argument can be generalized to a 
system with any number of degrees of freedom. 


For a system with two degrees of freedom, the general solution of the equa- 
tion of motion for the system (Equation (1.9)) becomes 


x(t) = Cyvj cos(w t + 61) + Cove cos(wet + do). 
Differentiating this gives 
x(t) = —w 1 Cyv1 sin(wit + ¢,) — weCov2 sin(wet + do). 
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Initially, at t = 0, 
x(0) = —w,C vj sin ¢, — w2eCov2 sin do. 


Applying the condition that all the particles start from rest, i.e. x(0) = 0, 
gives 


0 = —w, Civ, sin d, — weCove sin do. (1.14) 


Notice that this initial condition is satisfied if 6, = ¢2 = 0. We shall now 
show that we may assume that ¢, = ¢) = 0. 


Since the two normal mode eigenvectors are linearly independent, the only 
way that a linear combination of them can be zero is if all the coefficients 
are zero, Le. if 


wiCysing; =0 and woCosinds = 0. 


Looking again at the situation we have just been considering, where the 
normal mode angular frequencies are non-zero, we have 


Cisng; =0 and Cosinds = 0. 


From the first equation, either Cj = 0 or sing, = 0. If C; =0 then the 
normal mode does not contribute to the motion x(t) and the value of ¢, 
is irrelevant, so we can choose ¢, = 0. If sing, =0 then either ¢, = 0 or 
g, = 7. If ¢, = 7 then the term Civ cos(wt + 7) becomes —C1vj cos(wt), 
and we can include the minus sign in the normal mode eigenvector v; and 
choose ¢, = 0. So the first equation implies that either ¢, = 0 or we have a 
free choice and may take ¢, = 0. Similarly, we may take ¢. = 0. This is an 
important result, worth remembering. 


Systems starting from rest 


If one of the initial conditions of a mechanical system is that all the 
particles start from rest, then we may assume that all the phase angles 
are Zero. 


Now we use this result to find a suitable initial condition for normal mode 
motion when all the particles start from rest. As before, consider a system 
with two degrees of freedom to illustrate the argument. If the system starts 
from rest, then, by the above result, all the phase angles are zero. So the 
general motion of the two-degrees-of-freedom system can be written as 


x(t) = Civ, cos(w t) + Cov2 cos(wet). (1.15) 
Initially, at t = 0, this becomes 
x(0) = Civ, + Cove (1.16) 


Suppose that the system is initially at a position corresponding to the first 
normal mode eigenvector, i.e. at a position x(0) = kv; for some constant 
k £0. Then substituting for x(0) in Equation (1.16), we obtain 


kv, = Civ + Cova. (1.17) 


Since the eigenvectors vj and v2 are linearly independent, we can equate 
their respective coefficients on either side of Equation (1.17), thereby finding 
that C; = k £0 and C2 = 0. Substituting into Equation (1.15) gives 

x(t) = kv, cos(w}t). (1.18) 


Therefore, if we start the system from rest at a position x(0) = kv, it will 
move with the normal mode motion given by Equation (1.18). Similarly, 
starting the system from rest at x(0) = kvg results in the normal mode 
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You will see mechanical 
systems with zero normal 
mode angular frequencies 
later. 


Recall that for normal modes 
we take —77< <7. 


Remember, from Unit 10, 
that if v is an eigenvector, 
then so is kv for any non-zero 
constant k. 


Section 1 Oscillations and normal modes 


motion given by x(t) = kvgcos(wet). Generalizing this argument to any 
number of degrees of freedom gives the following result. 


Normal modes of systems starting from rest 


If all the particles within a mechanical system start from rest at po- 
sitions given by the elements of a normal mode eigenvector, then the 
system will oscillate in the corresponding normal mode. 


The following example illustrates how this result can be used. 


Example 1.4 


In Example 1.2 the following general solution was derived for the positions 
of two particles, each of mass 0.1 kg, joined to one another and to two fixed 
walls by three identical model springs of stiffness 0.2 Nm! (see Figure 1.7): 


x(t) = C1 | cos(V2t + 1) + C2 E 


i cos(V6t + $9). 


What initial conditions give rise to normal mode motion in this system when 
both particles start from rest? 


Solution 


For the normal mode with angular frequency V2 a normal mode eigenvector 
is [1 1]”. The positions of the particles are measured from their respec- 
tive equilibrium positions. So one initial condition for normal mode motion 
is that each particle starts from rest at a distance 1cm to the right of its 
equilibrium position. However, any constant multiple of [1 1]? is also an 
eigenvector, so we can say rather more: a normal mode results if both par- 
ticles start from rest after being given the same displacement. Therefore 
suitable initial conditions include not only starting both particles from rest 
lcm to the right of their equilibrium positions, but also starting both par- 
ticles 1cm to the left, or 10cm to the right (provided the natural length of 
the spring is greater than 10cm), and so on. 


For the second normal mode, a normal mode eigenvector is [1 —1]". Hence 
another initial condition for normal mode motion is that the first particle 
starts from rest at a distance 1cm to the right of its equilibrium position, 
and the second particle starts from rest 1cm to the left of its equilibrium 
position. Again, however, we can say more: a normal mode motion results 
whenever the particles start from rest after being displaced from equilibrium 
by equal distances in opposite directions. 


*Exercise 1.5 


For the double pendulum analysed in Example 1.3, what initial conditions 
give rise to normal mode motion when both pendulum bobs start from rest? 


Another feature of the motion can be read from the normal mode eigenvec- 
tors. The signs of the components of the eigenvectors indicate whether the 
normal mode motion is in-phase or phase-opposed. 


For example, consider the double pendulum in the video and Example 1.3. 
The normal mode eigenvector corresponding to the smallest normal mode Note that [-1 —V2]" is also 
frequency is [1 2]. The components of this normal mode eigenvector @ normal mode eigenvector 


have the same sign. In the video you saw that the normal mode motion was {© this motion, and its _ 
components are not positive 


but they have the same sign. 
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in-phase. This is true in general: when two components of a normal mode 
eigenvector have the same sign, then the corresponding motion is in-phase. 


The other normal mode eigenvector of the double pendulum was calculated 
to be [1 —V2]" in Example 1.3. Here the two components have oppo- 
site signs and, as you saw in the video, the normal mode motion is phase- 
opposed. Again, this is generally true and we summarize this as follows. 


Theorem 1.2 


For a normal mode motion, the relative motion of a pair of particles 
with non-zero coordinates is determined by the components of the cor- 
responding normal mode eigenvector. The motion is: 


e in-phase if the components have the same sign; 
e phase-opposed if the components have opposite signs. 


Example 1.5 


Consider the oscillating mechanical system with three degrees of freedom 
shown in Figure 1.11. Three particles are constrained to move in a straight 
line between two fixed walls. The particles are attached to one another 
and to the walls by four identical model springs that are aligned with the 
direction of movement of the particles. The positions of the particles are 
measured from their equilibrium positions, as shown in the figure. 


VV VV VV 


Figure 1.11 


A normal mode eigenvector of the lowest angular frequency normal mode 
is given as [1 V2 1)’. Draw sketches of the mechanical system at the 
following times while it is oscillating according to this normal mode: 


(a) when all the particles are instantaneously at rest at the same time; 
(b) one sixth of a cycle after the time in part (a); 

(c) one quarter of a cycle after the time in part (a); 

(d) half a cycle after the time in part (a). 


Is the motion in-phase or phase-opposed? 
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Solution 


As a starting point for the system, consider a time instant when all three 

particles are instantaneously at rest at the same time. An equation of motion 

for the given normal mode is x(t) = kvcos(wt), where k is a constant and As you saw in the boxed 

vy=[1 afd ee result on page 66, for a 
system starting from rest we 
can take ¢ = 0. 


(c) 


(d) O 
Figure 1.12 


(a) In this instance the positions of the particles relative to their equilibrium 
positions are given by kv, and are sketched in Figure 1.12(a). Thus, if 
particle 1 is at, say, 2; = 2, then particle 2 will be at x2 = 2/2 and 
particle 3 at 73 = 2, as determined by kv =2v=[2 2/2 2]7. 

(b) After a sixth of a cycle (ie. when wt = _ = 3), the equation of motion 
yields x(t) = kv cos(wt) = kv cos 3} = skv, so each particle is half as 
far from its equilibrium position as it was in part (a), as sketched in 
Figure 1.12(b). 


(c) After a quarter of a cycle (ie. when wt = 27 = 3), x(t) = kvcos 5 =0, Note that although the 


so each particle is at its equilibrium position, as shown in Figure 1.12(c). particles are at their 
: On equilibrium positions, the 
(d) After half a cycle (ie. when wt = 4 = 7), x(t) = kvcosm = —kv, so system is not in equilibrium 


each particle is the same distance from its equilibrium position as it was — since the velocities are 


in part (a), but in the opposite direction, as sketched in Figure 1.12(d). non-zero. (In fact, the speeds 


. : . . are at a maximum. 
Since all the coordinates of the given normal mode eigenvector have the same ) 


sign, all three particles move in-phase with one another, as the sketches in 
Figure 1.12 illustrate. I 


*Exercise 1.6 


Repeat Example 1.5 for the normal modes with the following normal mode 
eigenvectors. 


(@) fl o -17 @ [1 -v2 4]* 


This section concludes by asking you to apply the methods described in this 
section to another mechanical system. 


69 


Unit 18 Normal modes 


End-of-section Exercise 


*Exercise 1.7 


Consider the mechanical system with two degrees of freedom, shown in Fig- 
ure 1.13, in which two identical particles of mass m are attached to one 
another and to a fixed wall by two identical model springs of stiffness k and 
natural length Jp. The particles are constrained to move across a frictionless 
horizontal surface in a straight line along the line of the springs. Let x; and 
x2 be the displacements of the two particles along this line, measured from 
the equilibrium positions of the particles as shown in the figure. 


(a) What are the equations of motion for this system? 


(b) If k/m =2Nkg~!m!, determine the normal mode eigenvectors and 
the angular frequencies. Hence write down the general solution of the 
matrix equation of motion. 


(c) Write down an equation from which the constants could be determined 
in the general solution obtained in part (b), given the initial condition 
that both particles start from rest with displacements d; and dz, respec- 
tively. 


2 One-dimensional systems 


In this section we look at mechanical systems where particles are restricted 
to move along a line (such systems have the number of degrees of freedom 
equal to the number of particles). 


A quicker method for deriving the equation of motion is developed in this 
section that has the advantage that the equation of motion can be derived 
without first needing to calculate the equilibrium positions of particles. 


Subsection 2.1 considers systems that have one or two springs fixed at one 
end. The equations of motion derived are similar to those derived in Sec- 
tion 1 and are not investigated further. Subsection 2.2 considers free systems 
that have no components fixed. Here the solution to the equations of motion 
is different, and so we investigate this. 


2.1 Displacement from equilibrium 


In this subsection you will see how to obtain the homogeneous equation of 
motion for a mechanical system (i.e. the equation obtained by taking the ori- 
gin at the equilibrium position), without first having to find an equilibrium 
position of the system. 


Consider the system made up of a particle of mass m attached to two walls 
by two model springs of stiffnesses k, and kz, as shown in Figure 2.1, with the 
particle constrained to move in one dimension along the line of the springs 
(friction may be neglected). Because the springs have different stiffnesses, 
the equilibrium position of the system is not obvious. We denote the forces 
exerted by the springs when the system is in equilibrium by Hj eq and H2,¢q, 
and the corresponding forces when the system is displaced a distance x from 
the equilibrium position by H; and Hg. At equilibrium, 


Hi cq + 2 cq = 0. (2.1) 
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Figure 1.13 


Later we investigate systems 
without this restriction. 


mAAAA Aas zai) inn 
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| | 
| | 
>| 
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Figure 2.1 
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Applying Hooke’s law, we obtain 


Hy = —ki((lijeqg + 2) — lio )i, Fj eq = —Fi(lijeq — !10)i, 
Hy = —ko((l2,eq — 2) — l2,0)(—i), Haeq = —ko(l2,eq — 12,0)(—I), 
where lj eq and lg eq are the equilibrium lengths of the springs, /1,9 and lo 
are the natural lengths of the springs, and i is a unit vector in the positive 
x-direction marked on Figure 2.1. From these equations, the changes in the 
forces exerted by the springs when the particle is displaced a distance x from 
the equilibrium position are given by 
AH, = H, = Ty eq = —ky xi, 
AH» = Ho — H2 eq = —koxi. 


Then 
AH, + AH» = (Hi + He) — (Aijeq + H2,eq) = —(ki + ke) zi, 


(2.2) 


and, on substituting from Equation (2.1), we obtain 
AH, + AH»y = H; + He = —(ky + kg) xi. 


So the total force H; + Hyg on the particle when it is displaced a distance x 
from the equilibrium position is the same as the sum of the changes in the 
forces, AH, + AHgy. Furthermore, if we apply Newton’s second law to the 
particle when it is displaced a distance x from equilibrium, we find that 


mr = H, + H> = AH, + AH» = —(ky + k2)ai, 


where the position vector r = xi. Resolving in the i-direction and rearrang- 
ing gives the equation of motion as 


Thus we have found the equation of motion without knowing the equilibrium 
position of the particle, knowing only the changes in the forces acting as 
given by Equations (2.2). 


This method of obtaining an equation of motion can be generalized to any 
number of forces acting on any particle that has been disturbed from an 


equilibrium position. If forces F; (¢ =1,...,n) act on a particle disturbed 
from an equilibrium position, and if Fig (i = 1,...,n) denote the corre- 
sponding forces when the particle is in equilibrium while AF; (i = 1,...,7) 
denote the changes in the forces from equilibrium, then 
nm n n n n 
\ > AF; = SE, =Fpa) = ey = > Eve = >» F;, 
i=1 i=1 i=1 i=1 i=1 


since )>;"_, Fieq = 0. So the total force >>), F; acting on the particle is 
the same as the total change in the forces }>;., AF;, which leads to the 
following useful result based on Newton’s second law. 


Particle displaced from equilibrium 


If a particle of mass m, displaced from an equilibrium position, is acted 


on by forces F; (t= 1,...,n), then its acceleration ¢ is given by 
n 
mé = )° AF, (2.4) 
i=1 


where r is the displacement of the particle from its equilibrium po- 
sition, and AF, = F; — Fieg (6 = 1,...,7), where Fieg is the force 
corresponding to F; when the particle is at its equilibrium position. 


The symbol A is an 
upper-case delta. It is quite 
commonly used to denote a 
change in a quantity (just as 
a lower-case delta, 6, denotes 
a small change in a quantity). 


21 Fieq = 0 is the 
equilibrium condition for 
particles, from Unit 5. 


Applying Equation (2.4) is 
equivalent to applying 
Newton’s second law. 
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Equation (2.4) can provide a useful shortcut in the derivation of the equation 
of motion for a mechanical system involving a displacement from equilib- 
rium, if the changes in the forces acting can be calculated easily. For a spring 
displaced along its length, you have seen that the changes in the forces can 
be calculated easily using Equation (2.2). The general result that applies to 
any coordinate system for a change of length Al is 


AH = —kAIS, (2.5) 


where k is the stiffness of the spring, Al = 1 — leg is the change in the spring’s 
length from its equilibrium value, and § is a constant unit vector directed 
from the centre of the spring to the particle. 


Another force for which this shortcut is useful is the force W due to gravity, 
i.e. the weight of an object, since this force is constant for a given object 
near the Earth’s surface, so AW = 0. Thus the weights of the components 
of a mechanical system have no effect on the system’s equation of motion 
when the components are displaced from their equilibrium positions. If a 
normal reaction force N balances the weight of a particle (such as when 
objects are placed on a smooth horizontal table), then N is constant and so 
AN = 0. 


These results have useful consequences for one- or two-dimensional mechan- 
ical systems that can be modelled using only model springs and particles. 
It means that in deriving the equation of motion for such systems, provided 
displacements are measured from the equilibrium positions, we can ignore 
all weights and normal reactions, irrespective of the orientation of the sys- 
tem — in effect, whatever its orientation, the system behaves as if it is in a 
horizontal plane. We shall adopt the policy of ignoring weights and normal 
reactions for such systems for the remainder of this unit. 


Let us now see how these ideas can be applied, by looking at an example 
similar to the one considered in Example 1.1. 


Example 2.1 


Consider the mechanical system shown in Figure 2.2. This system consists 
of two particles of masses m, and mg, which are constrained to move in a 
straight line across a frictionless horizontal surface while attached by model 
springs of stiffnesses k,, ko and k3 to each other and to two fixed walls. 
Derive the equation of motion for each of the particles. 


Solution 


The first step is to draw a force diagram for each particle. We use the usual 
notation for the spring forces and, as discussed above, we ignore the weights 
and normal reactions. 


Applying Equation (2.4) to each particle gives 


{ m,r, = AH, + AH, 


Mofo = AH3 + AHg, 2) 


where rj = 711 and rg = 22i are the position vectors of the two particles 
with respect to their (unknown) equilibrium positions, and i is a unit vector 
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See Sections 4 and 5 for 
formulae that apply in other 
cases. 


You saw in Unit 7 that the 
period of oscillations of a 
mechanical system is the 
same whether the system is 
oriented horizontally or 
vertically. 


The result also applies to 
systems involving model rods, 
as you will see in Unit 19. 


Unlike the situation in 
Example 1.1, the springs have 
different stiffnesses and we do 
not know the equilibrium 
positions of the components 
of the system; hence we need 
to adopt a different approach 
from that used in 


Example 1.1. 
| | 
ky m ky m, k, 
LV" WV @ ii 


Figure 2.2 
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in the direction of positive 7; and x2. Now we use Equation (2.5) to obtain 
AH, = —k, 741, 
AH» ko(a2 — £1)(—i) = ko(a2 — 21)i, 
AH3 = —ko(r2 — 21)i, 
AH, k3(—x2)(—i) = —kgaai. 
Substituting these expressions into Equations (2.6) gives 


Mary = —kyx1i + ke(xe — 21)i, 
Moro = —ko(xe — 21)i — k3xai. 


Resolving in the i-direction then gives 


{ myx = —(ky + kg)a4 + kon, 


. 261 
Mor = koa, — (ko + k3)ao. et) 


These are the equations of motion for the system illustrated in Figure 2.2. 1 


*Exercise 2.1 


Use Equation (2.4) to derive the equations of motion for the system in 
Exercise 1.7 (see Figure 1.13). 


2.2 Free motion 


The one-dimensional mechanical systems studied so far in this unit have all 
been constrained by being attached to fixed walls. This subsection looks at 
one-dimensional mechanical systems without fixed points, where free motion 
(in one dimension) is possible. You will see that the absence of fixed points 
manifests itself in the dynamic matrix having a zero eigenvalue, and you 
will see how this affects the normal modes of the system. We begin with an 
example. 


Example 2.2 


This example is concerned with the motions of a hydrogen molecule, in 
particular the vibrations within the molecule. This molecule consists of two 
atoms of equal mass joined by a bond. We model this as two particles 
of equal mass m, joined by a model spring of stiffness k. The system is 
considered to be one-dimensional, so only those vibrations which are along 
the straight line joining the two atoms are considered. 


(a) Derive the equation of motion for this system. 


(b) Determine the general solution of this equation of motion for the system 
in terms of m and k. 


m k m 
(c) Interpret this general solution. eye 
(d) Experimentally, the frequency of vibration for a hydrogen molecule is - _ 
1.3 x 10'4Hz. If the mass of a hydrogen atom is 1.67 x 107?’ kg, esti- che oO, ” 
mate the stiffness of the bond between the two hydrogen atoms in the 
molecule. Figure 2.3 
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Solution 


(a) A sketch of the model of the hydrogen molecule is shown in Figure 2.3. 


te 
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Choose axes aligned with the spring that joins the two particles, with 
two separate origins at the equilibrium positions of the two particles 
(ie. separated by a distance equal to the natural length of the model 
spring), as in Figure 2.3. Using the usual notation, we can draw the 
following two force diagrams (one for each particle). 


m m 
o> <e 


H, H 


2 
Applying Newton’s second law (in the form of Equation (2.4)) to each 
particle, we obtain 
mr, = AH;, 
{ mr = AHo, (2.8) 
where rj = 171i and rg = i, and i is a unit vector in the direction of 
positive x; and x2. Then, from Equation (2.5), 


AH, = —k(x2 _ £1)(—i) = k(x _ r1)i, 
AH» = —k(x => r1)i. 
Substituting these expressions into Equations (2.8) gives 
mr = k(x2-214)i, 
mr = —k(x2 = x4)i. 


Resolving in the i-direction and using matrix notation, we obtain the 
equation of motion that represents the vibrations of a hydrogen molecule: 


#1 |  |—-k/m  k/m| |} a4 

fo| | k/m —k/m| | ae|° 
To find the eigenvalues and eigenvectors of the dynamic matrix, it is 
convenient to take out the common factor k/m and work with the matrix 


—1 1 
1 -l 
—-1- x i] 
1 —1-4 


. The eigenvalues are found by solving 


| =\?+2=0. 
So the eigenvalues are \ = 0 and \ = —2. We now proceed to find the 
eigenvectors. 
A =0]| The eigenvector equations are 
<0 2 vu] _ [0 
1 —1-—O} }vo} | 0}? 
or equivalently 


—vi + v2 = 0, 
vy — v2 = 0. 


Both these equations reduce to v2 = v1, so [1 1]7 is an eigenvector. 


<Draw picture> 


<Choose coordinates» 


<Draw force diagram(s)> 


<Apply Newton’s 2nd law» 


<Solve equation(s)> 
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A =-—2]| The eigenvector equations are 


a See] [2] -[0]- 


or equivalently 


vy + vg = 0, 
vy tue =0. 
Both these equations reduce to v2 = —v, so [1 —1]? is an eigenvector. 


To obtain the eigenvalues of the dynamic matrix, we have to multiply 
the above eigenvalues by the factor k/m. Hence the dynamic matrix 
has eigenvalues 0 and —2k/m. 


In previous examples all the eigenvalues have been negative, so all the 
terms in the general solution of the equation of motion have been si- 
nusoidal. But this time we have one zero eigenvalue and one negative 
eigenvalue. You may recall that a zero eigenvalue gives rise to a linear 
term in the general solution of the equation of motion, so in this case 
the general solution has the form 


x(t) — 1 1 
| = F (A+ Bth+C Sj cos (wt + ¢), 
where A, B, C and ¢ are constants, and w = \/2k/m. Therefore there 
is just one normal mode, with normal mode angular frequency w, which 
is given by the sinusoidal term, and one other ‘mode’, which is given by 
the linear term. 


As just noted, the sinusoidal term in the general solution represents 
a normal mode. Since a corresponding normal mode eigenvector is 
[1 -—1]", the system will vibrate in this normal mode if it starts from 
rest with the first particle a distance d from its origin and the second 
particle a distance —d from its origin, for any non-zero value of d. The 
angular frequency of the vibrations will be w = \/2k/m. 


The linear term in the general solution represents a solution of the form 
x(t) = v(A+ Bt), where v= [1 1)"; this corresponds to the linear mo- 
tion of the system. Now x(t) = vB, so if the system starts from rest, 
i.e. x(0) = vB =0, it follows that B = 0, giving x(t) =vA=[A_ A]”. 
Thus if the particles start from rest and equidistant from their equi- 
librium positions, then they will remain static for all t. Alternatively, 
putting x(0) = 0, we obtain x(0) = vA = 0, so A = 0, hence x(t) = vBt 
and x(t) = vB =[B, B]’. The system will move in this mode if the 
particles start at their equilibrium positions with the same velocity, in 
which case they will continue to move indefinitely at the same velocity. 
In both these ‘linear modes’ the particles remain separated by a dis- 
tance equal to the natural length of the spring (consequently there are 
no forces exerted by the spring, and therefore no vibrations). 


More specifically in terms of the hydrogen molecule, the normal mode 
given by the sinusoidal term relates to the vibrations of the atoms within 
the molecule, while the ‘mode’ given by the linear term relates to the 
translational motion of the molecule. 


One-dimensional systems 


See Procedure 4.1 of Unit 11. 


<Interpret solution» 
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(d) From the given frequency of vibration we can calculate the normal mode 
angular frequency as 


w = Inf =27x 13x10! ~8.2 x 10M rads lt. 


But w = ,/2k/m, so 
k = bmw? =} x 1.67 x 10-7? x (8.2 x 10!4)* ~ 557Nm71. 


Hence the stiffness of the bond in the hydrogen molecule is about 
560Nm-!. 


In part (c) of Example 2.2 you saw how a zero eigenvalue leads to a linear 
term in the general solution of the equation of motion, and how this term 
can be interpreted as representing linear motion, with the constituent parts 
of the system staying a fixed distance apart, and with each constituent 
part either moving with the same velocity or remaining at rest. This type 
of motion, where all the constituent parts move as one, is given a special 
name. 


Definition 


Rigid body motion is the motion that occurs when all the particles 
of a system move with the distances between them remaining invariant, 
i.e. the particles move as if part of a rigid body. 


If a mechanical system is not constrained by being attached to a fixed object 
(e.g. the ground or a wall) but is free to move, it is capable of executing 
rigid body motion. For such a system, one or more of the eigenvalues of 
the dynamic matrix will be zero. For one-dimensional systems, there is at 
most one type of rigid body motion (translation along the axis), so there is 
at most one zero eigenvalue for any dynamic matrix. For two-dimensional 
systems, there are three possible distinct (i-e. linearly independent) rigid 
body motions (translation along either axis, plus a rotation), so the situation 
is more complicated, with up to three zero eigenvalues. 


Although a zero eigenvalue does not lead to a normal mode as defined in 
Section 1, the resulting mode has similar properties and is often loosely 
referred to as a normal mode, as in the following two exercises. In this unit, 
if you are asked to determine or analyse normal modes, you should always 
include these ‘linear modes’ in your answer. 
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Hanging a 1kg object ona 
spring of this stiffness would 
extend it by only 2cm. This 
suggests that the atoms in a 
hydrogen molecule are very 
tightly bonded. 


Rigid bodies were introduced 
in Unit 5. You may recall 
that the rigid body model 
assumes that, whatever forces 
act on the body, the body 
does not change shape or 
vibrate. 


The free motion of 
two-dimensional systems is 
discussed in Unit 19. 


Sometimes a ‘linear mode’ is 
referred to as a ‘trivial 
normal mode’. 


Section 2 One-dimensional systems 


*Exercise 2.2 


Consider a railway engine connected to two trucks, as shown in Figure 2.4. 
The trucks and the engine are modelled as particles of equal mass m, and my ik 
the couplings are modelled as model springs of equal stiffness k. Assume 


that the train travels along a horizontal straight frictionless track and that | 
the engine provides no motive force. The positions of the components of the 6 x oO. = © 
system are measured from the equilibrium positions shown in the figure. 


(a) Derive the equation of motion for this system. Figure 2.4 


(b) Use the following information to obtain the general solution of the equa- 
tion of motion: 


—1 1 0 1 0 —1 1 0 1 —1 
1, =2 1 1} = |0], 1 -2 1 0} = 0], 
0 1 -l 1 0 0 1 -l —1 i 
—1 1 0 1 —3 

1 -2 1 2]; = 6 

0 1 -l 1 —3 


(c) For each normal mode, state the initial conditions that gives rise to it. 


End-of-section Exercise 


Exercise 2.3 O 


pi 
This exercise considers a mechanical system that is not one-dimensional, 
but belongs here because it is a simple system that exhibits free motion. m 
Since the system is not one-dimensional, the method introduced in this ia i 
section does not apply and you will need to use the more general approach 
of Section 1 (see Exercise 1.4). mt 


Figure 2.5 shows a particle of mass m that slides freely along a smooth Figure 2.5 
straight horizontal bar and has a pendulum suspended from it. Model the 

pendulum stem as a light model rod of length /, and the bob as a particle of 

mass m. Assume that the oscillations of the pendulum are small. Measure 

the displacement x, of the sliding particle from a fixed point on the bar and 

the displacement of the pendulum by the angle @ (measured anticlockwise 

from the vertical), as shown in the figure. 


(a) Derive linear equations of motion for the system, in terms of x; and 6. 


(b) Find the normal mode angular frequencies and eigenvectors, and hence 
write down the general solution of the matrix equation of motion. 


(c) How does the period of this pendulum compare with the period of a sim- 
ple pendulum of the same length (with equation of motion 6 = —(g/1)@)? 


(d) For each of the normal modes, draw a sketch of the motion. 
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3 Visualizing normal modes 


In the previous two sections the normal modes of several systems have been 
calculated. But what does normal mode motion look like? Is it easy to 
decide when a particular motion is a normal mode of the system? These 
questions are addressed in the multimedia package for this unit. 


Now work through the multimedia package for this unit. 


In the multimedia package, several new concepts were introduced. One sys- 
tem considered was a particle moving in a plane in such a way that the 
projections of its motion onto each axis defined by a normal mode eigen- 
vector were given by a different sinusoid; in this case, the trajectories of 
the particle are called Lissajous’ figures. The point was made that such 
motion can be very complicated (and not necessarily periodic), even though 
it is composed of two sinusoidal motions at right angles. 


The mulitmedia package gave an overview of the problem of modelling a 
guitar string, which is the subject of the next section. This introduced 
various new ideas and terms. First, the idea of constructing a lumped 
parameter model was presented. Secondly, a number of terms useful 
for describing the vibrations of the guitar string were defined: vibrations 
aligned with the string are called longitudinal vibrations, and vibrations 
at right angles to the string are called transverse vibrations. The term 
fundamental is used to describe the normal mode of a system that has the 
lowest non-zero normal mode angular frequency, and the frequency of this 
mode is called the fundamental frequency. Finally, the term harmonics 
was used as a collective term for the normal modes of a system that are not 
rigid body motions. 


4 Modelling a guitar string 


In this section a series of models that approximate to the behaviour of a 
guitar string are analysed. Modelling a guitar string was introduced in the 
multimedia package you studied in Section 3, but the discussion in this 
section is self-contained. The models previewed in the multimedia package 
are derived here. 


4.1 The modelling strategy 


You might think that we could model a guitar string as a model spring, but 
this model would not be able to predict the vibrations of the string because, 
by definition, a model spring has no mass and so, in effect, there would be 
nothing to vibrate! To model the vibrations of a guitar string, the string 
has to be represented as having both mass and elasticity. The simplest such 
model is shown in Figure 4.1(a). In this diagram, all the mass of the string 
is ‘lumped’ together as a single particle in the middle of the string, and the 
elasticity is divided into two identical model springs. Figure 4.1(b) shows 
a revised model, where the string is represented as two particles of equal 
mass joined by three identical model springs. Since the revised model in 
Figure 4.1(b) is, in some sense, closer to the real situation where the mass 
is continuously distributed along the string, we should expect this to be a 
better model. Similarly, by increasing the number of particles and springs, 
we should expect to produce better and better models. 
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Such a model is defined in 
Section 4. 


Figure 4.1 


Section 4 


In the models of a guitar string described above, the properties of a real ob- 
ject are lumped together into discrete components (e.g. particles and model 
springs). This type of model is given a special name. 


Definition 


A model of a real-world system in which properties of the system are 
lumped together into discrete components (e.g. particles and model 
springs) is called a lumped parameter model. 


To make the discussion less abstract, we shall consider a particular string 
on the guitar: the E string, which has a fundamental frequency of 323 Hz. 
We shall take an example of an E string that has a stiffness of 4000 N m7, 
a mass of 0.25¢ and a natural length of 0.633 metres. When this string is 
tuned to the note E, its length is 0.65 metres. We shall model the E string 
by means of lumped parameter models: the purpose of the modelling is to 
construct a model of the E string that successfully predicts the fundamental 
frequency of the string as 323 Hz. 


Before we begin the modelling, we introduce a quantity that will prove 
useful. 


Definition 


The equilibrium tension in a model spring, T'¢q, is defined by the 
formula 


Peq = k(leq — !0); 


where k is the stiffness, Jp is the natural length and [.q is the equilibrium 
length of the spring. 


(4.1) 


The equilibrium tension in a model spring is a scalar quantity which is equal 
to plus or minus the magnitude of the force exerted by the spring, with the 
sign depending on whether the spring is extended or compressed when in 
equilibrium. For the E string modelled as a single model spring, we have 


Teq = 4000(0.65 — 0.633) = 68N, 
so the equilibrium tension in the E string is 68N. 


In modelling the E string by means of lumped parameter models, we shall 
need to ensure that the equilibrium tension in each model spring is the 
same as the equilibrium tension in the E string modelled as a single spring. 
This means that although leg, Jo and k will change as we introduce more 
springs, T’eq will remain the same, at 68N. Hence, as we use more springs, 
the stiffness of these springs increases by the same factor by which their 
natural length and equilibrium length decrease. 


A basic model of the E string is derived in Subsection 4.2, and this is revised 
in Subsection 4.3. Subsection 4.4 investigates briefly how further revisions 
might improve the model. 


Modelling a guitar string 


A different sort of model of 
the E string, as an elastic 
heavy continuous string, is 
discussed in Unit 22. 


It was noted above that a 
single-spring model is 
inadequate when considering 
the vibrations of a guitar 
string, but we can use a 
single-spring model for a 
guitar string that remains in 
equilibrium. 


To keep the modelling simple, 
in any given model we shall 
use identical model springs. 
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4.2 A first model 


We start by developing the basic model of the guitar string that lumps all 
the mass at the centre of the string. 


Example 4.1 


Suppose the E string is modelled with all its mass (0.25 g) lumped together 
as a particle at the centre of the string, with the particle connected by 
model springs to endpoints 0.65 metres apart, as shown in Figure 4.2. The 
equilibrium length of each of the two springs is half the equilibrium length 
of the E string, so Jeg = 0.65/2 = 0.325 metres, but the equilibrium tension 
in each spring is the same as the equilibrium tension in the E string (68N, 
as calculated above). 


In order to simplify the analysis, the following assumptions are made. 


e The oscillations are in a horizontal plane. This means that we have a 
two-dimensional mechanical system modelled solely by springs and par- 
ticles. Consequently (by the argument in Subsection 2.1), if we measure 
displacements from the equilibrium position of the particle, the force of 
gravity can be ignored in deriving the equation of motion. 


e The particle is displaced in a direction perpendicular to the equilibrium 
alignment of the springs (i.e. along the y-axis marked on Figure 4.2); 
therefore the vibrations are transverse. This assumption means that the 
system behaves as if it has one degree of freedom. 


e The oscillations are small, i.e. the displacement y is small compared with 
the length of the string. 


Calculate the fundamental frequency of vibration. 
Solution 
A diagram of the model of the system is given in Figure 4.2. 


Choose the axes that are shown in Figure 4.2, with the origin at the equilib- 
rium position of the particle (i.e. the point half-way between the endpoints). 


The only two forces affecting the particle’s motion are those due to the two 
springs (as gravity can be ignored), so the force diagram (using the usual 
notation) is as follows. 


Newton’s second law applied to the particle gives 
mr = H, + Ho, (4.2) 


where r = yj, and j is a unit vector in the positive y-direction. 


80 


O x 
0.325m a 0.325m 


Figure 4.2 


<Draw picture> 


<Choose coordinates» 


<Draw force diagram(s)> 


<Apply Newton’s 2nd law» 


>| 


Now the forces acting on the particle have to be modelled. The displacement 
of the particle is not aligned with the springs, therefore the changes in 
the forces acting cannot be modelled using Equation (2.5). Instead we use 
the full form of Hooke’s law, H = —k(l —19)s. First, consider Hy. From 
Figure 4.3 you can see that a unit vector from the centre of the spring to 
the particle is $ = (leqi + yj)/1, where | = ,/12, + y?. Thus, by Hooke’s law, 

Li P 
ie ee ( od 


Under the assumption that the oscillations are small compared with the 
length of the string, we can use the approximation | ~ |g to simplify this 
equation to 


Hy ~ —K (leq — Lo) (i+ #3) 
eq 


We can then simplify further by using the equation for the equilibrium ten- 
sion in a model spring, T’eq = k (leq — lo), to obtain 


[ee (i+ #3). 


- (4.3) 


Similarly, for Hz we have $ = (—l.gi + yj)/l, hence 


Tea ( i-2 i). 
leg 


Substituting into Equation (4.2), we obtain the model 


mit = Tag (1+ i) Toa ( i+ 5) = 
leq log 


Resolving in the j-direction and rearranging gives 
21 
Meg” 


Hy ~ 


j=- 


Writing this in the form 7 + w*y = 0, where w? = 2T¢q/(™Mleq), we can see 
that this is the equation for simple harmonic motion (as in Unit 7). We can 
therefore write its general solution as 


y(t) = Acos(wt + ¢), 


where the angular frequency w is given by 


(4.4) 


Substituting from the data in the question, we find that the angular fre- 
quency for this vibration is 


2 x 68 
oO= 
(0:25 *.10-*) x 0.325 


The fundamental frequency of the guitar string is then obtained by convert- 
ing the above angular frequency to a frequency: 


~ 1294rads7!. 


Ww 
=— = —_ +2 ae 
t 27 27 ues 


So the fundamental frequency of vibration predicted by this first model of 
the guitar’s E string is approximately 206Hz. MH 


Section 4 Modelling a guitar string 


You will see below that an 
alternative strategy is to 
make use of Equation (2.4). 


jen) 


Figure 4.3 


As this is a model of the 
motion, we revert to = rather 
than ~ signs. 


<Solve equation(s)> 


<Interpret solution» 
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The frequency predicted in Example 4.1 is not close to 323 Hz, the experi- 
mentally determined fundamental frequency of the E string. This suggests 
that the model needs modifying. Accordingly, modifications are made in the 
next exercise and, in a different way, in the next subsection. 


*Exercise 4.1 


In the multimedia package, it was argued that the model of a guitar string 
used in Example 4.1 is not the best one-degree-of-freedom model. A better 
model, based on the argument that the ends of the string are not moving, 
involves distributing the total mass, M say, between a particle of mass 3M 
in the middle of the string and particles of mass 4M at either end, with two 
model springs in between, as shown in Figure 4.4. Only the particle of mass 
3M in the middle vibrates. Use Equation (4.4) to find the fundamental 
frequency of vibration predicted by this model. Comment on your answer. 


In Example 4.1 the particle was displaced by a small amount, yj, and the 
force exerted by the left-hand spring on the particle was given by Equa- 
tion (4.3) as 


i A .  Leq . 
Hy = Te (i + #3) = —Teqi — 7 Us: 
eq eq 
Now —T'cqi is simply the force exerted by the spring when the system is 
in equilibrium, so the approximate change in the force from its equilibrium 
value is 


AH, ~ — j. 
eq 
This expression for the approximate change in the force due to a spring holds 
for any model spring when a small displacement yj is made at one end and 
at right angles to the equilibrium alignment of the spring. Hence we have 
the useful approximation 


Te 
AH ~ ——“yj. (4.5) 


We shall make frequent use of this approximation in the next subsection. 


4.3 Revised models 


In the previous subsection we looked at two lumped parameter models of 
the E string of the guitar, both of which behaved as if they had one degree 
of freedom. In this subsection we shall try to improve the accuracy of our 
models by considering lumped parameter models of the E string that behave 
as if they have two or more degrees of freedom. 


Example 4.2 


The next model of the E string has two identical particles and three identical 
model springs, as in Figure 4.5. The mass of the string is evenly distributed 
between the two particles (i.e. 0.125g each), and the equilibrium length of 
each spring is leg = 0.65/3 ~ 0.217 metres. The equilibrium tension in the 
springs, Tq, remains the same (68N) as in previous models. The three 
assumptions made in Example 4.1 are used again here. 


Calculate the fundamental frequency of vibration. 
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Figure 4.4 


We could have used this 
approximation and the 
corresponding one for AHg, 
in conjunction with 
Equation (2.4), to obtain the 
equation of motion in 
Example 4.1. 


Figure 4.5 


Solution 
The model of the system is depicted in Figure 4.5. 


Choose the axes that are shown in Figure 4.5, with the origins at the equi- 
librium positions of the particles. 


The force diagrams for the two particles (using the usual notation) are as 
follows. 


Applying Equation (2.4) to the two particles in turn, we obtain 


mir, = AH, + AHp, 

mig = AH3 + AHg, 
where r; = yj and rg = y2j are the displacements of the first and second 
particles, respectively, and j is a unit vector in the positive y-direction. 


(4.6) 


Now the forces have to be modelled. From approximation (4.5) we have 


AH, = — Fy j, AH, = Fi 
eq eq 
The computations of the other forces are complicated by the fact that both 
ends of the central spring are displaced. For the force H»2, the spring is 
displaced at the left-hand end by y; — yo relative to the right-hand end, so 
from approximation (4.5) we have 


Te . 
AH» = — i 4 (y) — yo)j. 
eq 


Similarly, we obtain 


T. , L6 . 
AH3 = ——“*(yo — yi)j = —2(y1 — yo)i. 
leq lig 


Substitution into Equations (4.6) gives 


. T . 
mY, = 1 YJ —(¥1 y2) J, 
eq eq - 
mr = (Yn y2)j 72d: 
eq eq 


Resolving in the j-direction and rearranging, we obtain 


. T. T. 
jy = -2—+ yy, + —* w, 
Mleg Mleg 
. T T. 
jo = —1y, — 2—* w, 
Vilea Mleg 


which can be written in matrix form as 
ti} Pea |-2 1} im 
Yo Mleg | 1 —2] | y2]° 


To solve this, the eigenvalues of the matrix i 3 have to be found by 


solving 
a =)? £4.43=O+ D043) =0, 
1 —2— x 
to give \ = —1 and A = —3. So the eigenvalues of the dynamic matrix are 


—Teq/(Mleq) and —3T eq/(Mleq)- 


Section 4 Modelling a guitar string 


<Draw picture> 


<Choose coordinates» 


<Draw force diagram(s)> 


Hp» and Hz are drawn 
opposite in direction, which 
they must be because they 
are forces exerted by the 
same model spring. 


<Apply Newton’s 2nd law» 


Since we are modelling here, 
we write = rather than ~ 
when using (4.5). 


If y1 > ye, the relative 
displacement is (y1 — y2)j. 
If yo > yi, the relative 
displacement is 

(y2 — y1)(—)) = (1 — y2)i- 


This expression for AH3 can 
also be obtained by using the 
fact that Hz = —Hg (since 
they are forces exerted by the 
same model spring), and 
hence AH; => —AHsz. 


<Solve equation(s)> 
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Hence the normal mode angular frequencies are 


T. 3T 
Wy = “and w2= 9 
Mleg Wilsq 


The objective of this analysis is to calculate the fundamental frequency of 
vibration. This corresponds to the smaller normal mode angular frequency, 
and so is given by 


fo = i 08 ~ 9525-1. 


2n 2n\ (0.125 x 10-3) x 0.217 


Therefore the fundamental frequency is approximately 252 Hz. Hi 


The frequency 252 Hz obtained in Example 4.2 is still a long way below the 
323 Hz experimental value, but it is much better than the 206 Hz predicted 
by the model with one degree of freedom in Example 4.1. Further revisions 
of the model are considered in Exercises 4.2 and 4.3. 


*Fxercise 4.2 


Using the ideas in the multimedia package and Exercise 4.1, the model in 
Example 4.2 may be improved by taking the two moving particles each to 
have mass 3M , while the remaining 3M is modelled by particles placed at 
either end of the string (4M at each end). Only the two particles of mass 
4M vibrate. Find the fundamental frequency of vibration predicted by this 
model. Comment on your answer. 


*Exercise 4.3 


Now consider the next refinement in developing lumped parameter models of 
the E string of the guitar, i.e. the model shown in Figure 4.6, which behaves 
as if it has three degrees of freedom. In this model, the mass is distributed 
evenly between three identical particles, with four identical model springs 
linking the particles to one another and to the endpoints. All the particles 
vibrate. This model is a refinement of those in Examples 4.1 and 4.2, and 
so uses the same simplifying assumptions and data. 


Jy Vy y3 


Figure 4.6 


(a) Use the axes shown in Figure 4.6 and the methods of Example 4.2 to 
derive the matrix form of the equation of motion for the system. 


(b) The eigenvalues of the matrix 


—2 1 0 
1 —-2 1 
0 1 —2 


are —0.586, —2 and —3.414. Using this information, calculate the 
fundamental frequency of vibration predicted by this model. Comment 
on your answer. 
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<Interpret solution» 


4.4 Approaching the limit 


So far in this section we have considered various lumped parameter models 
of a guitar string. This subsection links together the results of the previous 
two subsections and investigates the behaviour of the models as the number 
of degrees of freedom increases. However, we shall look only at models where 
all the mass of the string is assumed to vibrate; we shall not consider the 
models of Exercises 4.1 and 4.2 where some of the mass does not vibrate. 


In Example 4.1, a one-particle model was studied and the fundamental fre- 
quency was calculated to be approximately 206 Hz. In Example 4.2, a two- 
particle model was studied and the fundamental frequency was calculated 
to be approximately 252 Hz. Exercise 4.3 calculated the fundamental fre- 
quency for a three-particle model as approximately 273 Hz. What happens 
as the number of particles increases beyond three? Does the predicted fun- 
damental frequency become closer and closer to the experimental value of 
323 Hz as the number of particles is increased? 


To answer these questions, we look at the equations of motion that were 
derived for the various models and see if a pattern emerges. 


In Example 4.1, the equation of motion was 
ole 
tileg” 


y= 


In order to make the comparisons easier we shall change the notation slightly. 
The y here is the y-coordinate of the first particle, so we shall call it yj. 
The m is the total mass of the guitar string, and we shall call this M. 
The leg is the equilibrium length of each spring, and is the distance between 
the endpoints, L, divided by 2. Therefore the equation of motion can be 
written as 

Lag 


Y= M(L/2) x (—2) x y.. (4.7) 


In Example 4.2, the equation of motion is 
th) Tea }-2 1] [mn 
ye Wiley | 1 =2 ||| 9a)" 
Writing this in terms of the same parameters as Equation (4.7) gives 
Wi ee eT) ge (4.8) 
Yy2 (M/2)(L/3) 1 —2| | 
The equation of motion from Exercise 4.3 can be written in terms of M 
and L as 


Yi Ts —2 1 0 Y1 
io | = -2 1] |yl. (4.9) 
2 | CHG | 6 4 2/\e 


By examining the pattern emerging from Equations (4.7), (4.8) and (4.9), 
you should be able to predict that the equation of motion for the corre- 
sponding four-particle model is 

V1 —2 1 0 OF} | 

Yo | _ Deq 1-2 1 Of | ¥ 


py] amet] os tie 


This pattern enables a computer program to be written to compute the 
fundamental frequency f of the corresponding n-particle model, for any 
positive integer value of n, and then to plot the results on a graph. Such a 


Section 4 Modelling a guitar string 
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graph is shown in Figure 4.7. It can be seen that the predicted fundamental 
frequency approaches the experimental value of 323 Hz. The convergence to 
this value is rapid at first, but slows down as n increases: a model with ten 
degrees of freedom predicts 307 Hz, a model with twenty degrees of freedom 
predicts 318 Hz, and a model with fifty degrees of freedom predicts 320 Hz. 


Up to now in this section we have looked at the vibrations of the E string of 
a guitar under the assumption that the string is displaced only in a direction 
perpendicular to its equilibrium alignment, i.e. that there is only transverse 
vibration. But, in practice, there is some longitudinal vibration too, i.e. 
some vibration along the length of the string. The following end-of-section 
exercises examine this longitudinal vibration. 


End-of-section Exercises 


Exercise 4.4 


If you look back at the start of Subsection 2.1, you should recognize that the 
system shown in Figure 2.1 is similar to the one-particle lumped parameter 
model of the E string considered in Example 4.1. However, in the former 
case it was assumed that the particle was constrained to move in one dimen- 
sion along the line of the springs, i.e. we modelled longitudinal vibrations, 
whereas in Example 4.1 we modelled transverse vibrations. Now, by using 
the ideas of Subsection 2.1, we can model the longitudinal vibrations in the 
lumped parameter models of the E string. Example 2.1 did this for what 
was, in effect, a two-particle lumped parameter model. In this exercise you 
are asked to extend the ideas of Subsection 2.1 to model the longitudinal 
vibrations of the three-particle lumped parameter model of the E string, 
as illustrated in Figure 4.8. (You considered the transverse vibrations in 
Exercise 4.3.) 


Figure 4.8 


(a) Derive the matrix form of the equation of motion for the longitudinal 
vibrations of this three-particle model. 


(b) Verify that [1 V2 1]7,[1 0 —1]? and [1 —V2 1)” are eigenvec- 
tors of the dynamic matrix for this model, and hence deduce the eigen- 
values of the dynamic matrix. 


(c) Determine the normal mode angular frequencies of the longitudinal vi- 
brations of this model, given that the mass of each particle is 
5 (0.25 x 107-3) kg, and that each model spring has natural length and 
equilibrium length equal to a quarter of the corresponding lengths of 
the E string (so that, for a fixed equilibrium tension of 68 N, each model 
spring has stiffness 4 x 4000 = 16000 Nm~!). 
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Figure 4.7 


You met these eigenvectors in 
Example 1.5 and Exercise 1.6. 


From Equation (4.1), 

Teq = k(leq — 19), so for a 
constant Tog, dividing leg 
and lo by 4 means 
multiplying k by 4. 


Section 5 Two-dimensional systems 


Exercise 4.5 


The aim of this question is to calculate the fundamental frequency of longitu- 
dinal vibration of the E string of a guitar by using a similar argument to the 
one in Subsection 4.4. Successively more sophisticated models of the longitu- 
dinal vibrations of the E string are given by Equation (2.3) (with ky = kg =k 
and x; = x), Equations (2.7) (with ky = kp = k3 = k and m, = m2 = m) 
and Equations (S.11) from Solution 4.4, as follows: 


M2 = —2kx, (4.10) 


mi, = —2ka, + karo, 

{ Mx = kr, = 2kxo, (411) 
mx, = —2kr, + karo, 
Me = kx, — 2kag+ kare, (4.12) 


M3 = kx = 2kx3. 


Suppose that the n-degrees-of-freedom model of the longitudinal vibra- 
tions represents the guitar string (mass M, equilibrium length L, natural 
length Lo and stiffness kK) by n+ 1 identical model springs connecting n 
particles of equal mass. 


(a) Write Equation (4.10) in terms of properties of the guitar string, i.e. 
Teq, M, L and Lo. 


(Hint: Use Equation (4.1) to eliminate the stiffness k from the equation, 
bearing in mind that the equilibrium tension in each spring is the same 
as the equilibrium tension in the guitar string.) 


(b) Repeat part (a) for Equations (4.11) and (4.12), giving your answers in 
matrix form. 

(c) Use your answers to parts (a) and (b) to deduce the equation of motion 
for the corresponding four-degrees-of-freedom model of the longitudinal 
vibrations of the guitar string. 


(d) By comparing your answers with the results in Subsection 4.4, show that 
the ratio of the fundamental frequency for the longitudinal vibrations 
to the fundamental frequency for the transverse vibrations of the guitar 
string is \/L/(L— Lo). If the fundamental frequency of the transverse 
vibrations is 323 Hz, calculate the fundamental frequency of the longi- 
tudinal vibrations of the guitar string. 
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5 Two-dimensional systems 


This section draws together the results from Sections 2 and 4, and shows 
that the concept of normal modes can be useful in a variety of different 
problems. In Section 2 we considered the longitudinal motion of springs. In 
Section 4 we looked at the transverse motion of springs. In this section the 
motion considered is not confined to either one of these directions. 


Consider the situation depicted in Figure 5.1, in which a particle is displaced 
from its equilibrium position O by a small amount zi + yj. 


In the case when y = 0, the displacement is longitudinal, and by Equa- 


tion (2.5) the change in the spring force for either spring is 
AH = —kxzi_ when y= 0. (5.1) 


In the case when x = 0, the displacement is transverse, and by Equation (4.5) 
the change in the spring force for either spring is 


T. 
AH = ——“yj when x = 0. 
leq 


(5.2) 


So it is reasonable to assume that, for a small displacement xi + yj, the 
overall change in the spring force is given approximately by the sum of the 
changes expressed above, i.e. as 


AH = —kzi — Peay 
leg 


(5.3) 


where k is the stiffness of the spring, T’eg is its equilibrium tension and leg 
is its equilibrium length. 


A sense of how this result can be used is provided by the following example, 
which concerns a one-particle model of a guitar string. 
Example 5.1 


Consider the one-particle model of the E string of a guitar discussed in Ex- 
ample 4.1, but now relax the assumption about the direction of displacement 
of the particle and instead allow the particle to be displaced in any direction 
in the plane. Relaxation of this assumption means that the system behaves 
with two degrees of freedom. Show that if the change in the force exerted by 
a displaced spring can be modelled by Equation (5.3), then the transverse 
and longitudinal motions of the E string are independent of each other. 


Solution 
A diagram of the model of the system is given in Figure 5.2. 


Choose the axes as shown in Figure 5.2, with the origin at the equilibrium 
position of the particle. 


The only two forces affecting the particle’s motion are those due to the two 
springs, so the force diagram (with the usual notation) is as follows. 


Applying Equation (2.4) gives 
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Figure 5.1 


For the left-hand spring we 
use Equation (2.5) with $= i 
and change of length x. For 
the right-hand spring, § = —i 
and the change of length 

is —2@. 


Here we assume that 
Equation (4.5) is an equality 
rather than an 
approximation. This 
assumption is reasonable if 
the displacement is small. 


A better model would have 
an xy term. But for small x 
and y, xy is very small and 
can be ignored, resulting in a 
linear model, which is needed 
in order to apply the linear 
methods of this unit. 


Figure 5.2 


<Draw picture> 


<Choose coordinates» 


<Draw force diagram(s)> 


<Apply Newton’s 2nd law» 


Section 5 


If the particle is displaced by a small amount zi+ yj, then, from Equa- 
tion (5.3), we have 


T. 
AH, = AH» = —kri— yj, 
lag 
where k, T’eq and [eg are as in Example 4.1. Substituting for AH; and AH» 
in Equation (5.4) we obtain 


T. 
mit = —2kai — —“Ayj 
leg 


Resolving in the i- and j-directions gives 


mz = —2kx, 
ne — 2T eq 
les 


These two equations are uncoupled: one equation contains only x and its 


Two-dimensional systems 


derivatives, and the other equation contains only y and its derivatives. So The independence of the 
the equations can be solved independently, and the transverse motion (in the _ transverse and longitudinal 
y-direction) and the longitudinal motion (in the x-direction) are independent ™0tions justifies the approach 


of each other. Hf 


Exercise 5.1 


A spinning shaft is held in place in a horizontal plane by means of four iden- 
tical springs placed at equal angles around it, as shown in Figure 5.3. If the 
shaft is modelled as a particle of mass m and the springs are modelled as 
identical model springs of stiffness k, equilibrium length /.4 and equilibrium 
tension T.,4, then, provided that the vibrations of the shaft are small com- | 


of Section 4. 


pared with the length of the springs, Equation (5.3) leads to the following | 
equation of motion for the system: 


[2] = Mette (-1 01751. 


y m 0 =1 


(a) Find the normal mode eigenvectors for the system. Figure 5.3 


(b) Is [2 1] a normal mode eigenvector? If so, find another linearly inde- 
pendent normal mode eigenvector. 


The physical interpretation of Exercise 5.1 is that the shaft of the system 
can oscillate in simple harmonic motion (i.e. in a normal mode) along any 
direction in the plane. This is shown for one direction in Figure 5.4. 


Figure 5.4 A sequence showing the shaft of the system illustrated in Figure 5.3 
when it is oscillating in simple harmonic motion at an oblique angle. 


Mechanical systems that have two or more equal normal mode angular fre- 
quencies, like the system in Figure 5.3, are called degenerate systems. 
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Mechanical systems with a high degree of symmetry are usually degenerate. 
This is the main feature of normal modes that is not discussed fully in this 
unit, but fortunately it is not a problem with systems with small numbers 
of degrees of freedom, such as the ones studied in this unit. 


To analyse the normal mode vibrations of a complicated system such as 
the buckminster-fullerene molecule (which is a spherical molecule with sixty 
carbon atoms, as shown in Figure 5.5) is, in principle, no more difficult 
than analysing the mechanical systems studied in this unit — no new ideas 
are needed. The calculations are, however, much more formidable (the 
buckminster-fullerene molecule has 3 x 60 = 180 degrees of freedom), and 
for this reason many shortcuts have been devised. Also, to obtain an ac- 
curate prediction of the normal mode angular frequencies, we need models 
that are more accurate than the particle-spring models of this unit. The 
most accurate models of molecules, for example, are based on quantum me- 
chanics, not Newtonian mechanics, but these are beyond the scope of this 
course. 


Outcomes 


After studying this unit you should be able to: 

e understand the terms degree of freedom, normal mode, normal mode 
angular frequency, in-phase motion, phase-opposed motion, rigid body 
motion and degenerate system, all in the context of an oscillating me- 
chanical system; 

e derive the equation of motion for simple one- and two-dimensional 
oscillating mechanical systems (without damping or forcing); 

e solve the equation of motion for simple one- and two-dimensional oscil- 
lating mechanical systems by finding the eigenvalues and corresponding 
normal mode eigenvectors of the dynamic matrix; 

e interpret the normal mode eigenvectors of a simple oscillating mechanical 
system, in terms of the initial conditions required for the system to 
oscillate in a normal mode; 

e model a simple oscillating mechanical system by taking the equilibrium 
positions of the particles of the system as the origins of coordinates, and 
using formulae involving the changes in forces; 

e understand how to model a simple oscillating mechanical system as a 
lumped parameter model. 
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Figure 5.5 


Solutions to the exercises 


Section 1 


1.1 (a) This system has two degrees of freedom. 
(b) This system has two degrees of freedom. 


(c) This system has two degrees of freedom. (The ad- 
ditional spring does not alter the number of coordinates 
needed.) 


(d) This system has one degree of freedom. 
(e) This system has three degrees of freedom. 


(f) This system has three degrees of freedom. (The ad- 
ditional spring does not alter the number of coordinates 
needed.) 


1.2 (a) These graphs represent normal mode motion, 
since both x; and x2 vary sinusoidally with the same 
frequency (just over three cycles completed in 10 sec- 
onds) and phase angle. The two particles are in-phase. 
(b) These three graphs represent normal mode motion, 
since the three coordinates vary sinusoidally with the 
same frequency (again, just over three cycles completed 
in 10 seconds) and phase angle. The particles repre- 
sented by the coordinates: 

zx, and x2 are phase-opposed; 

xz, and 23 are in-phase; 

Z2 and x3 are phase-opposed. 
(c) These graphs do not represent normal mode mo- 


tion. (The period of the second graph is more than 
twice that of the first.) 


1.3 From the given data, k/m, = 2 and k/mz2 = 1. So 
the dynamic matrix of the system is 


-4 2 
1 -—2]° 

The eigenvalues are found by solving the quadratic 
equation 
—-4—- x 2 

1 —2-—> 
which gives \y = —3 + /3 = —1.268 and 
Ap = —3 — V3 = —4.732. 


\y =—-3+ V3] The eigenvector equations are 


(=1 = 4/3) Que = 0, 
Ul Ar (1 _ V3)v2 = 0. 
Putting vy = 1 gives vo = 1.366, so [1 1.366)” is an 
eigenvector. 


do =—-3- V3] The eigenvector equations are 


(-1+ V3)u1 + 2v2 = 0, 
UL (1 + V3)v2 = 0. 
Putting v; = 1 gives ve = —0.366, so [1 —0.366]7 is 
an eigenvector. 


= \?+6\1+6=0, 


The normal mode angular frequencies are 
wy = Y—-A, = 1.126 and wg = ~—A2g = 2.175. So the 


Solutions to the exercises 


general solution of the equation of motion for the spec- 
ified mechanical system can be written as 


x=Cy | cos(1.126t + ¢,) 


1 
1.366 


+ Cy | | cos(2.175t + @5). 


1 
—0.366 


1.4 (a) Using the usual notation, the force diagrams 
for the particles can be drawn as follows. 


Applying Newton’s second law to each particle gives 


Co (S.1) 
mr => To. + Wo, , 
where ry = 411+ yj and rg = r2i+ y2j are the position 
vectors, relative to O, of the sliding particle and the 
pendulum bob, with i and j being Cartesian unit vec- 
tors in the positive x-direction and vertically upwards, 
respectively. Now use Hooke’s law to model the spring 
forces. For the force Hi, the length of the spring is 
lo + a1 (since the equilibrium position is at the natural 
length), so by Hooke’s law, 


Hy = —k((lo + 21) — lo)i = —kaxji. 
Similarly, 
Hz = —k((lo — 1) — lo) (—i) = —kaxii. 
These can be substituted into Equations (S.1), along 
with W, = W2 = —™qj, to yield 
{ mit, = —ka i — kxyi+ T, —mgj+N, 
mYrg = T2 — mgj. 


Resolving in the i- and j-directions gives 
Mx1 —2kx, + |T:| sin 0, 
my, = —|Ti|cos6 — mg + |NI, 
M2 = —|T2| sin 0, 
MYy2 = |T2| cos 0 — mg. 


(8.2) 


From Figure 1.10, we can deduce the following relation- 
ships between the linear and angular coordinates: 
t=2,+Ilsné, y=0, ye2=-—Ilcosé. 
Now we use the small-angle approximations sin@ ~ 6, 
cos@~ 1, s0 2 ~ 41 +10, yo ~ —1 (and hence jz ~ 0), 
which on substitution in Equations (S.2) give 
Mx & —2k2y1 + |T|9, 
0. = —|Ti| — mg + INI, 


0 ~ |T2|— mg. 


(8.3) 


From the last of these approximations we have 
|T2| ~ mg and, since the forces exerted at either end of 
a model rod are equal in magnitude, |T1| = |T2| ~ mg. 
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So the first and third of Equations (S.3) become 
mk ~ —2kx, +mg8, 
mdr + 1b) ~ —mg0. 

(As a check, if %, = 0 (e.g. the pivot is fixed), then 

the second of Equations (S.4) gives @ ~ —(g/l) 6, which 


is the simple harmonic equation expected for a simple 
pendulum. ) 


(S.4) 


Subtract the first approximation in Equations (S.4) 
from the second to obtain another approximation with 
only one second derivative on the left-hand side: 

mlé ~ —mg6 — (—2ka1 + mg0) = 2kx, — 2mgO. 
Hence the linear equations of motion for the system 
shown in Figure 1.10 are 


(b) Writing the equations in matrix form gives 


£4 _ —2k/m g Ly 

6| | 2k/(lm) —2g/l} | 6 |° 
From the given data, k/m = 1/1 =1Nkg~'m~ and 
1 =1 metre, so the dynamic matrix becomes 


2 g 
2 -—2g|- 
The eigenvalues of this matrix are found by solving 
—2 = x g = \2 _ 
9 |=" + 2(1+ g)A+ 2g =0, 
to give 
—2(14+9)+ /4(1+4+ 9)? — 8g 
A= 5 


=—-l-gtvV1+g’. 
Substituting g = 9.81 into this gives the two eigenval- 
ues as —0.95 and —20.67 (to two decimal places). As 
w= V—X, these eigenvalues correspond to the two 
normal mode angular frequencies 0.97rads~! and 
4.55 rads~' (to two decimal places). 


1.5 The normal mode eigenvectors derived in Exam- 
ple 1.3 were [1 V2]? and [1 —\V2]". The coordi- 
nates chosen to describe the system are the angles 6; 
and @2 (see Figure 1.8), so the eigenvectors refer to 
these angles. The model is based on small angular dis- 
placements, so an initial condition where 6; = 1 and 
62 = V2 ~ 14 (in radians) is not acceptable. Since both 
the pendulum bobs start from rest, we obtain the follow- 
ing possible initial conditions for normal mode motion 
by scaling the eigenvectors: 

normal mode 1: 0, =0.1, 02 =0.14 (to 2 d.p.); 
normal mode 2: 6; =0.1, 62 = —0.14 (to 2 d.p.). 


For mode 1, any initial condition in which the ratio of 
the initial 62 displacement to the initial 6; displacement 
is 2 is acceptable, provided both 6; and 02 are small. 
Similarly, for mode 2, any initial condition where the 
ratio is —V/2 is acceptable, again provided 6; and 62 
are small. 
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1.6 (i) 
OW Wws+#-@ 

(a) 
@WW-e-WWWwv#-@ 

(b) 


The central particle is stationary, while the other two 
particles are phase-opposed. 


(ii) 
///V\/@® P/V) 
(a) 


The particle on the left and the central particle are 
phase-opposed, as are the particle on the right and the 
central particle. The particles on the left and right are 
in-phase. 


1.7 (a) The force diagrams for the particles are as 
follows, where the symbols have their usual meanings. 


Since the motion is horizontal, W, +N; = 0 and 
W2+ No = 0; so the total forces on the particles are 
F, = H, + Ho and Fo, = H3. 


Applying Newton’s second law to the two particles sep- 
arately gives 


mr = H, + Ho, 
{ mr = Hs, (8.5) 
where ry = 711i and rg = “i, and i is a unit vector in 
the direction of positive x7; and £9. 

Now use Hooke’s law to model the spring forces. For the 
force Hy, the length of the spring is 1 = Ip + 21 (since 
the equilibrium position is at the natural length), so by 
Hooke’s law, we have 


H, = —k((lo + x1) = lo)i = —kevy4i. 
For the force Ho, the length of the spring is 
1=I9 + x2 — 21, so by Hooke’s law, we have 
Ho = —k((lo + v9 X1) lo)( i) = k(x xy)i. 
The spring force H3 can most easily be obtained by us- 
ing the fact that a model spring exerts forces of equal 
magnitude and opposite direction at either end, thus 
Hs; = —H. = —k(x2 — x4)i. 
Substituting these expressions into Equations (S.5) 
gives 
mr _ —kayi + k(aq oe x1)i, 
Mr = —k(ax2 — x1)i. 


Resolving in the i-direction gives the equations of mo- 
tion: 
my = —2kaxy, + kro, 
M2 = kay, = kx. 
(b) If k/m=2Nkg~!m™!, then the equations of mo- 
tion become (in matrix form) 
eal _ —4 2 Ly 
Z| | 2 2] |ae|- 
To find the eigenvalues, we solve 
-4—- 2 
2 —2-—> 
and obtain \ = —3+ V5. 
/5 <3.) 


\=-3+/5| The eigenvector equations are 


eae. 2 lela 
2 —2—(-3+ V5)}| [v2] [0]’ 
or equivalently 
— ¥5)u1 + 2vo = 0, 
20, + (1 — V5)u2 = 0. 
These equations both reduce to vg = $(1 + V5)u1, so 


=)? +6\+4=0, 


(Both are negative since 


$ 
[1 Lt is an eigenvector. 


X=-3- V5 


2 bea vo LS] = Lo} 


or equivalently 
(-14+ J/5)v, + Quo = 0, 
2v1 = (1 + V5)v2 = 0. 
These equations both reduce to vg = (1 — V/5)v1, so 


The eigenvector equations are 


T 
[1 Lee is an eigenvector. 


Solutions to the exercises 


The normal mode angular frequencies are calcu- 
lated from the eigenvalues by using w = /—A, thus 


w, = V3—-V5 ~ 0.87rads! and wo = V3+V5 & 
2.3rads~+. From Equation (1.9), the general solution 
of the matrix equation of motion has the form 


x(t) = C v1 cos(wit + 61) + Cove(cos wet + oo). 


Substituting for v,, v2, w; and wy» in this equation gives 
the general solution as 


Bul ai | as | cos(0.87t + ¢,) 


1 
+ C2 | | cos(2.3t + @9). 
2 


(c) The given initial condition has both particles 
starting from rest, so we can take ¢, = ¢, =0. The 
constants C, and C2 can be determined by substitut- 
ing 2, = d; and x2 = dy when t = 0 into the general 
solution of the equation of motion: 


d 1 1 
s]efel ola] 
2 2 2 


Section 2 


2.1 Draw a force diagram for each particle (omitting 
the weights and normal reactions), using the usual no- 
tation for the spring forces. 


Apply Equation (2.4) to each particle and obtain 
mr, = AH, + AHpo, 
Mr = AHs, 


where ry = 21i and rg = 229i, as in Exercise 1.7. 


(S.6) 


Using Equation (2.5) gives 
AH, = —kaji, 
AH) = —k(x2 — %1)(—i) = k(x — 21 )i, 
AHs3 = —k(x2q — 21 )i. 

Substituting into Equation (S.6) gives 


mr, = kayi t k (a x1)i, 
Mr = —k(x2 = x1)i. 


Resolving in the i-direction gives the equations of mo- 
tion: 
ML = —2kxy, + karo, 
eee = kay = kao. 
(In this example, at equilibrium the springs have their 
natural lengths, so Hy.q = H2.q = H3.q = 0, and 
hence AH, = Hy, AH» = Ho» and AHs3 = Hs.) 


2.2 (a) With the usual notation, the three force dia- 
grams (one for each particle) are as follows. 


m m m 
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Applying Equation (2.4) to each particle gives 


mr, => AH,, 
mr => AH» + AHs, (S.7) 
mr3 = AHy, 


where ry = 711, ro = Zoi and rz = #3, and i is a unit 
vector in the direction of positive 71, r2 and 73. 
Then, from Equation (2.5), we obtain 

AH, = —k(a2 — %1)(—i) = k(x2 — x1)i, 

AHp = —k(x2 — £1)i, 

AH3 = —k(x3 — £2)(—i) = k(x3 — 22)i, 

AH, = —k(x3 — x2)i. 
Substituting these expressions into Equations (S.7) 
gives 


Ye ww 


mr, = k (ag = x1)i, 

mr — —k(x2 _ x4)i + k (ag — x2)i, 

mMr3 = —k(x3 = x2)i. 
On resolving in the i-direction we obtain the equations 
of motion 


mi, = —kr, + kaa, 
ma = kx = 2khxe + kas, 
mia = kara = kas, 


or in matrix form, 

vial ;|=4 1 Of} | a4 

gg} = — 1 -2 1] | ae 

x3 0 1 -1 x3 
(b) The data given in the question tell us that the ma- 
trix has eigenvalues 0, —1 and —3, with corresponding 
eigenvectors {1 1 1]7,[1 0 -—1J7 and[1 -2 1]. 
So the normal mode angular frequencies are 0, \/k/m 
and \/3k/m. (Do not forget the scaling factor k/m.) 


Therefore the general solution of the equation of motion 
is 


ro(t)| = |1] (A+ Bt)+Ci] 0 ( tae a) 
- ; E cos /* 


(c) For the first normal mode, i.e. the linear mode with 
eigenvector [1 1 1]7, a suitable initial condition is 
that the constituent parts all start from the given equi- 
librium positions with the same velocity (or alterna- 
tively that they remain at rest, each at the same dis- 
placement from its given equilibrium position). 

For the second normal mode, with eigenvector 
[1 0 —1]", a suitable initial condition is that the con- 
stituent parts all start from rest with the leftmost truck 
and the engine displaced equal distances to the right 
and the left of their given equilibrium positions, respec- 
tively, while the central truck starts (and stays) at its 
given equilibrium position. 

For the third normal mode, with normal mode eigenvec- 
tor [1 —2 1]7, a suitable initial condition is that the 
constituent parts all start from rest with the leftmost 
truck and the engine both displaced the same distance 
to the right of their given equilibrium positions, while 
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1 
[3k 
+ Cg] —2 c(t 7 +69. 
1 m 


the central truck is displaced twice that distance to the 
left of its given equilibrium position. 


2.3 (a) With the usual notation, the force diagrams 
for each particle are as follows. 


N 
T, 
m m 
W, a Ww, 


Applying Newton’s second law to each particle gives 
mr, = T, be Wi + N, 
ee =T2+ Wo, 
where ry = 411+ yj and rg = x2i+ yoj are the posi- 
tion vectors, relative to the fixed point O, of the sliding 
particle and the pendulum bob, respectively, and i and 
j are Cartesian unit vectors in the positive x-direction 
and vertically upwards. Substituting for the forces that 
can be calculated quickly (W1 = W2 = —mgj), we find 
mr, = Ty = mgj +N, 
te = T2 — mgj. 


Resolving in the i- and j-directions gives 
Mx = |T,| sin 0, 
mi, = —|Ti| cos @— mg + |N|, 
M2 = —|T2| sin 0, 
MY2 = |T2| cos 6 — mg. 


(S.8) 


Now, from the figure below, the relationships between 
the linear and angular coordinates are 
t= 27,4+/1sind, 


yi =0, y2=-—Ilcosé. 


J sin 0 | 
| | 
\<—______________»| 


x, 


Using the small-angle approximations sin? ~ @ and 
cos@ ~ 1, we have #2 ~ 7, + 10 and y2 ~ —1 (and so 
Y2 ~ 0), which on substitution in Equations (S.8) give 


mix, ~ |T1/9, 

02+ —-|Ti|-—mg+|N|, 

m( ir ra 1b) ~ —|T2Id, 

0 ~ |T2| — mg. 
From the last of these approximations, |T2| ~ mg and, 
since the forces exerted at either end of a model rod are 


equal in magnitude, |T,| = |T2| ~ mg. So the first and 
third equations above become 

mr, ~ mg8, 

m( dr + 7) ~ —mg6. 


On subtracting the first of these from the second, we 
obtain 


ml6 ~ mg@ — mg = —2mg. 
Hence the linear equations of motion for the system are 
£1 = 9, 
“s 2g 
= airs 
(These equations could also have been obtained by 
putting k = 0 into the result of Exercise 1.4(a).) 


(b) Writing the equations of motion in matrix form 
gives 


Po ]= [0 aie | [7] 

6| |0 —2g/1 0 | 

The eigenvalues are found by solving 
O-A g 

0 —2g/l— A 
So the eigenvalues are \ = 0 and A = —2g/l. 


A=0] The eigenvector equations are 


fo —2aye—0] [= [a] 


or equivalently 


gue =0, 
2gv2/l = 0. 


Therefore ve = 0 (there is no restriction on v1), so 
[1 0]” is an eigenvector. 


A = —2g/l| The eigenvector equations are 


foe sta aun| [22] = La): 


or equivalently 


(2g/l)u1 + gv2 = 0, 
0=0. 
The first equation gives the condition vg = —2v,/l, so 
[1 —2/l]? is an eigenvector. The normal mode angu- 
lar frequencies are calculated from the eigenvalues as 
wy, = 0 and wo = \/2g/l. 
With these eigenvectors and normal mode angular fre- 
quencies, the general solution of the matrix equation of 
motion is 


MOG) =i 


kal =|,]U+so+e ; os ( e+). 


(c) The angular frequency of a simple pendulum is 
g/l , so the angular frequency of this pendulum, which 
is \/2g/l, is larger by a factor of /2. Therefore the pe- 
riod of this pendulum is smaller by a factor of /2 than 
that of the simple pendulum. 


(d) For the rigid body motion of the system, the whole 
system is translated along the horizontal bar (with 
6 = 0), as follows. 


Solutions to the exercises 


For the non-zero angular frequency, the motion of both 
particles is oscillatory with the same frequency. The 
displacement ratio is negative, so the motion is phase- 
opposed, as shown by the following diagram. 


Section 4 


4.1 The question suggests using Equation (4.4), which 
is applicable because the model of the guitar string is 
the same as that in Example 4.1: only the parame- 
ter m is different. Instead of the mass of the whole 
spring, 0.25 g, we substitute half the mass of the spring, 
0.125 g, because only the central particle (of mass $M) 
vibrates; the other parameters have the same values as 
before. Then 


_ 2 x 68 
“= 4! (0.125 x 10-3) x 0.325 


This gives a fundamental frequency of 
Ww 1830 
=— = — 291871. 
f 20 27 : 
So this model predicts a fundamental frequency of 
approximately 291Hz, which is much closer to the 
experimental value of 323 Hz than the 206 Hz predicted 


in Example 4.1. 


~ 1830 rads7!. 


4.2 The basic two-particle model applies here because 
only the two central particles vibrate. This means that 
the model used in Example 4.2 is relevant, only a pa- 
rameter (the mass of the particles) has changed. There- 
fore the analysis is the same as in that example, leading 
to 


68 
— mam x 10-3) x 0.217 

Hence the fundamental frequency is predicted to be 

_ wi _ 1939 “4 

3 309s~~. 
The predicted fundamental frequency of approximately 
309 Hz is closer to the experimental value of 323 Hz than 
the 252 Hz predicted by Example 4.2, and is closer than 
the 291 Hz predicted in Exercise 4.1, so this model is an 
improvement on the previous ones. 


= 1939rads7'. 
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4.3 (a) The force diagrams for the three particles (us- 
ing the usual notation) are as follows. 


Applying Equation (2.4) to each particle gives 
mr, = AH, ba AH», 
mMYro => AHs3 =F AHg, (S.9) 
mr3 = AHs ar AHg, 
where rj = yj, 2 = Yoj and rg = y3j are the displace- 
ments of the particles, and j is a unit vector in the 
positive y-direction. 


Using expression (4.5) to model the forces exerted by 
the outermost springs, we find 


AH = Fy j, AHg = — F453. 
eq eq 
The computations of the other forces are complicated 
by the fact that both ends of the springs are displaced. 
For the force Hz, the spring is displaced by y, — y2 at 
the left-hand end relative to the right-hand end, so from 
Equation (4.5), 


Te 
AH) = —5 “(y1 — y2)ij 
eq 
Similarly, 
L6G . 
AH3 = —AH2 = i (yi — ye)j, 
eq 
Te : 
AH, = =e = $4)j; 
eq 
Deg . 
AH; = —AH, = 7, (v2 = Y3)J- 
eq 
These can be substituted into Equations (S.9) to obtain 
? Teq . Te ‘ 
mi = — yj — 5 (1 — vali: 
eq eq 
se Teg . eq 
mia = 5 (91 — y2)i — <2 — ya)d 
eq eq 
s 1 Le . leq. 
mr3 = ] - (y2 — y3)j i yj. 
eq eq 
Resolving in the j-direction and rearranging gives 
. Te 
in = —2—*y, + —*w, 
Mleg ml 
. Te Te Te 
Yo = Ay — 2—* pot —* ys, 
Mleg mle Mle 
“ ie Te 
jg = — yo —2—* 4, 
Mleg Meg 
which can be written in matrix form as 
1 T —2 1 0 YL 
Y2 = 1 —-2 il Y2 


ja| ea] o 1 =—2| [os 


(b) The given eigenvalue of smallest magnitude is 
—0.586, and this corresponds to the fundamental fre- 
quency. Therefore the eigenvalue of the dynamic 
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matrix that has the smallest magnitude is 
Te 
Ai = —0.586 x —“. 
Meg 
For this system, Tq = 68N, m = (0.25 x 107?)/3kg 
and I.g = 0.65/4 metres, so the corresponding angular 
frequency is 


_ 0.586 x 68 

“1 (1 (0.25 x 10-3/3) x (0.65/4) 

and hence the fundamental frequency is 
wy 1715 “ai 

f= = ~ 273s". 
So this model has a fundamental frequency of approx- 
imately 273Hz. This is still much smaller than the 
experimental value of 323 Hz, but it is better than the 
predictions for the models with one and two degrees of 
freedom in Examples 4.1 and 4.2; however, it is still not 
as close to the experimental value as the value found in 
Exercise 4.2, or even that in Exercise 4.1. 


~ 1715rads7?, 


4.4 (a) The first step is to draw a force diagram for 
each particle, using the usual notation. 


m m m 
——_—_o—_——_— <}—_——_e—_—_P- <—_—_—_—o—— 
H, H, 4, H, 4, H, 
Applying Equation (2.4) to each particle gives 

mr}, = AH, i AH», 
mr = AH; ar AHy,, (S.10) 
mr3 = AH; s AHg, 


where ry = 211, ro = Toi and r3 = #31 are the position 
vectors of the particles, and i is a unit vector in the 
positive x-direction. Modelling the forces using Equa- 
tion (2.5), we obtain 


AH, = —kaii, 
AHp = k(x2 — 21)i, 
AHs3 = —k(x2 — 21)i, 
AH, = k(x3 — 22)i, 
AH; = —k(x3 — £2)i, 
AHg = —kazai. 
Substituting into Equations (S.10) gives 


mr, = —kxyzi + k(x = x1)i, 
mr => —k(x2 — u1)i + k (ag = x2)i, 
mMr3 — —k(x3 = X2)i an kagi. 


Resolving in the i-direction gives the equations of mo- 
tion for the longitudinal vibrations of the three-particle 
model as 


MxXy1 = —2kx, + kao, 
Mrz = kay —2kag+ kas, (S.11) 
mas = kro = 2kxz, 


which can be written in matrix form as 
ty a —2 if 0 Ly 


(b) To verify that the given vectors are eigenvectors, 
evaluate the products: 


—-2 1 0 1 =F ald 
1-2 1] //2| =| 2-2v2 
Oo 9 1 J = 2 


1 
= (-24+ v2) | V2 
1 
—2 1 O 1 - 1 
i <2 4 0} = : =-2] O|; 
OG Ale a] eed 2 = 
ee ee 1 24/9 
1 —2 1|/]- V2] =| 2422 
0 1 - i —/2—2 
= (-2- v2) a 


1 

It follows that the eigenvalues of the matrix above are 
—2+ V2, —2 and —2— V2, and the eigenvalues of the 
dynamic matrix are k/m times these. 
(c) Using the given data, 

ko 16 000 

m (0.25 x 10-3) /3 
Hence, from w = /—A, the normal mode angular fre- 
quencies are 


= 192 x 10°. 


“4 = \/192 x 106 x (2 — V2) ~ 10605 rads™?, 
w = V/192 x 106 x 2~ 19596 rads7?, 


a= \/192 x 106 x (2+ V2) ~ 25603 rads7?. 


(These angular frequencies are much larger than those 
for the transverse vibrations, and so the periods of vi- 
bration are much shorter.) 


4.5 (a) Using the hint, substitute for k from 
Teq = k(leq — lo) in Equation (4.10) to obtain 
—2T eq 
M(leq = Io) 
Now, in the present case, the equilibrium length of the 
spring is half the equilibrium length of the guitar string 
(i.e. leq = L/2), and the natural length is half the natu- 
ral length of the guitar string (i-e. lp) = Lo/2), while the 
mass of the particle is the mass of the guitar string (i.e. 
m= M). This gives the following equation of motion 

for the longitudinal vibration of the guitar string: 

2T eq 

Tie aaa Pe ea 
(b) As in part (a), use the formula Tq = k(leq — Io) to 
eliminate & from the equations. In this case there are 
three identical springs, so their equilibrium and natural 
lengths are a third of the equilibrium and natural length 
of the guitar string, i.e. leg = L/3 and lo = Lo/3. There- 
fore the stiffness of each spring is k = 3T'.4/(L — Lo). 
The mass of each particle is half the mass of the gui- 
tar string, so m = M/2, and the equations of motion 


ty = X11. 


# = 


Solutions to the exercises 


become, in matrix form, 


#,|_ 2xSkTy [=o I) le 
do} M(L—LIp)| 1 2] | ae2]’ 


For the three-degrees-of-freedom model represented by 
Equations (4.12) we again use Teg = k(leq — Io), but 
in this case there are four springs (so l.g = L/4 and 
lo = Lo/4) and three particles (so m = M/3). Conse- 
quently we have 

a) Seana |-2 9) 

# | = — 1-2 1] | a 

és |, 20) | oo at 2] [aes 


(c) For the four-degrees-of-freedom model there are 
four particles and five springs, which have the effect 
that the 3 in the above formula becomes a 4 and the 
4 becomes a 5. The vectors have four components and 
the matrix is a 4 x 4 matrix. So the equation of motion 
is 

XY —2 i 0 0 X1 

Lo _4x5x Teq 1 -2 1 0 L2 

#3| M(L—Lo)| 0 1 -2 14] | a 

4 0 0 1 -2 x4 


(d) By comparing the above equations of motion with 
the results derived in Subsection 4.4, it can be seen that 
the only difference between the transverse and longitu- 
dinal vibrational models lies in the constant that multi- 
plies the matrix on the right-hand side of the equation of 
motion. In fact, the only difference is that the constant 
in the transverse case includes a factor 1/Z whereas 
in the longitudinal case the corresponding factor is 
1/(L — Lo). Hence the dynamic matrix for the longitu- 
dinal model is (1/(L — Lo))/(1/L) = L/(L — Lo) times 
the dynamic matrix for the transverse model, and the 
eigenvalues are similarly related. 

Denoting fr, wr and Ar (respectively, fL, wy and Az) 
for the fundamental frequency, the corresponding nor- 
mal mode angular frequency and the corresponding 
eigenvalue of the dynamic matrix for the transverse 
model (respectively, longitudinal model). We have 
Ay = ArL/(L— Lo) from the above aon Hence 


w= v= = ae 


Tee — 
L 
=VE-E’ 
which yields 
WL L wr L 
f= 55 -/7-r a: | b= i fr, 
i.e. the ratio of fr to fr is \/L/(L— Lo). 


In the case of the E string of the guitar, LD = 0.65 metres 
and Lo = 0.633 metres, so the ratio is 
fi/fr = V0.65/(0.65 — 0.633) ~ 6.2. 


Therefore, the fundamental frequency of the longitudi- 
nal vibration is approximately 6.2 x 323 ~ 2000 Hz. 
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Section 5 


5.1 (a) The eigenvalues of the matrix E 4 are 


both —1. Now calculate its eigenvectors. 


The eigenvector equations are 


fe Seale alae 


or equivalently 


0=0, 
0=0. 


These equations are automatically satisfied, so any non- 
zero vector [v; v2]? is an eigenvector of the above 
matrix, and hence any non-zero vector is a normal mode 
eigenvector of the dynamic matrix. 


(b) [2 1]7 is a normal mode eigenvector since every 
non-zero vector is a normal mode eigenvector. To find 
another linearly independent normal mode eigenvector, 
pick any vector that is not a multiple of [2 1)", for 
example [1 0]7, [0 1}? or[-1 2]. 
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UNIT 19 Systems of particles 


Study guide for Unit 19 

This unit builds on ideas from earlier mechanics units in the course: Units 5, 
6, 7, 8, 14 and 18. 

Some of the ideas here are used later in the course, particularly in Unit 27. 


The recommended study pattern is to study one section per study session, 
and to study the sections in the order in which they appear. 
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Introduction 


Figure 0.1 shows three positions of a diver performing a forward somersault, 
and the curves trace out the paths of the diver’s head and feet. The motion 
of the diver is very complicated, which is reflected in the shapes of these 
curves; but, in spite of this complexity, it is possible to obtain some simple 
information that adds considerably to our understanding of the dive. Asso- 
ciated with each position of the diver, there is a point known as the diver’s 
centre of mass, and this point moves along a simpler path. You met the idea of centre of 


mass in Unit 5. 
Our first objective in this unit is to obtain some useful information on the 


complicated motion of an object or system, and the concept of centre of mass : ; 
is crucial to this process. It transpires that, in a number of circumstances, re SP 

we can justify modelling a complicated system, possibly composed of very : 

many objects, by a single particle of the same mass as the system placed at : * 
the centre of mass of the system. This process has the dual benefit of making ; ' 
the behaviour of quite complicated systems much easier to understand and : Qe 
of considerably reducing the work involved when analysing them. It will \ 
form a central theme of the unit. 


We start, in Section 1, by examining some specific examples of two-particle % \ 
systems, from which we shall be able to extract some general principles ae 
that apply to all two-particle systems and that can be extended to systems : 
involving any number of particles. We move on, in Section 2, to discuss \ 
general systems of particles and the important concept of centre of mass. 
Then, in Section 3, we discuss the behaviour of objects during a collision, 
and here we introduce the principle of conservation of linear momentum. 
Section 4 concerns Newton’s law of restitution which models the effects of 


inelasticity in collisions. ; 
Figure 0.1 


1 Two-particle systems 


The three mechanical systems illustrated in Figure 1.1 appear to have little 
in common. However they all illustrate an important principle of mechanics 
—a principle that we intend to develop in this unit. 


drum major’s 
mace 


pulley on 
a fixed axle } 


cable 


counter- 
weight 


4 yee bond : ) 


vibrations of a nitrogen molecule 


Figure 1.1 


In Subsection 1.1 we shall use various techniques from previous units to 
examine each system in turn. Then, in Subsection 1.2, we shall begin to draw 
together the ideas common to all three examples. This drawing together will 
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Section 1 Two-particle systems 


lead to the statement of a general principle for two-particle systems, based 
on Newton’s second law. First, we give a definition. 


You have met two-particle 
systems before. For example, 
in Unit 5 you saw how a scarf 
draped over the edge of a 
table can be modelled as a 
two-particle system. In 

Unit 18, many of the 
particle-spring systems were 
two-particle systems. 


Definition 


A two-particle system is a system modelled so that the total mass 
of the system is divided between two particles. 


1.1 Examples of two-particle systems 


A simple design for a lift 


In this example we investigate a (rather impractical) design for a lift, as 
shown in Figure 1.2(a). The mechanism consists of a lift compartment and 
a counter-weight, supported by a cable passing over a pulley. We wish to 
investigate this design with the simplifying assumptions that all frictional 
forces and air resistance can be ignored. 


counter- 
weight 


In order to model this system we shall need to make some more simplifying 
assumptions. Figure 1.2(b) shows our mathematical model, which consists 
of two particles of masses m , and mz connected by a model string passing 
over a model pulley with its axle fixed at P. We assume that mz is greater lift 
than m1, so when the system is released from rest, the lift (i.e. the particle of (a) 

mass m2) will begin to move down. We define an x-axis pointing vertically 

downwards with origin at P, and we denote the vertical displacements of 


the particles of masses m, and mg from P by x1 and «2, respectively. oe ) 
Before investigating the motion of this system we shall look at the system xl | 2 
Mey v2 


KOS 

= RECO 
"0 

Kx Seo 
PRG 


as a whole, in order to derive a result that will be generalized later. The 
force diagram in Figure 1.3 shows the forces acting on the two particles and 
on the model pulley. me 


(b) 
Now we apply Newton’s second law to each particle. The accelerations of 
the particles of masses m1 and mg are ,i and %9i, and the forces acting on Figure 1.2 
them are m,gi+ T2 and mggi+ Tu4, respectively. So Newton’s second law 


gives 
mygit+ T2 =m, 441, (1.1) S 
mogit T4 = moKoi. (1.2) 
We also observe that the axle of the pulley is stationary (i.e. in equilibrium); \, 
therefore we have T T 
i. 3 
S+T,+T3=0. (1.3) 
T 
On adding Equations (1.1), (1.2) and (1.3), we obtain 7 ; 
2 m2 
$4+7,4+T24+7T34+ Tat migit+ mogi = mai + mexoi. ; 
mt magi 
The left-hand side of this equation simplifies because we have a model string, ; : 
which implies that T, + TT. = 0 and T3 + 'T4 = 0. So we obtain ——— 
S+mygit mogi = my%1i+ Moi. Figure 1.3 


The right-hand side of this equation is almost of the mass times acceleration 
form that we expect from Newton’s second law. A little rearrangement puts 
the equation in this form: 

My Ly + Maite. 


S+migit magi = (mi + ma) (1.4) 
Ve my t+ Mes 


the total mass 
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The significance of Equation (1.4) will become clear shortly, but for the 
moment just notice that the right-hand side is the total mass of the system 
multiplied by an expression that has the dimensions of acceleration. 


*Exercise 1.1 


This exercise completes the analysis of the simple design for a lift described 
above. Use the notation of Figure 1.3. 


(a) Use the facts that the model string is inextensible (i.e. x1 + 72 = constant) 
and that the pulley is a model pulley (so |T,| = |T3]) together with 
Equations (1.1) and (1.2) to determine the acceleration of the lift, £2. 


Use the result of part (a) and Equation (1.2) to determine the magnitude 
of the tension in the cable. 


Use the result of part (b) and Equation (1.3) to determine the magnitude 
of the reaction force on the pulley, S. 


Suppose that the lift and the counter-weight are each of mass 1000kg, 
and that a person of mass 65 kg steps into the lift. Calculate the numer- 
ical value of the acceleration of the lift and also the velocity of the lift 
after it starts from rest and travels 100m. Comment of the suitability 
of the lift design. 


A drum major’s mace 


In this example we attempt to model the motion of a drum major’s mace. 
You may have seen a military band with the drum major striding out 
in front, twirling a long rod with a heavy weight at one end: his mace. 
Every few strides, he twirls the mace and then hurls it high into the air; 
it then appears to follow a complicated path until he finally catches it and 
continues with the twirling. We model the mace as two particles A and B 
of unequal masses m, and mz, connected by a light model rod of length J, 
as in Figure 1.4. Our purpose is to try to discover some pattern in the be- 
haviour of the mace (and perhaps provide some useful advice to would-be 
drum majors). 


We assume that the drum major holds the mace at its ‘balance point’ G, by 
which we mean that if we were to balance the model rod on a model pivot 
at G, then the rod would be in equilibrium. The equilibrium condition for 
rigid bodies tells us that the sum of the torques on the rod when balanced 
in this way is zero. This situation and the associated forces are shown in 
Figure 1.5. Taking the origin for the torques at G, the torque equilibrium 
equation is 


(—dij) x (—migk) + (doj) x (—magk) = 0. 
This simplifies to 
dym i — dgmai = 0, 
and resolving in the i-direction gives dym, — dgm2 = 0, or 
dy /dz = m2/m4. (1.5) 


From this we see that the ratio d; /d2 will be small if m1 is much larger than 
mg. In other words, if the head of the mace is very heavy, then the balance 
point will be near this end. 


We now suppose that the drum major throws the mace into the air, and at 
the same time he gives it a flick in such a way that the mace turns end-over- 
end in a vertical plane. If we ignore the effects of air resistance and 
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A é | 
€ 
eo] He 0 } 
Tey G ve 
Figure 1.4 


Recall from Unit 5 that a 
model rod is a rigid body 
with length but no breadth or 
depth. In this case we have a 
light model rod, so it has no 
mass either. 


As you will see later, G is the 
centre of mass of the system. 


You met torques and the 
equilibrium condition for rigid 
bodies in Unit 5. 


N 
di do * 
l«< >l< >| 
A B 
—migk —maegk 
Figure 1.5 


Drum majors holds their 
maces near the end, whereas 
drum majorettes hold their 
batons near the centre. 
Presumably this is because a 
drum majorette’s baton is 
more centrally balanced. 


Section 1 Two-particle systems 


simplify the notation by writing g for —gk, then Figure 1.6 shows the forces 


acting on the mace and its position at time t (in terms of position vectors Ha 95 
relative to an origin O, the point at which the mace was released). The rod Ri G 
gives rise to a force R, on particle A and a force R» on particle B. A mg 
Tl 
It turns out that the position of G is of crucial importance. It will be nig 
useful later if we express the position vector of G in terms of the position O 
vectors of A and B. Consider the displacement vectors AG= rg — r; and ; 
Figure 1.6 


Gp= r2 — rq (see Figure 1.6). We know that |AG| = dj, and |GB| = dy, so 
|AG]/|GB| = d,/dz = m2/mj,, by Equation (1.5). Hence m, AG= m2 GB, 
or equivalently 
mi(rg — 11) = mo(r2—1re), 
which can be rearranged to give the position vector of G as 
mir, + MeVre 
re= oes a (1.6) 


Differentiating Equation (1.6) twice with respect to time, we obtain the 
following expression for the acceleration of the point G in terms of the ac- 
celerations fF; and ro of the points A and B: 
mit r 
ig = adi Meea (1.7) 
mi + m2 

The total force on particle A is Ry; + my,g and the total force on particle 
Bis Ro + meg. So, applying Newton’s second law to particles A and B in 
turn, we obtain 


Ri + mig = mit, (1.8) 
Ro + meg = Moo. (1.9) 
Adding Equations (1.8) and (1.9) gives 
R; + mg + Ro + meg = mir + Meo. 
But by Newton’s third law R; + Rg = 0, so this equation simplifies to 
mig + m2g = mF + Mofo. 
This can be rearranged as 
(mi + m2) g = (m1 + m2) See 
Substituting from Equation (1.7), we obtain 
ig =g, (1.10) 
which is the equation of motion of the point G. 


This result may appear to be simple, but it is really quite surprising. It tells 

us that the balance point G — the centre of mass of the mace — behaves as 

if it were a particle acted on solely by the force of gravity. Thus if the initial 

velocity of G is vertically upwards, then G will simply move up and down in 

a vertical line. However, if the initial velocity has a horizontal component, 

then G will follow the parabolic trajectory of a projectile. In both cases, See Unit 14 for details about 
the other points on the mace may move along much more complicated tra- Projectiles. We assume here 
jectories. Figure 1.7 illustrates the simple parabolic trajectory of G and the hat air resistance can be 
more complicated trajectory of another point on the mace when there is a nENhOt: 

horizontal component to the initial velocity. 


What does all this mean for the drum major? First, if he wants to hold the 
mace horizontally, then he should hold it at its balance point G, where he 
will not need to apply any torques to keep it level. Second, if he wants to be 
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able to catch it after throwing it into the air, then catching it at G would be 
best, as G' is the only point whose trajectory in the air he can easily predict. 


So he knows where to hold and catch it. But how should he throw it? When 
he is stationary, it is clear that the initial upwards velocity of G should be 
vertical; but what if he is marching? Should he throw the mace upwards 
and slightly forwards? The answer is no, he should simply throw it upwards. 
This is because when the drum major is marching (at a constant velocity) 
holding the mace, the mace has a constant horizontal component of velocity 
which is the same as that of the drum major. Then the horizontal distance 
travelled by the mace, after being thrown upwards, will be the same as that 
travelled by the marching drum major. So the mace should return to hand 
level just as the drum major’s hand gets there. If the mace were thrown 
slightly forwards, then the drum major would have to increase his marching 
pace to match, or else the mace would, embarrassingly, fall to the ground. 
However, when throwing the mace (vertically upwards), the drum major 
needs to make sure that he keeps his marching velocity constant in order to 
catch the mace safely. It would be a mistake, for example, to throw the mace 
while marching and then stop to wait for it to fall, or to change direction 
while the mace is in the air. 


Vibrations of a nitrogen molecule 


A nitrogen molecule consists of two nitrogen atoms, each of mass m, joined 
by a chemical bond, as illustrated in Figure 1.8(a). The atoms vibrate 
relative to each other along the direction of this bond. The molecule can be 
modelled as a pair of particles joined by a model spring, which exerts a force 
Hy, on the left-hand particle, labelled A, and a force Hy on the right-hand 
particle, labelled B, as illustrated in Figure 1.8(b). Here we are concerned 
with the vibrations of the molecule in isolation and hence do not consider 
the effects of gravity (for example you could consider that the molecule is 
vibrating in deep space, far away from any gravitational influences). So the 
total force acting on the system is F = H, + Ho. 


i 
chemical Es « —P. 
(ny —*=* 9) Aor <—02 | AeWWYWW0 B 
™m Ay Hz ™m | By G 
nit, i 
>| 
oO 
(a) (b) (c) 
Figure 1.8 


You saw how to model the vibrations of such a system in terms of normal 
modes in Unit 18. Here we want to look at what information we can glean 
from the motion of the centre G of the spring, which is the geometric centre 
of this symmetric system. We begin as usual by defining axes: we choose a 
fixed origin O and a direction i aligned with the spring. We measure 71, r2 
and aq along this axis, as shown in Figure 1.8(c). 


To derive the equation of motion of G, we start by expressing the position 
vector of G relative to O. One way to do this is to notice that, by symmetry, 
G is half-way between A and B, so rg = (r1 + r2)/2. 


Applying Newton’s second law to particles A and B in turn gives 


Hy,=mr,, Ho=mfro. 
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Figure 1.7 


You saw chemical bonds 
modelled in this way in 
Unit 18. 


As you will see later, the 
centre of the spring is the 
centre of mass of the system. 


Proceeding as before, we add together the above equations to obtain 
H, + He = mr, + mre. 


But H, and Hg are forces exerted by the same model spring, so by Newton’s 
third law H, = —Ho. Hence the left-hand side of the above equation is zero, 
so 


0= m(#, + fo). 


We now write the right-hand side of this equation in the form of Newton’s 
second law, i.e. a mass multiplied by the acceleration of a single point. To 
do this we differentiate rg = (r1 + r2)/2 twice to obtain fg = (f1 + fe) /2. 
Substituting for ¥; + f2 in the above equation then gives 
0 = 2m x rq. 
WY WY 


total force total mass acceleration 


Now rg = qi, since the motion is one-dimensional. So zg = 0 and this can 
be integrated to give 4g = constant, i.e. G moves at a constant speed along 
the direction of the axis of the spring. The net result is that the geometric 
centre of the molecule moves just like a particle with no forces acting on it, 
i.e. it either remains at rest or travels with constant speed along a straight 
line (Newton’s first law). It is worth emphasizing that the motion of G 
remains the same irrespective of how much the atoms at the ends of the 
bond vibrate. 


1.2 Some general conclusions 


Now let us try to extract some general principles from the three examples 
of two-particle systems discussed in the previous subsection. 


The first point to note is that, when we obtained an expression for the total 
force on the system, certain forces on the components of the system cancelled 
out as a result of Newton’s third law. The forces that cancel out in this way 
are known as internal forces of the system, while the remaining forces are 
referred to as external forces. 


The internal forces for the three examples from the previous subsection are 
shown by white arrows in Figure 1.9, and the external forces by black arrows 
as usual. Notice that internal forces occur in equal and opposite pairs (i.e. 
each force in the pair has the same magnitude but opposite direction to the 
other). We have altered the notation of the previous subsection slightly in 
Figure 1.9 to reflect this. 


Ss 
—R. 
R er 
ry T me 
model of a drum major’s mace 
—-T 
—TA\ 
moe 
m H —-H m 
mg AYA O 
model of a lift model of a nitrogen molecule 
Figure 1.9 


Section 1 Two-particle systems 


You saw this before, in 
Unit 18. 


Newton’s first law was stated 
in Units 5 and 6. 


Here we use g for the vector 
acceleration due to gravity. 
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Exercise 1.2 


Consider the system of weights, pulleys and strings shown in Figure 1.10(a). 
Assume that the pulleys are model pulleys (i.e. light and frictionless) and 
that the strings are model strings (i.e. light and inextensible). Modelling the 
weights as particles, we can therefore model the system and the forces acting 
on it as shown in Figure 1.10(b). Decide which of the forces are internal and 
which are external. Hence write down the total force acting on the whole 
system. 


pulley on = ae - 1 
a fixed axle i 
Si t 
fixed [| forces on forces on | 
support = the support the fixed | 
pulley | 
Ti Ts | 

T2 

moving | forces on 
pulley the moving 
! pulley 
= = Tr i | \T _ | 
Ts | forces on | 
[Al B forces on i particle B! 
: 
particle A it We 
Wa ic 
oe oe ee eee te 
(a) (b) 
Figure 1.10 


In all three examples of two-particle systems in the previous subsection, we 
not only obtained an expression for the total force F on the system, but also 
used Newton’s second law to obtain an equation involving that force. In the 
lift example we obtained 
m1 + Meh, 
: me 7 ma) my + Mg 
If we write ry = xyi and rg = £2i, so that r; and rg are the position vectors 
of the particles relative to the point P in Figure 1.2, we obtain 
P= Gat ig + Me2P2 

my, +m 
This is exactly the equation we obtained for the drum major’s mace, where 
again r; and rg are the position vectors of the two particles. For the nitrogen 
molecule we obtained 


0 = 2mra, 


where rg is the position vector of the geometric centre of the position of the 

two particles, rg = (ri +r2)/2. At first sight this looks different, but it is 

of the same form because there were no external forces acting (so F = 0), 

both particles have the same mass (so m1 + mz = 2m) and also 
mifi+merg mrit+mr 1+ 


— — =frq. 
my, +m m+tm 2 
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See Equation (1.4). 


In summary, for each two-particle system the right-hand side of the equation 
is a product of the total mass of the system and a term of the form 
mir, + MoP2 
my + me 
which is the acceleration of the point G, with position vector 
ML + MP2 


re => 
m,+™M~s 


within that system. We call this point the centre of mass. 


In the case of symmetric systems (where the two particles have equal mass), 
such as the nitrogen molecule, the centre of mass is at the geometric centre. 
For systems where the particles are joined by a model rod, such as the drum 
major’s mace, the centre of mass is at the balance point. 


Exercise 1.3 


The mass of the Earth is approximately 5.97 x 1074kg and its diameter 
is about 1.27 x 104km, while the mass of the Moon is approximately 
7.39 x 10??kg and its diameter is about 3.5 x 10?km. The mean distance 
from the centre of the Earth to the centre of the Moon is about 3.86 x 10° km. 
How far above the Earth’s surface would you estimate the centre of mass of 
the Earth and the Moon to lie? 


The equations obtained by applying Newton’s second law to our examples, 
which led to the definition of centre of mass, are all of the form F = Mra, 
where F is the total force on the system and MM is its total mass. We should 
now verify that this equation holds for the centre of mass of any two-particle 
system. 


Consider a general system consisting of two particles, labelled 1 and 2 in 
Figure 1.11, of masses m, and mg, and with position vectors r; and rg 
relative to an origin O. In general, each particle is subject to internal and 
external forces. Let us denote the resultant of the external forces on each 
particle by E; and Ee, respectively. The internal force on each particle is 
exerted by the other particle by means of a model string, a model rod or a 
model spring, or in some other way. Let us denote the internal force exerted 
on particle 1 by particle 2 by Iy2 and, similarly, the internal force exerted 
on particle 2 by particle 1 by Ig;. The situation is illustrated in Figure 1.11. 


Applying Newton’s second law to each particle, we obtain 
Ei t+he=mirfi, Ep +o = mofo. 

We can add these equations to obtain 
By + Tio + Bo + Int = mir + mofo. 


Since Iy2 and Ix, are internal forces, we can apply Newton’s third law to 
obtain I,2 + In; = 0. So the above equation simplifies to 


Fo = mr, + Mofo, Cig) 
where F®t = E, + Ep is the sum of the external forces. 


The centre of mass of this system is defined by the position vector 


mr, + mere mir, + More 
wel — — 
my, +mMmys M : 


where M = mj + mz is the total mass of the system. 


Section 1 


Figure 1.11 


Two-particle systems 


m2 


T2 
particle 2 
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Differentiating twice gives 


mii + moro 


tic= 1.12 

re a (1.12) 
From Equations (1.11) and (1.12), we have 

F“ — Mig, 


which is an important result worth restating. 


Motion of the centre of mass of a two-particle system 

The motion of the centre of mass G with position vector rg of a two- 
particle system of total mass M subject to external forces with sum 
F“* is given by 


Fe! = Mig. (113) 


Example 1.1 


Two particles of masses m , and mg are attached to a model spring of natural 
length Jo and stiffness k (as shown in Figure 1.12). The particle-spring 
system moves vertically. Determine the equation of motion of the centre of 
mass of the system. 


What would be the effect on this equation of motion if the stiffness of the 
spring was doubled? 


Solution 


The spring forces are internal forces. The only external forces are the weights 
of the two particles, given by mj gi and magi. Thus Equation (1.13) gives 


(my + m2)gi = (m1 + m2)¥ea, (1.14) 


where rg is the position vector of the centre of mass of the system. This 
simplifies to rg = gi, so the centre of mass moves as if it were a particle 
falling under gravity. 


Since the spring forces are internal forces, they have no effect on the equation 
of motion (1.14), so changing the stiffness of the spring will have no effect 
on the equation of motion of the centre of mass of the system. Hi 


*Exercise 1.4 


Two objects of masses m, and mg, connected by a light rigid rod, are sliding 
down an inclined plane in the direction of the axis of the rod, as shown in 
Figure 1.13. The coefficient of sliding friction between each object and the 
plane is pz’. The objects may be modelled as particles and the connecting 
rod as a model rod. 


(a) Draw a force diagram for the system, and identify any internal forces. 
(b) Determine the equation of motion for the centre of mass of this system. 
(c) How would your solution to part (b) change in the following situations? 
(i) The rod is replaced by a light spring. 
(ii) The rod is removed, leaving just two disconnected objects. 


(d) Compare your equation of motion in part (b) with that for a single 
particle of mass m + mg sliding down the same inclined plane. 
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m2 


Figure 1.12 


Figure 1.13 


The two-particle system in Exercise 1.4 is actually a rigid body and does not 
rotate, so its motion is completely described by the equation of motion of its 
centre of mass. The drum major’s mace is also a rigid body, but is subject 
to torques to make it rotate as the drum major twirls it. Nevertheless, the 
motion of the centre of mass still provides useful information for the drum 
major. In other cases, knowing about the motion of the centre of mass may 
not be directly useful. However, as the following example illustrates, it can 
form the basis for an analysis of the complete motion of such a system. 


Example 1.2 


Figure 1.14(a) shows two particles A and B, each of mass m, lying on a 
smooth horizontal surface and connected by a model spring of natural length 
2lo and stiffness k. Initially, the particles are at rest a distance 2/9 apart, 
so the spring is unstretched, and with centre of mass at the origin. Then a 
constant horizontal force P is applied to B in the direction AB, as shown 
in Figure 1.14(b). At time t, the particles are a distance 2d apart. 


(a 
(b 
(c) 
( 


d) Interpret your solution. 


Find the position of the centre of mass at time t. 
Find a differential equation for d. 
Find the x-coordinates of A and B at time t. 


(b) the stretched spring 


Figure 1.14 


Solution 


(a) The force diagrams are shown in Figure 1.14(b). The two spring forces 
are internal forces, so Equation (1.13) gives 


P+N,4+W,+Ne+4+ We = 2mici. 


But both particles are in vertical equilibrium, so Ny + Wy, = 0 and 
Ng + We =0. Cancelling terms and resolving in the i-direction, we 
find that the centre of mass moves to the right with constant acceleration 


P 
ig= [Pl (1.15) 
2m 
Since the system starts from rest with the centre of mass at the origin, 
integrating twice gives 


= IPI 2. 


ae 4m 
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It is important to measure 
coordinates from a fixed point 
O. It is tempting to measure 
distances from the position of 
G or A or B, but as the 
whole system is moving none 
of these is appropriate. 


Note that N4 and W, are 
not internal forces, so we 
cannot invoke Newton’s third 
law to obtain Ny + W, = 0: 
this equation is true because 
the particles are not moving 
vertically. 


Alternatively, we can use the 
constant-acceleration 
equation z = uot + Zao? 
from Unit 6, with vp = 0 and 


nee 109 


Unit 19 Systems of particles 


(b) 
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Applying Newton’s second law to particle B gives 

Hp+P=miépi. 
Now we need to model the forces. We are given that the force P acts 
in the direction AB, so P = |P|i and, by Hooke’s law, we have 

Hp = —k(2d — 2lp)i. 
Therefore we obtain 

—2k(d — Ip)i+ |Pli = mpi. 
Resolving in the i-direction and rearranging gives 

mip + 2kd = 2kip + |P|. (1.16) 
To proceed further, we need to express the acceleration Zp of particle B 


in terms of d and known parameters. We start by noting that throughout 
the motion the centre of mass is at the point 
. max ait mapi 4 


zgi= = =F (ga 28) 


i.e. the centre of mass is always half-way between A and B. 


This gives xg = xq + d, which we can differentiate twice to obtain %p = 
éq +d. Now we can use Equation (1.15) to obtain #g = |P|/(2m) +d, 
which is the desired expression for 7p in terms of d and known param- 
eters. Substituting this into Equation (1.16) and rearranging gives 


md + 2kd = 2klo + |P|/2, (1.17) 


which is the required differential equation for d. 


You should recognize Equation (1.17) as the differential equation for 
simple harmonic motion, which has solution 


d = Ci cos(wt) + C2 sin(wt) + lp + |P|/(44), 


where w = \/2k/m and the values of the constants C, and C2 are deter- 
mined by initial conditions. When t = 0, before the force P is applied, 
we have d= Ip and d= 0. This gives C, = —|P|/(4k) and C2 = 0, so 
|P| [P| 
=——— Io + —. 

d a cos(wt) + Io + Zk 
We use xg = rq 4+ d together with rg = |P|t?/(4m) and the above ex- 
pression for d, to obtain 

[P| [P| 


_ |Pl» 
tp=7_t +{lgot+ ik ak cos(wt) } . 


Similarly «4 = xg — d, so we have 


_ IPl» IP] |PI 
a= = lo+ aE ~ Gp costt) . 


The equations for x4 and xg show that particle A oscillates accord- 
ing to the function (|P|/(4k)) cos(wt) about a point a fixed distance 
lo + |P|/(4k) to the left of the moving position xg = |P|t?/(4m) of the 
centre of mass, and that particle B oscillates according to the function 
—(|P|/(4k)) cos(wt) about a point the same fixed distance to the right 
of the moving position of the centre of mass. The oscillations are simple 
harmonic with the same angular frequency w = \/2k/m and amplitude 
|P|/(4&), but are phase-opposed (in the terminology of Unit 18) because 
the terms (in large brackets above) describing the oscillations have dif- 
ferent signs; this means that, relative to the centre of mass, the particles 


If we started by applying 
Newton’s second law to 
particle A, we would obtain 
the same differential equation 
for d. 


See Unit 7. 


Section 1 Two-particle systems 


are always moving in opposite directions. The situation is illustrated in 
Figure 1.15. 


fixed distance fixed distance 
« >| 


A oscillates about this B oscillates about this 
moving point moving point 


Figure1.15 


Exercise 1.5 


Suppose that the model spring in Example 1.2 is replaced by a light model 
rod of length 2/9. What can you say about the motion of the centre of mass 
of this new system, and about the motion of A and B? What forces are 
exerted by the rod on particles A and B? 


(Hint: As for particle-spring models displaced from equilibrium, you may 
ignore the weights and normal reactions.) 


*Exercise 1.6 


Two particles A and B, each of mass m, move along the x-axis, and, although 
each exerts a force on the other, there are no external forces. Initially, A 
is at rest at the origin, while B is at x = 3m and moving away from the 
origin with speed 6ms~!. If particle B returns to its initial position at time 
t = 0.5s, where is A at this time? 


End-of-section Exercises 


Exercise 1.7 


Long ago and in a galaxy far, far away, an alien was alone in his spaceship, 
floating aimlessly through the void. He cursed his luck for running out of 
fuel, but then came up with a brilliant idea. Fortunately, he weighed half 
as much as the entire ship and he was quick on his (many) feet, so, starting 
from the back of the ship, he would run as fast as he could and hurl himself 
at the forward bulkhead. If he did this a few thousand times, he thought, 
the ship would gradually pick up speed and he would eventually arrive home. 
Comment on his chances of success. 


Exercise 1.8 


Two particles A and B, each of mass 50 kg, are at rest on a smooth horizontal A BP 
surface and connected by a model string, which is stretched tightly between e O 
them. The breaking strain of the string is LON (i.e. it cannot sustain a 50 ke 50 kg 


tension greater than this value). A horizontal force P is applied to B in the 
direction AB, as shown in Figure 1.16. What is the greatest magnitude of Figure 1.16 
the force P that can be applied to B before the string breaks? 


Exercise 1.9 


Two particles A and B slide along a straight rough horizontal wire, and the 
coefficient of sliding friction between each of the particles and the wire is 
uw’ = 0.4. Particle A has mass 3kg and particle B has mass 0.5kg, and each 
particle exerts a force on the other. Find the acceleration of the centre of 
mass when both particles move along the wire in the same direction. 


111 


Unit 19 Systems of particles 


Exercise 1.10 


Two particles move along a smooth straight horizontal track, and each ex- 
erts a force on the other. The first particle has mass 4kg and experiences 
no external forces. The second particle has mass 1 kg and is pulled along 
the track by an external force of magnitude 20N. It is found that the two 
particles accelerate along the track a fixed distance apart. Find the common 
acceleration of the particles and the magnitude of the internal forces. 


2 Many-particle systems 


In this section we shall generalize the ideas of Section 1 to systems of more 
than two particles. We shall also look at how to find the centre of mass of 
a variety of different systems and solid objects. 


2.1 Motion of the centre of mass 


We generalize here the results of Subsection 1.2 to systems with more than 
two particles. In fact, we consider a system of n particles, where n may be 
very large. 


Definition 


An n-particle system is a system modelled so that the total mass of 
the system is divided among n particles. 


We assume that particle i has mass m; and that its position vector is r; 
(relative to some fixed origin O). We begin our discussion by extending the 
notion of the centre of mass to a system of n particles. 


Definition 


The centre of mass of an n-particle system, whose particles have 
masses ™1,7™2,...,My, and position vectors r1,¥2,...,0%n relative to 
an origin O, has position vector 


mary t+ More t++:+Mntn — do, Mari 


r — 
Gg oii ee M 


(2.1) 


relative to O, where M = )°,m, is the total mass of the system. 


*Exercise 2.1 


Determine the centre of mass of each of the following systems of particles, 
where each particle has the same mass m. 


r_L. 1. 1 —@—* o@—§__—__—_>—_*_0—. 
CO 1 2 3 4 5 6 O 1 2 3 4 5 6 
(a) (b) 
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We write )>, as a shorthand 
for )7_, throughout this 
unit. 


Section 2 Many-particle systems 


Each particle may be subject to a number of external forces, but these can 
always be added together to give a single resultant force, so we may assume 
that particle 7 is acted on by a single external force E;. The total external 
force on the whole system will then be 


F* = Bi) + Ep+---+En =) Ej. (2.2) 
a 


In addition to the external forces, we assume that each particle exerts a force 
on every other (and that this force acts along the line joining them). Each 
particle is therefore acted on by n — 1 internal forces. We denote the force 
acting on particle i due to particle j by I;;. Then (from Newton’s third law) 
we have 


I; = = Ly (2.3) 


It will make the summations that follow easier to write if we also introduce 
a term Ij; (the force exerted by the ith particle on itself), which we assume 
to be zero. 


Now we apply Newton’s second law to the ith particle and obtain 


E; + > j I; = Mj Xx Tj. 
Rae al Ne v7) Se 
external force samof the internal mass of the acceleration of 
on the ith particle forces on thé ith particle the ith particle 


ith particle 


Adding together all of the equations like this, for all choices of 7, we obtain 


iB + Vaid = Limiki. (2.4) 
—S—’” —-_—" 

sum of all the sum of all the 

external forces internal forces 

on the system in the system 


The first term on the left-hand side is simply F™*, by Equation (2.2). The 
second term, involving a double summation, looks rather complicated. But 
it simply represents the sum of all the internal forces in the system. From 
Equation (2.3) we know that these forces cancel out in pairs, or are zero when 
i= j. The net result is that this term is zero. We now use Equation (2.1) 
to simplify the right-hand side of Equation (2.4), and we are left with the 
following important result. 


Motion of the centre of mass of an n-particle system 


The motion of the centre of mass rg of an n-particle system of total 
mass M subject to external forces with sum F** is given by 


Be = Myre. (2.5) Notice that this formula is 
identical to the one for the 


; apes : two-particle case given by 
Thus the centre of mass of an n-particle system moves as if it were a particle Rquation (1.13). 


with mass the same as the total mass of the system and with all the external 
forces on the system applied to this particle. 


Equation (2.5) is critical to the modelling of real objects as single particles. 
It tells us that an object composed of a very large number of components 
(modelled as particles) can be modelled by a single particle. However, if we 
do this, then the single-particle model will only predict the motion of the cen- 
tre of mass. For example, consider the diver mentioned in the Introduction 
moving under gravity alone. As you know from Unit 14, the single-particle 
model predicts that the particle (i.e. the diver’s centre of mass) moves along 
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a parabolic path. This model does not give any information about the mo- 
tion of any other part of the diver, which may move along a complicated 
path (see Figure 0.1). 


2.2 Locating the centre of mass 


In this subsection you will see how to find the centre of mass of a variety of 
systems and objects. One method for finding the centre of mass is to use 
the definition directly (Equation (2.1)). If the system is symmetric, then we 
can locate the centre of mass by finding the geometric centre (this was the 
method used in Unit 5). 


Try the following exercise to find the centre of mass of two systems. 


Exercise 2.2 


Determine the centre of mass of each of the following systems of particles, 
where each particle has the same mass m. 


y 
V3b - 
| 
a A A ad 
O 41 2 3 4 5 6 ® O 4 2 # 
(a) (b) 


So far, we have looked at finding the centre of mass only of systems of 
particles. But you saw in Unit 5 that sometimes it is more appropriate to 
model an object as a rigid body. To find the centre of mass of a rigid body, 
we simply suppose that the object is made up of a very large number of 
very small chunks of material, each of which can be modelled by a particle 
— i.e. we model the object as a system of particles. Then we can apply 
Equation (2.1) to find its centre of mass. However, this poses questions 
about how many particles we should use, what mass to give them and where 
to locate them. 


In general, this is a difficult problem. But there are many objects whose 
physical properties can be used to help in this process. In particular, many 
objects are rigid and of uniform density, in that the mass of any small chunk 
of the object is proportional to its volume. Such an object modelled as a 
rigid body is said to be homogeneous. 


Definition 
A homogeneous rigid body is a rigid body of uniform density. 


For asymmetric homogeneous rigid body, we can see at once that the centre 
of mass is at the geometric centre. We exploited this fact in Unit 5 in 
locating the centres of mass of objects with some simple geometric shapes. 
Figure 2.1 shows six examples of symmetric homogeneous rigid bodies with 
their centres of mass G marked. Notice that the centre of mass in each case 
is located on an axis of symmetry — this is true in general of any symmetric 
homogeneous rigid body. 
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Recall that density is mass 
per unit volume. 


The use of ‘homogeneous’ 
here is different from its use 
in the context of differential 
equations. 


circular cylinder 


regular tetrahedron 


sphere 


cone 


regular pyramid 


Figure 2.1 


A homogeneous rigid body that is not symmetric can often be broken down 
into symmetric parts. The centre of mass of each symmetric part is at its 
geometric centre. If we model each part as a particle of appropriate mass 
located at its geometric centre, then we can use Equation (2.1) to find the 
centre of mass of the whole rigid body. 


Example 2.1 


Determine the centre of mass of the L-shaped piece of uniform cardboard 
shown in Figure 2.2. 


Solution 


Since the cardboard is uniform, its centre of mass must lie half-way through 
its thickness, so we can ignore the thickness and treat this as a two- 
dimensional problem. Thus we model the cardboard as a homogeneous 
two-dimensional rigid body. We know that its centre of mass must lie on 
the axis of symmetry shown in Figure 2.2. To find where on this axis it lies, 
we divide the L-shape into two parts, a square and a rectangle, as in Fig- 
ure 2.3. Since we have homogeneity, their individual centres of mass must 
be at their geometric centres Gy and G2, which have position vectors 
rg, = sai + 3aj and rq, =ai+ 5aj 
with respect to O, where i and j are Cartesian unit vectors in the positive 
x- and y-directions. We now model each part as a particle: the square as a 
particle of mass m (say) at rg, and the rectangle as a particle of mass 2m 
(since the rectangle is twice the size of the square) at rg,. Equation (2.1) 
then gives the centre of mass as 
m (Sai + 3aj) + 2m (ai + 5aj) 


= — dys 543 
rg = Sa = Gal + GQ), 


which lies on the axis of symmetry (the line y = x) as expected. 


*Exercise 2.3 


The shape in Figure 2.2 can be divided into three squares as shown in 
Figure 2.4. Use this division of the shape to find its centre of mass. 


It is often the case that a three-dimensional problem can be reduced to one 
in two dimensions, by taking account of certain uniformities or symmetries 
in the problem, as in Example 2.1. But even then there is no guarantee that 
we can divide the resulting plane figure into parts whose geometric centres 
we can find easily. Squares and rectangles are no problem, as Example 2.1 
illustrates. But what about triangles? 


Section 2 Many-particle systems 


Figure 2.4 


You saw other examples of 
this in Unit 5. 
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Figure 2.5(a) shows an isosceles triangle, and clearly its geometric centre lies 
on its axis of symmetry. Figure 2.5(b) shows the shape divided into a large 
number of very thin horizontal strips, and Figure 2.5(c) shows these strips 
pushed to the right to form another triangle. The centre of each strip lies on 
the broken line in Figure 2.5(c), so the geometric centre of this triangular 
shape lies on this line. Such a line passes through a vertex of the triangle 
and bisects the opposite side, and is known as a median of the triangle. 
This argument works for thin strips parallel to any of the three sides of the 
triangle. It follows that the geometric centre must lie on all three medians, 
i.e. the geometric centre must be the point of intersection of the medians, 
as shown in Figure 2.5(d). Any triangle may be constructed in this way, so 
this result holds for all triangles. 


We can find the precise location of this point of intersection by using vectors. 
Figure 2.6 shows an arbitrary triangle OAB, and we know that the geometric 
centre G lies at the intersection of the medians AN and BM. It follows from 
the triangle rule for adding vectors that, for some numbers A and ju, we have 


OG=a+AN=b+yuBM. (2.6) 
But AN= —a+ 5b and BM= —b+ $a, so Equation (2.6) gives 
a+A(-a+ $b) =b+p(—b+ fa). 
Equating the coefficients of a and b gives 
1-A= 5h and 1—-p=5A, 


soA == 2. Thus the geometric centre lies on a median at the point two- 
thirds of the distance from the vertex to the centre of the opposite side, or, 
equivalently, one third of the way up a median from its base. 


Now we mention one simple application of the centre of mass. There is a 
simple test to determine whether an object with a square base resting on 
a flat horizontal surface will topple over. Consider the situation shown in 
Figure 2.7. The forces acting on the object here are its weight and the 
normal reaction force due to the horizontal surface, as shown. 


Recall from Unit 5 that the weight acts through the centre of mass of the 
object. The point of action of the normal reaction force can be any point of 
contact between the object and the surface. If the object does not topple, 
then the equilibrium conditions of Unit 5 apply, i.e. both the resultant force 
and the resultant torque must be zero. The condition that the resultant force 
must be zero fixes the magnitude of the normal reaction and can always be 
satisfied. For the resultant torque to be zero requires that the two forces 
have the same line of action. So the line of action of the weight of the object 
must pass through the base of the object, i.e. the centre of mass must be 
vertically above the base. This gives the following useful result. 


Toppling condition 


Consider an object with a square base resting on a flat horizontal sur- 
face. The object will topple over if and only if the centre of mass of 
the object is not vertically above the base. 
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Figure 2.5 


aA 
M a 
oO 
B 
N b 


Figure 2.6 


| 
jline of action 
iof weight 

| 


Rie 


Figure 2.7 


Try to apply this result now in the following exercise. 


Exercise 2.4 


Figure 2.8(a) shows the design for a sculpture. It is to be made of concrete 
of uniform density, to be 1m thick, 3m high, and to have constant cross- 
sectional shape as shown in Figure 2.8(b), where a = v3 ~ 0.866m. The 
sculpture is intended to rest on a horizontal surface, as shown in the figure. 
Will it topple over? 


You have seen how to exploit the geometry of certain homogeneous rigid 
bodies to determine their centres of mass. In some cases, however, we may 
not be able to subdivide the object into parts whose geometric centres are 
known or easily found. In such cases we need to resort to integration to help 
us find the centre of mass, as you will see in Unit 25. 


2.3 Potential energy 


In this short subsection we look at another important application of the 
centre of mass — calculating potential energy. 


Consider the homogeneous solid block shown in two positions in Figure 2.9. 
Clearly the block has a lower potential energy in the position shown on the 
right than in that shown on the left, but how are we to calculate it? 


Let us return to the general system of particles introduced in Subsection 2.1, 
where the ith particle has mass m; and position vector r; (relative to some 
fixed origin O), but this time imagine the particles to lie in the Earth’s 
gravitational field. Choose a Cartesian coordinate system x, y and z with 
origin at O and z-axis pointing vertically upwards, and take corresponding 
Cartesian unit vectors i, j and k. The height of the ith particle above the 
xry-plane is the k-component of r;, given by r; -k, so the potential energy of 
the ith particle (relative to the datum O) is m;g(r;-k). From Equation (2.1) 
we have 


— Miry = Mrg. 


Taking the dot product of each side of this equation with k, and then mul- 
tiplying by g, we obtain 


i Mig(ti > k) = Mg(ra-k) = Mgh, (2.7) 


where h is the height of the centre of mass of the system above O. The 
left-hand side of this equation is the total potential energy of the system of 
particles, and the right-hand side is the potential energy of a single particle 
of mass M (equal to the total mass of the system) placed at the centre of 
mass. Equation (2.7) thus tells us that to find the potential energy of a 
system of particles or of a homogeneous rigid body of total mass M, all we 
need to do is to find the height h of the centre of mass above the datum and 
then use the formula Mgh. 


Exercise 2.5 


If the homogeneous solid block in Figure 2.9 has mass M, height 4h, width h 
and depth h, calculate the change in its potential energy in the two positions 
shown in Figure 2.9. 


Section 2 Many-particle systems 


(a) 


(b) 


Figure 2.8 


LO 


Figure 2.9 
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End-of-section Exercises 


Exercise 2.6 


A uniform ball of mass M is dropped from rest and falls under gravity. 
What is the velocity of its centre of mass when the ball has fallen a dis- 
tance h? What is the change in the potential energy when the ball has 
fallen a distance h? 


Exercise 2.7 


Find the centre of mass of the homogeneous rigid body shown in Figure 2.10. 
Will the object topple over when it is placed on a horizontal surface as shown 
on the right in Figure 2.10? 


2a 
o ial 
> + -e 4-8 7. 
O 2 
20 
6a P 


Figure 2.10 
Exercise 2.8 


Figure 2.11 shows the Great Pyramid of Cheops, with its centre of mass G 
a quarter of its height h above the square base. Originally the pyramid was 
147m high and built on a square base with sides 230m. The stones of the 
pyramid are of limestone. 


(a) Assuming that the density of limestone is approximately 2500 kgm7—°, 
what is the approximate mass of the pyramid? (Hint: Recall that the 
volume of a pyramid is - x base area x vertical height.) 


(b) Estimate the total energy required to lift all the stones of the pyramid 
into place. 


(c) Given that a man can lift approximately 1000 kg of stones through a 
height of 1m in a day, estimate how long a gang of 1000 men would 
have taken to lift all the stones of the pyramid into place. 


3 Collisions 


In this section we shall be concerned with the behaviour of objects when 
they collide. We begin in Subsection 3.1 by defining the concept of linear 
momentum, and we obtain a result that tells us when linear momentum 
is conserved. In Subsection 3.2 we go on to define and explore elastic and 
inelastic collisions. 


3.1 Conservation of linear momentum 


Suppose that two balls, A and B with position vectors r; and rg relative to 
a fixed origin, are moving far out in space, away from any outside influence, 
so there are no external forces. Let m, be the mass of ball A and let mo 
be the mass of ball B. The balls collide, and just after the collision A has 
velocity R; and B has velocity Re, as shown in Figure 3.1. (We shall denote 
correspondingly the position vectors of A and B, relative to the origin, after 
the collision by R; and R».) 
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Figure 3.1 


The system under consideration consists of the two balls A and B, which 
we model as two particles. The impact happens over a very small interval 
of time. During that time interval, B experiences a force F (due to A) and, 
by Newton’s third law, A experiences an equal and opposite force —F (due 
to B). These forces may vary over the very small time interval when the 
balls are in contact, but the important point to appreciate is that they are 
internal forces. Thus, because there are no external forces, the discussion in 
Section 2 tells us that the centre of mass of the system moves with constant 
velocity before, during and after the collision. If we denote the velocity of 
the centre of mass before and after the collision by tg and Rg, respectively, 
we have tg = Rg, where 


: mr, + Mere : mi Ry + m2Ry 
tg = —————_ and Rg = ————.. 
my, +me my + me 
It follows that 
mY, + Mer = mR + moRo. (3.1) 


The quantity 
(mass of A) x (velocity of A) + (mass of B) x (velocity of B) 


has been unchanged by the collision, and this leads us to make the following 
general definitions. 


Definitions 


The linear momentum p of a particle with position vector r is the 
product of its mass m and its velocity r, so 


p=. 


The linear momentum P of an n-particle system is the sum of the 
linear momenta of the individual particles, so 


P=) > mii = Mic, (3.2) 
a 


where m,; and r; represent the mass and position of particle i, M is the 
total mass of the system and rq is its centre of mass. 


Thus Equation (3.1) tells us that the linear momentum of our two-ball sys- 
tem with no external forces is the same before and after the collision, i.e. it 
is conserved. 


We can link linear momentum to the motion of the centre of mass of a sys- 
tem, given by Equation (2.5) as F** = Mig. Differentiating Equation (3.2) 
with respect to time gives P = Mfc, so Equation (2.5) becomes 


Pot — p. (3.3) 


This tells us that the sum of the external forces on an n-particle system is 
equal to the rate of change of linear momentum of the system. The case 
when there are no external forces is particularly simple, for then we have 
P = 0, so the linear momentum is constant throughout the motion. 


As we observed above, the forces acting during a collision are internal forces, 
and so do not affect Equations (2.5) and (3.3). Therefore Equation (2.5) 
tells us that the motion of the centre of mass of an n-particle system is 
unaffected by any collisions between the particles. Equation (3.3) tells us 
that the rate of change of linear momentum of the system is also unaffected 
by any collisions. 


Section 3 Collisions 


The SI units for the 
magnitude of linear 


momentum are kgms~~. 


1 
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In the case where there is no net external force, Equation (3.3) also tells 
us that the linear momentum remains constant despite any collisions, as 
you saw in the two-ball example. Let us now consider what Equation (3.3) 
tells us about the linear momentum (rather than its rate of change) when 
our two-ball system is subject to external forces. With this aim, suppose 
now that the two balls are in the Earth’s gravitational field, as shown in 
Figure 3.2. 


In this case there is a net external force, the combined weight of the balls, so 
F&t = (m, + me2)g, which is constant, and Equation (3.3) becomes 
(m1 + m2)g = P. The collision occurs over a very small time interval of 
length T. If we integrate this equation with respect to time over this time 
interval, we obtain 


T Te. 
| (rm + ma)g at = | Pdi =|P\, : 
0 0 
and it follows that (m1 + m2)Tg = Patter — Phefore- If we suppose that the 
collision is instantaneous, so T = 0 (i.e. if we take the limit as T — 0), then 
Patter = Phefore; in other words, the linear momentum is conserved. 


This result generalizes to any n-particle system. Suppose that we have 
such a system on which the resultant of the external forces is Ft. Over 
a very small time interval of length T, we can take F°** to be constant, so 
integrating Equation (3.3) with respect to time gives 


T TS 
[ etas [ Pdi= (Pl, 
0 


0 


so FT = Paster — Phefore. Hence, for an instantaneous collision, with 
T = 0 (ie. if we take the limit as T — 0), we have Pagter = Phefore- 


This means that, in the presence of external forces, the total linear momen- 
tum of an n-particle system may change over time, but the instantaneous 
collisions of the particles within the system have no effect on the total linear 
momentum. 


Principle of conservation of linear momentum 


The total linear momentum of an n-particle system is not affected by 
(instantaneous) collisions among the particles. Furthermore, in the 
absence of external forces, the total linear momentum of the system 
remains constant. 


By modelling a rigid body as a system of particles (as we did in Section 2), 
this principle can be extended to systems involving rigid bodies and/or parti- 
cles. In particular, it means that if two rigid bodies collide, then the collision 
causes no change to the total linear momentum of the two rigid bodies. 


Example 3.1 


A railway truck A of mass 50000 kg rolls down a slight incline and collides 
with a stationary truck B of mass 30000 kg. After the collision, the trucks 
are coupled together (so that A and B have the same velocity). If the 
speed of A immediately before the collision is 2ms~!, what is the speed 
of the trucks immediately after the collision (assuming that the collision is 
instantaneous)? 
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Figure 3.2 
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Solution 


We ignore the motion of the wheels and model the trucks as rigid bodies. 
Let v be the speed of the trucks after impact. Then, using the notation 
Prhefore 2nd Pager for the total linear momentum before and after impact, 
we have 


|Prefore| = 50000 x 2, 
\P after] = (50000 + 30000) x v. 


It follows from the principle of conservation of linear momentum that 
80000v = 100000 and therefore v= 1.25ms"'. Ml 


Exercise 3.1 


A railway engine of mass M, moving on a straight horizontal track, collides 
with a stationary truck of mass m. The truck becomes attached to the 
engine, and both move off together. Express the speed v of the engine and 
truck immediately after the collision in terms of MM, m and the speed wu of 
the engine immediately prior to the collision. 


3.2 Elastic and inelastic collisions 


Sometimes in a collision between objects, the total kinetic energy of the 
system before and after the collision remains the same, i.e. is conserved. 
However, some of the kinetic energy may be transformed into other forms of 
energy by the collision. We use different terms for the two types of collision. 


Definitions Notice that here we use the 
terms ‘elastic’ and ‘inelastic’ 


If the kinetic energy of a system is the same before and after a collision a Geuiead wenise -aihialy 44 


within the system, then the collision is said to be elastic; otherwise, it somewhat different from their 
is said to be inelastic. everyday usage. 
Example 3.2 


Suppose that a snooker ball A, of mass m, moving with speed 5ms7! in a 


straight line across a smooth snooker table, collides elastically with a similar 
ball B, of the same mass, at rest. Suppose that A hits B head on, i.e. they 
both move along the same straight line after impact as A was moving along 
before impact. Modelling each ball as a particle, predict the speeds of the 
balls after the collision. 


Solution 


Define an x-axis along the line of motion of the balls, with positive direction 
in the direction of motion of A before the collision. Then the velocities of 
A and B before the collision can be written as fy = %,i and fg = “gi, and 
their velocities after the collision as R; = Xji and Ry = Xi, where i is a 
unit vector in the positive x-direction. 


By the principle of conservation of linear momentum, we have 


mari + m£oi = MX1i+ mXoi. 
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Dividing by m and resolving in the i-direction gives 
& +4 = Xy + Xo, 
which, since <; = 5ms~! and £2 = Oms7!, gives 


The kinetic energies of the balls A and B before impact are smart = 2m 


and 5mi3= 0, and the kinetic energies after impact are 5m.X 2 and 5m.X3. 
Since the collision is elastic, kinetic energy is conserved, so we have 


em = imX? + imX3, 
hence 
XG + Xe = 95. (3.5) 


From Equation (3.4), Xy =5 — Xj. Substituting for X in Equation (3.5), 
we obtain 


Xe 4 (GS Xyy S35, 
which simplifies to 
X(X) — 5) =0. 


So there are two possibilities: either X, =5or X; =0. Substituting X,=5 
into Equation (3.4) gives X2 = 0, which is physically impossible (since B is 
in front of A). So X; = 0 and X» =5 (again from Equation (3.4)). In other 
words, after the collision ball A comes to rest, while ball B moves across the 
table with a speed equal to the original speed of ball A. 


*Exercise 3.2 


A railway truck of mass 15 000kg is moving at 4ms7! along a straight track 
and collides with a stationary truck of mass 10000kg. After impact the 
trucks move together along the track. 


(a) What is their combined speed after impact? 


(b) Is the collision elastic? 


In Example 3.2 and Exercise 3.2, the motion before and after impact was 
along the same straight line. Also only one object was moving before impact. 
In the next example there is still only one object moving before impact, but 
the directions of motion of the two objects after impact are along different 
straight lines. This sort of collision, referred to as an oblique collision, occurs, 
for example, when one ball strikes a glancing blow on another, as illustrated 
in Figure 3.3. 


Example 3.3 


A white snooker ball A, moving parallel to the sides of the table with speed u, 
collides obliquely with the stationary black ball B (which is equidistant from 
two of the end pockets), as shown in Figure 3.4. As a result, the black ball 
moves off at an angle of 7 to the original direction of motion of the white 
ball, and ends up in the pocket at the top of Figure 3.4. If the collision is 
elastic and each ball has mass m, find the speeds of the balls after impact 
and decide if the white ball is likely to enter a pocket. 
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Figure 3.4 
Solution 


We choose axes as shown in the figure, with origin at the original position of 
the black ball. Modelling the balls as particles and using rj, rg and Rj, Ro 
for the velocities of A, B just before and just after impact, respectively, we 
have 


rj =ul and ro=0, 


where i and j are Cartesian unit vectors in the positive x- and y-directions, 
respectively. We are told that the direction of motion of the black ball after 
impact is at an angle of 7 to the x-axis, so 


Ry = ((Re| cos =) i+ (|Ro| sin ak = 4 |Roli + 4|Rolj = Vit Vi, 
where V = alRel: Also, if 6 is the angle made with the x-axis by the white 
ball’s direction of motion after impact, then 

R; = ((R| cos 0) i+ (| sin 8) j = Vzi + Vyj, 
where V, = |Rj|cos@ and V, = {R;| sin @ denote the components of the white 
ball’s velocity after impact. 

The principle of conservation of linear momentum gives 

mui = m(Vzi + Vyj) + m(Vi+ Vj). 

Resolving in the i- and j-directions in turn and dividing by m, leads to 

Vz=u-V and V,=-—V. (3.6) 
As the collision is elastic, kinetic energy is conserved, so we have 

smu” = 5m(V2 + V2) + Em(V2V)?. 


If we substitute the values for V, and V, obtained in Equations (3.6) and 
divide by 5m, then this equation becomes 


w= (e=— VP eV 2 ov’, 
which simplifies to uV = 2V?. 


Section 3 Collisions 


We measure the angles in an 
anticlockwise direction from 
the positive z-axis as usual, 
so (from Figure 3.4) we 
expect @ to be negative. 
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We know that V 4 0, therefore V = }u, and Equations (3.6) give V;, = 5u, 
V,=- FU. Hence the speeds of the white ball and the black ball after impact 
are, respectively, 


ial = /V2 + V2 =u and [Re] = V2V = hu. 
Also, tan = (|Ri|sin@) / (|Ru|cos#) = V,/Vp = 1 and hence 6 = —%, 


so the white ball moves off at an angle of 7 to its original direction of 
motion, towards the bottom pocket shown in Figure 3.4. 


However, although the white ball is travelling in the general direction of the 
bottom pocket, notice from Figure 3.4 that its diagonal motion does not 
start at exactly the same point as that of the black ball, but rather slightly 
below and to the left of it. So although it goes close to the bottom pocket, we 
need to know more about the size of snooker balls, the dimensions of snooker 
tables and the geometry of snooker table pockets before we can make any 
firm conclusion about whether it enters the bottom pocket. (Even with all 
this information, we still could not be sure because our two-particle model 
takes no account of aspects of the physical situation such as the rolling 
motion of the balls.) 


*Exercise 3.3 


A white snooker ball, travelling with speed u, collides with a stationary green 
ball. As a result, the green ball moves off at an angle of % to the original 
direction of motion of the white ball. Modelling the balls as particles of 
equal mass m, and assuming that the collision is elastic, find the velocity of 
each ball after the collision. Also determine the direction of motion of the 


white ball after the collision. 


Exercise 3.4 


A particle of mass m, travels in the positive x-direction with speed u. An- 
other particle of mass mz travels in the positive y-direction with the same 
speed u. The particles collide and then move off together with the same 
velocity. Find the velocity of the particles after the collision. Is the collision 
elastic? 


End-of-section Exercise 


Exercise 3.5 


A particle of mass m, collides with a particle of mass m2. Their velocities 
are v, and vg, respectively, before impact, and V; and V2, respectively, 
after impact. 


(a) If my = mg = 3, v1 = 21, v2 = 0, Vi =i+j and V2 =i —j, show that 
the collision is elastic. 

(b) If my = 1, mg = 3, vy = 214+-j, vo =jand V; = V2 = sit+j, show that 
the collision is inelastic, and find the decrease in kinetic energy due to 
the collision. 
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4 Newton’s law of restitution 


Here we look at the relationship between the relative velocities of objects 
before and after collisions. 


Although some collisions are elastic, usually we expect there to be some 
transfer of energy when objects collide. So most collisions are inelastic. To 
obtain information about velocities after an inelastic collision, where kinetic 
energy is not conserved, we can use Newton’s law of restitution, a law that 
is well supported by empirical evidence. 


The starting point for this law is the experimental observation that if you 
drop a ball onto a flat fixed horizontal solid surface, then the height to which 
the ball rebounds appears to be a fixed fraction of the original height. 


If the ball is dropped from a height H and rebounds to a height h, then it 


appears that ball is dropped. 


h=cH ; from this height 
where c is a constant (with 0 < ¢ <1) depending both on the material of ball bounces 
the ball and on that of the surface. If c= 1, then the ball rebounds to its ; to this height 


original height; if c = 0, then the ball does not bounce. A steel ball dropped al delve hist 


onto a steel plate would provide an example of a collision where c is close after impact 
to 1; on the other hand, a ball of a material like putty would hardly bounce, x ? Xi 
so c would be almost zero. | 

Vv 


: ‘ flat 

If we model the ball as a particle of mass m, then (relative to a datum at acs 

the surface) the potential energy of the ball as it is dropped is mgH, and #iV velocity 3 

its potential energy at the top of the first bounce is mgh = cmgH. So, with nena ae 

each successive bounce, a fixed fraction of the ball’s energy is lost (we shall 

see later where it has gone). Suppose that the velocities are zi and Xi just Figure 4.1 

before and after the first impact, as shown in Figure 4.1. We can apply the 

law of conservation of mechanical energy to the one-dimensional motion of The law of conservation of 

the ball before impact and after impact (but not during impact, as then mechanical energy for 

there is an extra force due to the impact). The law applied to the motion one-dimensional motion was 
; : discussed in Unit 8. 

before impact gives 


2 — mgH, 


smi 
and after impact gives 

dmX? = mgh = cmgH. 
Therefore X? = ci:?, so X = —,/cé (since the velocity changes direction). 
We normally replace the constant \/c by e, which is known as the coefficient 
of restitution between the ball and the surface, so 


X = -ek. 
This means that the velocity of the ball after impact is —e times its velocity 


before impact. 


This result holds not only for balls bouncing on surfaces, but also for any 
instantaneous collision between any two objects moving along the same line, 
in which case it takes the form 


relative velocity after impact 
= —e x relative velocity before impact. (4.1) 


Notice that if e = 1, then the speed is the same before and after impact, 
and hence so is the kinetic energy. Therefore e = 1 corresponds to an elastic 
collision, while e < 1 corresponds to an inelastic one. 
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Exercise 4.1 


Suppose that there is a collision between a ball A, of mass mj, which is 
moving with velocity r;, and a ball B, of mass m2, which is moving with 
velocity f2. Suppose also that both balls are moving along the same straight 
line, and that the coefficient of restitution between the balls is e. 


(a) Find the velocities of the balls after impact in terms of the velocities 
before impact. 
(b) Use your results to provide an alternative solution to Example 3.2. 


Exercise 4.2 


A ball of mass m; moves with speed u across a smooth table and collides 
head on with a stationary ball of mass mz (so the motion before and after 
impact takes place along the same straight line). Given that the coefficient 
of restitution between the balls is e, and assuming that the balls can be 
modelled as particles, show that the kinetic energy lost from the system due 
to the collision is 


mymo(1 = e*)u? 
2(m4 + mg) 


Consider a ball bouncing on a smooth fixed horizontal solid surface. When 
the ball is dropped onto the surface, the only forces acting on the ball at the 
moment of impact are the weight of the ball and the normal reaction of the 
surface on the ball. These forces are vertical and act along the line of motion, 
so their effect changes the velocity of the ball but not its line of motion, which 
remains vertical. Suppose now that the ball is not dropped but is thrown 
so that it strikes the surface at an angle, as in Figure 4.2. At the moment 
of impact, the forces acting on the ball are still just the weight and the 
normal reaction, and these are both vertical. So the impact affects just the 
vertical component of the ball’s velocity — there is no force with a horizontal 
component to affect the horizontal component of the ball’s velocity. If the 
velocities before and after impact are t = “i+ yj and R = Xi+ Yj, where i 
and j are horizontal and vertical Cartesian unit vectors, then we have X = é. 
Also, applying Equation (4.1) to the vertical components of the velocity, we 
have Y = —ey, where e is the coefficient of restitution between the ball and 
the surface. The kinetic energy just before impact is 5m (a + y’), and the 


kinetic energy just after impact is 5m (x + -) a 5m (a + ery"). 


As before, these ideas can be extended to collisions between any two objects, 
one or both of which may be moving, provided that the areas of contact 
between the objects during impact are both smooth (i.e. frictionless) and lie 
on the same tangent plane, as illustrated in Figure 4.3. In our mathematical 
models of colliding objects, the objects are often spheres or planes, in which 
case the proviso about the areas of contact lying on the same tangent plane 
is automatically satisfied, but the ideas can be applied to collisions between 
objects of other shapes too. We shall also need to assume that neither object 
is rotating, or at least that any rotation can be ignored — this assumption is 
reasonable in many cases. (The assumption that an object can be modelled 
as a particle implies that any rotation of the object can be ignored — see 
Unit 6.) 


As for the ball bouncing obliquely on a surface, only the component of the 
velocity perpendicular to the tangent plane of contact is affected by the 
collision. At a point of contact, the direction perpendicular to the common 
tangent plane is referred to as the common normal; this is illustrated in 
Figure 4.3. 
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Figure 4.2 
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If there is significant rotation, 
then other forces come into 
play and affect the results. 


Section 4 


Thus we have the following result, which as we noted earlier is well supported 
by empirical evidence. 


Newton’s law of restitution 


In an (instantaneous) collision between two smooth non-rotating ob- 
jects, where the area of contact at the moment of impact lies on a 
common tangent plane, the velocities parallel to the tangent plane re- 
main unchanged before and after impact. Also we have 


parallel to the common parallel to the common 


relative velocity component relative velocity component 
normal after impact normal before impact 


where e is the coefficient of restitution for a collision between the 
two objects. 


To see how we can make use of this law, suppose that two smooth balls 
A and B of the same radius, of masses m; and mg, are moving along a 
smooth horizontal surface before colliding. Assume that any rotation can 
be ignored. The situation is illustrated in Figure 4.4, which also shows the 
common tangent plane at the point of impact and Cartesian unit vectors i 
and j in the direction of the tangent plane and perpendicular to it (in the 
direction of the common normal). Figure 4.4 also shows the velocities of the 
balls before and after impact. 


common 
tangent 
plane 
just. before just after 
impact impact 
Figure 4.4 

From Newton’s law of restitution, we have 

yi = X41, Loi = Xoi, (Y4 = Y)j = —e(y — Y2)J, (4.2) 


where e is the coefficient of restitution for the balls. Also, the principle of 
conservation of linear momentum gives 


my (@1i + gj) + mo(doi + goj) = ma (Xi + Vij) + mo(Xoi + Yoj). (4.3) 
Resolving in the j-direction in Equations (4.2) and (4.3) gives 

Y — Yo = -e(tn — #2), 

miyi + may2 = mY + me2Y2. 


Newton’s law of restitution 


These equations can be solved for Y; and Y> to give You solved the equivalent 


(m1 — em2)y1 + ma(1 + e) yo 


Y, = ; 
my + mg 

Y= my(1 + e)j1 + (m2 — emy) Ho 
mi + me 


So, given e and the velocities before impact, we can find the velocities after 
impact. 


equations using ws rather 
than ys in Exercise 4.1. 
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Example 4.1 


Figure 4.5 shows the head of a golf club A just before and just after it strikes 
a golf ball B. Just before impact the ball is stationary and the head of the 
club is moving horizontally with speed u. The mass of A is 9m and the 
mass of B is m, the coefficient of restitution between the club and the ball 
is 0.8, and the face of the club is inclined at an angle a as shown in the 
figure. Model the club head and the ball as smooth objects and ignore any 
rotational effects. Estimate the loss of kinetic energy caused by the collision. 


common common 
tangent plane tangent plane 


A Xai ¥oj 
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impact impact 
Figure 4.5 
Solution 


Choosing the Cartesian unit vectors as shown in Figure 4.5, we can write 
the velocity of A just before impact as 


411+ Hj = (usina)i+ (ucos a)j, 
while the velocity of B just before impact is 0. 
By Newton’s law of restitution, we have 
Xyisai, Xoi=aei, (Yi —Yo)j = —e(qi — ye)i. 


Resolving in the i- and j-directions, and substituting in known values, we 
obtain 


xy = ¢, = usina, 
Xo = %2= 0, 
Y, — Y2 = —0.8(ucos a — 0) = —0.8ucosa. (4.4) 


Also, the principle of conservation of linear momentum gives Equation (4.3), 
which, resolving in the j-direction, using known values and dividing through 
by m, gives 


9ucosa = 9Y, + Yo. (4.5) 
Solving Equations (4.4) and (4.5) for Y, and Yo, we obtain 
Yi = 0.82u cosa, Y> = 1.62ucosa. 


We now have enough information to be able to compare the kinetic energy 
just after impact with the kinetic energy just before impact. The kinetic en- 
ergy of the system just before impact is $(9m)u? = 4.5mu?. The velocity of 


the club head just after impact is Xji+¥Y1j = (usin a)i+ (0.82ucos a)j, and 
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The ‘spin’ imparted to a golf 
ball by a golf club can be very 
important, as any golfer will 
tell you. 


Outcomes 


the velocity of the ball just after impact is Xi + Yoj = 0i+ (1.62ucos a)j, 
so that their combined kinetic energy just after impact is 


5 (9m) (wu? sin? a + (0.82)?u? cos? a) + 5m(1.62)?u? cos? a 
= (4.5sin? a + 4.338 cos? a)mu? 
= (4.5 — 0.162 cos? a)mu?. 


So the model estimates that the kinetic energy of the system has decreased 
by 0.162mu? cos?a. ll 


In Unit 8 we showed that the total mechanical energy of certain one-particle 
systems is conserved, but in this section we have shown that the mechanical 
energy decreases in an inelastic collision. What has happened to this energy? 


It is a basic assumption of physics that the total energy of a system is 

conserved. So either our model is inadequate, or some of the mechanical 

energy has been converted into another form of energy. Actually, it is a bit 

of both. During a collision, a little of the mechanical energy is converted 

into sound energy, and some is converted into heat energy; but much of the You met heat energy in 
‘missing’ energy still exists in the form of mechanical energy — it is just Unit 14. 


that our particle model is too crude to detect it. For the golf ball, some of the 
‘missing’ energy is in the 
Exercise 4.3 spinning motion of the ball. 


Two smooth non-rotating balls A and B of equal mass m slide on a fric- 

tionless horizontal table and undergo an inelastic collision with coefficient Such a collision is sometimes 
of restitution e = 0. Before the collision, A has speed u while B is station- called a plastic collision. 
ary. After the collision, B moves off at an angle 7 measured clockwise from 

the direction of approach of A. Let i be the unit vector in the direction 

of motion of B. Let j be the unit vector obtained by rotating i through 

5 anticlockwise in the plane of the horizontal table. Find the velocities of 

both balls after the collision. 


(Hint: The vector j lies in the common tangent plane for the collision.) 


End-of-section Exercise 


Exercise 4.4 


A rubber ball is dropped from rest onto a horizontal floor, and after bouncing 
twice it rebounds to half its original height. Calculate the coefficient of 
restitution between the ball and the floor. 


Outcomes 


After studying this unit you should be able to: 

e find the centre of mass of a system of particles; 

e determine the motion of the centre of mass of a system of particles; 

e find the centre of mass of certain homogeneous rigid bodies; 

e use the centre of mass to calculate the potential energy of a homogeneous 
rigid body; 

e apply the principle of conservation of linear momentum to collisions 
between objects; 

e apply Newton’s law of restitution to collisions between objects. 
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Solutions to the exercises 


Section 1 


1.1 (a) Resolving the forces into components gives 
T, = —|T2|i and Ty, = —|Tyli. Resolving Equa- 
tions (1.1) and (1.2) in the i-direction then gives 

mig — |T2| = mi fi, 

m2g — |T4| = M2k2. 
To progress further we need to relate %, and %2, and to 
relate |T2| and |T,|. Using the assumption that the ca- 
ble is inextensible gives x, + x2 = constant, as quoted 
in the question. Differentiating this twice gives the de- 
sired relation between the accelerations of the lift and 
the counterweight: #, = —d2. To find relationships be- 
tween the magnitudes of the tension forces, we use the 
assumptions that the cable is a model string and the 
pulley is a model pulley to obtain |T2| = |T,| (model 
string), |Ti| = |T3| (model pulley) and |T3| = |T4| 
(model string again). Putting these together gives 
|T2| = |T4|, which we can substitute into the above 
equations to obtain 

mig — |T2| = —miza, 

m2g — |T| = M2%2. 
Eliminating |T2| by subtracting the first equation from 
the second gives 

m2g — Mig = M2X2 + m1X9. 
Rearrangement gives the acceleration of the lift: 

me di ea (6.1) 

My + m9 


(b) Substituting for %2 in Equation (1.2) gives 
mogit+tT4= m2 (! 


Rearranging gives 


Ty = mag (M1) 


my, + Me 
= tigg (MT | 
my+™Ms 
2m1m29 . 
= ara Lone 


From part (a) we have |T,| = |T2| = |T3] = |Tal, 

so the magnitude of the tension in the cable is 

2myme2g/(m1 + mg). 

(c) Resolving Equation (1.3) in the i-direction gives 
—|S| + |Ti| + |Ts3| = 0. 


From part (a) we have |T1| = |T2| = |T3| = |T4|, so 
4 
sites 
my, + M2 
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(d) Substituting the given values m; = 1000kg and 
mz = 1065kg into the equation for the acceleration of 
the lift (Equation (S.1)) gives 
dq = 65g/2065 ~ 0.31 ms~”. 
The speed of the lift after the lift has travelled 100m 
can be calculated using the constant acceleration for- 
mula v? = ve + 2ax, where vo is the initial speed of the 
lift (zero in this case). Substituting in the values gives 
v? ~ 0? +2 x 0.31 x 100 = 62. 
So the speed of the lift after travelling 100m is 
V62 ~7.9ms~'. This is more than fast enough to give 
the occupant a nasty bump! This explains why such a 
design is impractical: a lift that travels with constant 
acceleration (either up or down) could be quite danger- 
ous. 


1.2 The internal forces are T;, To, T3, Ta, Ts, Te, 
T7 and Ts. The external forces are S;, S2, Wa and 
We. The total force is F = 8; + So + Wy + Wea. 


1.3 Since the radii of the Earth and the Moon are small 


compared with their distance apart, we can model each 
as a particle so that we have a two-particle system. 


3.86 x 10° km 


5.97 x 10% kg 7.39 x 10 kg 


Ol 5 
Earth — Moon 
1 
i 1 —~—_—_—>| 
1.27 x 10¢km 3.5x10km 


If we choose an x-axis joining the centre of the Earth to 

the centre of the Moon, as shown in the figure, with the 

centre of the Earth at the origin, then using the defini- 

tion of centre of mass we have, working in kilometres, 
MEarthl Earth TF Moon? Moon 


ro = 
MEarth 7 ™7Moon 


(5.97 x 104) x 0 + (7.39 x 1022) x (3.86 x 105) 
5.97 x 1024 + 7.39 x 1022 


~ 4720i. 
So the distance from the centre of the Earth to the cen- 
tre of mass of the Earth/Moon system is about 4720 km; 
but the radius of the Earth is about 6350 km, so the cen- 
tre of mass of this system is about 1630km below the 
Earth’s surface. 


1.4 (a) The force diagram is shown below. 


The only internal forces are those due to the rod, R, 
and R»z. The remaining forces — the weights W, and 
Wo», the normal reaction forces N; and Ng, and the 
friction forces F, and F, — are all external forces. 


(b) We define axes as shown below, with origin at the 
initial position of the upper particle. 


Jj 
a 
/ My 
rl 


Equation (1.13), F** = Mig, gives 
W,+We+N,+No4+Fi+Fo 
= (mi + m2)¥G, (S.2) 
where rg = Zi is the position vector of the centre of 
mass relative to O. We have 


W) = m1g((sin a)i — (cos a)j), 

W»2 = mog((sin a)i — (cos a)j), 

Ni =|Nilj, No = |Nolj, 

F, =—|F,|i, Fo = —|Foli. 
Also, |Fi| = w’|Ni| and |F2| = w’|No|. 
Thus Equation (S.2) becomes 


myg((sin a)i — (cos a@)j) + meg((sin a)i — (cos a)j) 


+INilj + |Nalj — w’|Nili— u'|Noli = (mi + ma) Zi. 


Resolving in the i- and j-directions in turn gives 

(my + ma)gsin a — p'(|Ni| + |No!) 

= (m+ ma)ia, (8.3) 

—(m, + mz)gcosa+|Ni|+|No| = 0. (S.4) 
From Equation (S.4) we have 

INi| + |Nal = (m1 + m2)g cos a. 
Substituting this into Equation (S.3) gives 

(m1 + m2)g(sin a — pcos a) = (m1 + ma)xe, 
which simplifies to 

iq = g(sina — p’ cosa). (S.5) 
This is the required equation of motion for the centre 


of mass. 


(c) Changing the rod to a light spring would change 
only the internal forces; the external forces would re- 
main the same. Similarly, removing the rod would not 


Solutions to the exercises 


change the external forces. So in both cases the equa- 
tion of motion of the centre of mass will be as in part (b). 


(d) You saw in Unit 6 (e.g. Example 3.2 and Exer- 
cise 3.4) that the equation of motion of a particle sliding 
down an inclined plane is 

a= g(sina — p’ cosa), 
where a is the acceleration of the particle and a is the 
angle of incline. This is identical to Equation (5.5) with 
%g replaced by a. Thus the motion of the centre of mass 
of a two-particle system sliding down an inclined plane 
is the same as the motion of a single particle sliding 
down the plane. 


1.5 The equation P = 2mzgi still holds, so that 
tg = |P|/(2m). But now d is constant, so 74 = rg —d 
and tp = rq4+d give #4 = iG = Xp. Hence A, B and 
G all move with the same fixed acceleration |P|/(2m). 
The system moves as a rigid body and there is no oscil- 
latory motion. 

We denote the forces on particles A and B due to the 
model rod by Ry and Rg. Applying Newton’s second 
law to particle A gives 


5|Pli. 

Also, since Rg = —Ra, we have Rg = —3|P|i. So the 
forces exerted by the rod on A and B have half the mag- 
nitude of P and are directed from each particle towards 
the centre of the rod. 


Ry = mi,i = migi 


1.6 There are no external forces, so from Equa- 
tion (1.13) we have tg = 0, and it follows that tg =c 
(a constant). Now 
mxrA + MLB LA+ZrB 
w~G = = ’ 
m+m 2 
where r4 = vai and rg = zpi are the position vectors 
of A and B. So 
es tA+x£B _ 
2 
Initially, we have «4 =0 and tp = 6, soc=3. In- 
tegrating the equation <g = 3 with respect to time 
gives xg = 3t + 1.5 (because the centre of mass is ini- 
tially at « = 1.5). Substituting ¢ = 0.5 into this gives 
tg = (3x 0.5) +1.5 = 3 and xp = 3, therefore we must 
also have x4 = 3, i.e. the particles collide at t = 0.5. 


1.7 Not a chance! If we consider the ship and the alien 
as a two-particle system, then, from Newton’s third law, 
any force that the alien exerts on the ship is met by an 
equal and opposite force from the ship on the alien. In 
other words, nothing the alien does can affect the exter- 
nal forces acting on the system, so he cannot change the 
motion of the centre of mass of the two-particle system. 
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1.8 We can use notation similar to that of Example 1.2, 
using xzgi as the position vector of the centre of mass G 
(which is mid-way between A and B), and xyi, and xpi 
as the position vectors of A and B, all with respect to a 
horizontal z-axis with origin at the position of A before 
the force is applied. As in Example 1.2, the motion is 
in a horizontal plane, so the vertical forces must sum to 
zero. From Equation (1.13) we have 
P = F™ = (m4 + map)ig = 100%. 

The string is taut and inextensible, so A, B and the 
centre of mass have the same acceleration, and in par- 
ticular Zpi = ZGi. Let T be the force exerted by the 
string on B. Then applying Newton’s second law to B 
we have 


It follows that T = — sP, so, if the string is not to break, 
the magnitude of P must not exceed 20N. 


1.9 Choose the wire to lie along the z-axis, and sup- 
pose that the particles are moving in the positive direc- 
tion. The forces acting on each particle are its weight 
W, the normal reaction N of the wire and friction F 
(which acts at right angles to the other two). We have 
N = —W and |F| = pw’ |N|. If particle A has mass m4 
and particle B has mass mg, then the friction force 
on A is Fy = —p’magi and the friction force on B 
is Fg = —p/mpgi. Since the normal reactions and 
weights cancel each other out, the total external force is 
F&' = Fy + Fp = —p'/(ma+mp)gi. Hence, by Equa- 
tion (1.13), we have 
—p'(ma + mep)gi = (ma + maja, 

giving tf¢g = —p’gi = —0.4gi. So the centre of mass ac- 
celerates at 0.4gms~? in the direction opposite to that 
of the motion of the particles. (Notice that the masses 
of the particles do not affect this result.) 


1.10 We choose the x-axis to lie along the track in the 
direction of the external force. Using Equation (1.13) 
with F** = 20i and M = 5kg, we have 20i = 5g, so 
¥g = 4i. Therefore the common acceleration of the par- 
ticles is 4ms~?. Applying Newton’s second law to the 
first particle, we obtain 


internal force = 4 x 4i = 16i, 


so the internal forces have magnitude 16N. 


Section 2 


2.1 (a) If we let i denote a unit vector in the positive 
x-direction, then we have particles of mass m at the 
points r; = 0, rg = 4i and r3 = 6i, relative to O. From 
Equation (2.1) we have 
= mr, + mrg + mr3 = 0+ 41+ 61 _ 10: 

= mt+tm+m | 3 — a 
(b) Similarly, 

O+i+4i+5i+6i 46. 
te= 5 = 51. 
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2.2 (a) Let i be a unit vector in the positive z- 
direction. The most obvious way to calculate the centre 
of mass is to use Equation (2.1), giving 

mxO+mx 2i+mx4it+tmx6i  12mi 


rg= = ) 
. m+tm+m+m 4m 


so rg = 3i. 

Alternatively, in this case, the centre of mass can also 
be found by inspection, since the system is symmetric 
about the point (3,0). So this is the centre of mass, i.e. 
'o= 3i. 

(b) To find the position vector of the centre of mass, 
relative to O, consider Cartesian unit vectors i and j in 
the positive x- and y-directions. Now use Equation (2.1) 

mr + mrg + MmYr3 


r — 
’ m+m+m 


0+ 21+ (i+ V3j)_ 

a 3 = 1 al 
Alternatively you could have used symmetry. In this 
case notice that the particles are at the corners of an 
equilateral triangle (the fact that (V3) +1? =4 tells 
us that the sloping sides are each of length 2). So the 
centre of mass is at the geometric centre of the triangle. 


If you know that the geometric centre of an equilateral 
triangle is one third of the way up the perpendicular 
from a base to an apex, then you can write down the 

: , : es 1 *\) os 1s 
equation immediately as rg = i+ 4 (V3j) =i+ wai: 
(This result is proved later, on page 116.) 


2.3 The squares are of equal size and hence of equal 
mass, m say, with centres of mass at 


rc, = dai+ 3aj, rg, = dai+ $aj, rg, = Sai+ $aj. 
Hence, using Equation (2.1), the centre of mass of the 
whole shape is rg at position vector 

m(4ai + 3aj) +m(Sai+ aj) +m($ai+ dai) 


3m 


= 2ai + 3aj, 
which, as expected, is the same as the result we obtained 
in Example 2.1. 


2.4 The uniform density and constant cross-sectional 
area mean that the problem reduces to a_two- 
dimensional one. One way to find the centre of mass 
of the two-dimensional cross-section is to divide it into 
triangles as in Figure 2.8(b), and to find the centre of 
mass of each. 


Relative to the origin at O shown above, the position 
vectors of the centres of mass G1, G2, G3 and G4 are 
rq, = —ai+ zhj, rq, = 2 hj, 
re; = $hj, TG, = ai+ 3hj, 
where h is half the height of the sculpture (as shown), 
and i and j are Cartesian unit vectors in the positive x- 
and y-directions. 


If we model the equilateral triangles as particles of mass 
m (say) at G1, Gp and G3, then the fourth triangle can 
be modelled as a particle of mass 5m at G4. Then Equa- 
tion (2.1) gives the centre of mass of the cross-section 
rg as 
m(—ai + $hj) + m(2hj) + m(Zhj) + gm(Zai + hj) 
m+m+—+m+ 3m 
255 1 1975 

~sait hi 4. | 19): 
7 =~ gai + a7 hj. 


2 
Since rq lies to the left of O, we find that the sculpture 
will not topple over. 


Alternatively, you could notice that the lightly shaded 
part of the cross-section on the right above is symmetric 
about the y-axis and so its centre of mass will lie on the 
y-axis. Hence the whole cross-section, with the darker 
shaded triangle added, must have its centre of mass to 
the left of O, so that the sculpture will not topple over. 


2.5 Taking a datum at ground level, the height of the 
centre of mass above the datum is 2h when upright and 
th when lying down. So the change in potential energy 
is Mg x 2h— Mg x $h= 3Mogh. 


2.6 The total external force on the ball is its weight 
Mg, so, from Equation (2.5), we have 

Mg = Mire, 
which gives fg = g, so the centre of mass of the ball ac- 
celerates downwards with the acceleration due to grav- 
ity. Taking this as the direction of the x-axis, we have 
'q= tai and 

ig =4g. 
So the acceleration is constant and we may use the con- 
stant acceleration formula v? = vg + 2aox from Unit 6. 
In this case we have 

#@ = [ea (0)]" + 2gh = 2gh, 
since the ball starts from rest. So the velocity of the 
ball after falling a distance h is \/2gh. 
(Notice that these equations are exactly what we would 
have obtained if we had modelled the ball as a particle.) 
The change in the potential energy is —Mgh. 


2.7 The solid shape is composed of two cylinders with 

radii a and 3a, each with thickness 2a. The centre of 

mass lies on the axis of symmetry (the x-axis in Fig- 

ure 2.10). The positions of the centres of mass of the 

two cylinders, G, and G2, relative to O are given by 
rg, =ai and rg, = 3ai. 

The volume of the smaller cylinder is given by 


V, = na? x 2a = 273, 


Solutions to the exercises 


while the volume of the larger cylinder is given by 
Vo = n(3a)? x 2a = 187°. 
If the density of the material is p, then the correspond- 
ing masses are 
m1 =2npa* and mz = 18zpa?. 
From Equation (2.1) we have 


2mpa3(ai) + 187pa%(3ai) 44, 
= = Sai. 


*G 207pa3 


The centre of mass is a little to the left of Go, as we 
would expect. The object will not topple over because 
14a/5 > 2a, so the centre of mass is to the right of the 
point P in Figure 2.10 (the leftmost point of contact 
with the surface). 


2.8 (a) The volume V of a pyramid is given by 
V= $ x base area x vertical height, 

so in this case we have 
V = } x (230)? x 147 = 2592100 m’*. 

Hence the total mass is approximately 
2592100 x 2500 ~ 6.48 x 10° kg. 


(b) The centre of mass is a quarter of the height above 
the base, which in this case is h/4. The total energy 
required to lift all the stones from ground level is 


Mog(h/4) = (6.48 x 10°) x 9.81 x 147/4 
~ 2.34 x 10! J. 


(c) According to the question, the energy a man can 
expend in a day is 1000g J. So the total number of days 
required by 1000 men is approximately 
2.34 x 1012 

1000 x 9.81 x 1000 
A gang of 1000 men would therefore take about 
652 years. (This figure is certainly a low estimate, since 
it takes no account of friction in the system used to lift 
the stones, nor the time taken to construct the lifting 
mechanism. However, we can be reasonably sure that 
it would have taken 1000 men more than 600 years to 
lift the stones to the appropriate heights, which gives 
some idea of the scale of the enterprise.) 


~ 2.4 x 10° days. 


Section 3 


3.1 If we take i to be a unit vector in the direction of 
motion, then the total linear momentum of the system 
just before the collision is Ppefore = Mui+ m0 = Mui, 
and the total linear momentum just after the collision 
is Parter = (M + m)vi. If the collision is instantaneous, 
then the principle of conservation of linear momentum 
tells us that 


Mui = (M+ my)vi. 
Resolving in the i-direction and rearranging, we obtain 
v= Mu/(M+m). 
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3.2 (a) We define an x-axis along the track in the di- 
rection of motion of the first truck before impact. Let 
the trucks have masses m, and mz, and velocities be- 
fore impact ry = “ji and rg = “i. Then the total linear 
momentum before impact is 
my £ i + maxi = 15000 x 41+ 10000 x O = 60 000i. 
After impact, the combined mass of 25000kg moves 
with speed V say, so the linear momentum is 25 000Vi. 
By the principle of conservation of linear momentum, 
60 000i = 25 000Vi, 
therefore V = 2.4ms7!. 


(b) The kinetic energy before impact is 


Lin a? + Lmya3 = 415 000(4)? = 120000, 


while after impact the kinetic energy is 
25 000(2.4)? = 72000 J, 


so the collision is not elastic. 


3.3 Choose the positive x-direction to be along the di- 
rection of motion of the white ball before the collision, 
and the positive y-direction to correspond to a positive 
j-component for the velocity of the green ball after the 
collision, where i and j are Cartesian unit vectors in the 
positive x- and y- directions. The situation is illustrated 
in the figure below. 


tL 
green 


i ball 
PDD 


ote 


litt 
“ball O22 


If ie and Re are the velocities of the white and green 
balls, respectively, after the collision, then we have 


= (|Ri|cos 4)i + (|Ri| sin 0)j = Uzi + U,j, 
where U, = [Ri|cos@ and U, = |Ri|sin@, and 
Ry = ({R2| cos aie (|Ro| sin ad 
= 5Vi+ BVj, 
where V = |Ro| is the speed of the green ball. Also, if 


r; and re are the velocities of the white and green balls 
before the collision, then we have 


rij =ui and ro=0. 
Therefore, by the principle of conservation of linear mo- 
mentum, 

mui = m(Uzi+ U,j) + m(fVit+ ¥8Vj). 
Resolving in the i- and j-directions and dividing by m 
gives 


u =U, + $V, 
0=U, + Vv. 


This gives the velocity of the white ball after the col- 
lision in terms of the speed of the green ball after the 
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collision as 
— _v3 
Uy =—*V. 
To determine the remaining unknown, V, we use the 


fact that the collision is elastic; so kinetic energy is con- 
served and we have 


ey a ae 


2 
=5m ((u —4V)?+ BV)?) + + mV*, 
ry 


which, after simplifying and ee $m, becomes 
uV = 2V?. Since V # 0, we have V = 4u. Therefore 
US Su, 
Uy = —Bu, 


and so the velocities of the balls after impact are 
Ri =u (fi- i) and Re =u (fi + ¥3j). 


Also, tan@ = U,/Uz = veD so 0 = —1/6. So the white 
ball moves off at an angle 7/6 below the z-axis. 


3.4 Suppose that the velocity of the particles immedi- 
ately after the collision is V. Then, from the principle 
of conservation of linear momentum, we have 


mui + mguj = (mi + m2)V. 
It follows that 
ve u(myzi + maj) _ mu i 4 mM2u j. 
m1 + me my + me m1 + me 


The kinetic energy before impact is $(m + mz2)u?, 


while the kinetic energy after impact is 


2 2 
myzU ; mau 
T 
my + Me my + Me 
my + M92 


The collision is therefore not elastic. (The loss of kinetic 
energy is m,mgu?/(m, + mz2).) 


3.5 (a) If my = m2 = 3, vy = 21, vo =O and 
V, =i+j, V2 =i-—j, then the kinetic energy just be- 
fore impact is 
$(3 x 4+3x 0) =6, 
and the kinetic energy just after impact is 

sm|Vi|? + $m2|Vo|" = 3(3 x2+3-x 2) = 6. 


Therefore the collision is elastic. 


smi|vi| + $m2|Vvo|" = 


(b) We are given m, = 1, mz = 3, v1 
and Vi = Vo 
impact is 


2i+j,v2=J 
= si + j, so the kinetic energy just before 


3(1 x54+3x1)=4, 
and the kinetic energy just after impact is 
$m|Vi|? + 4m2|V9|? 
= a(1 x 1.254-3.% 1.25) = 2.5. 


As there is a loss of kinetic energy, the collision is in- 
elastic. The decrease in kinetic energy is 1.5 joules. 


smy|vi|? + $m2|V9|" = 


Section 4 


4.1 (a) Take the positive z-axis to be in the direction 
of motion of ball A before impact, and let i be a unit 
vector in this direction. Then we can write the veloci- 
ties of the balls before impact ast = Kyi and fo = Zi, 
and after impact as Ry; = Xji and Rp = Xoi. Mod- 
elling the balls as particles, we can use the principle of 
conservation of linear momentum to obtain 

my,£y4i + MHI = m Xi + myXoi. 
Also, Equation (4.1) gives the relative velocity after im- 
pact as 

i Xoi= e(a1i £9). 


Resolving both equations in the i-direction gives 


mye + Moke = m1 X1 + m2Xo, 

X, — X_ = —e(a#, — a). 
Eliminating X, between these equations, we obtain 

mya, + mote = m1 (Xq — e(41 — £2)) + m2Xo 

= (m, + m2)X2 — ems (41 — £2), 
so 
my(1 + e)a1 + (mez — em, )x2 
my, +™Ms : 


Therefore 
Xi = Xs = e(a1 = £2) 


-_ (m4 = emg) £4 “TF ma(1 Ale e)&o 


my T M2 
So the velocities after impact are 


R, = (m4 = em2)X1 + ma(1 - e)&2 i, 
my, + mg, 
m,(1 + e) a4 + (mg = em) x2 i 


Ro = 


mi + M2 
(b) The situation here is the same as in Example 3.2 
with my = m2 =m, #, = 5ms—!, 2 =Oms! and 
e = 1 (since the collision is elastic), so we have 


; —m)5+m(1+1 

X,= (m m)5 m{ = 0 - oms7, 
m+rm 

. 1 15+ = 

Hye MEDS (m=m)O ga 
m—+—m 


as in Example 3.2. 


4.2 Let U and V be the speeds after the collision of 
the balls of masses m; and mg, respectively. If we let 
i be a unit vector in the direction of motion, then the 
principle of conservation of linear momentum gives 


myui = mUi+t+ mVi, 
so, resolving in the i-direction, we obtain 
myu =m U + mV. 


Equation (4.1) gives the relative velocity after impact 
as 


Vi—Ui= -—e(0 — ui), 
so, resolving in the i-direction, we obtain 
V-U=-—e(0—u) = eu. 


Solutions to the exercises 


Solving these equations for U and V, we find that 

yo end VS 
My + ms. 

The change in kinetic energy is 


1 2 1 2 1 Vos, 
gnu = ($m,U + 5™M2V ) = 


using the values for U and V found above. 


(Notice that when e = 1, no kinetic energy is lost from 
the system and the collision is elastic.) 


4.3 We choose Cartesian unit vectors as shown in the 
figure below, which also shows the common tangent 
plane at the moment of impact, and the velocities of 
A and B just before and just after impact. 


common. 
tangent plane 


mit nj x 
4 
just. 
before 
impact A 
LL, 
ee i 
Xl + Vij 


just x ai 
after 
impact, 


Using the fact that A has speed u just before impact 
while B is stationary, from the figure we see that 


Hit+nj= (ucos Fyi+ (usin *)j = qgui+ qu: 
toi + Yyoj = 0. 


So, by Newton’s law of restitution and noticing that the 
common normal is parallel to i, we have 


Xi—-Xs= e(&@1 — £2) = equ, 


NM == yu Y2 = to =0. 
Since e = 0, we have X, = Xo. Now, using the principle 
of conservation of linear momentum, we obtain 

mai + yj) + m(kei + Yo) 

= m(Xii+ Vij) + m(Xoi + Yoj), 
so, resolving in the i-direction and dividing by m, we 
have 

é1 +42 =X, + Xo, 
and hence xX + Xs = +». Therefore, since x — ber 


‘ v2 
we have X; = Xo = sya and the velocities just after 
impact are 
Mit Vij = pguit Fu, 
Xoi+ Yoj = popu. 


(In the question you were told that the common tan- 
gent plane at the moment of impact is perpendicular 
to the subsequent direction of motion of B. This piece 
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of information is, in fact, redundant. Ball B was orig- 
inally stationary, so after impact it must move in the 
direction perpendicular to the common tangent plane, 
ie. in the direction of the common normal.) 


4.4 Let the ball start from height hy. By using con- 
servation of energy we have mgh, = smu}, where v1 is 
the speed of the ball just before the first bounce. The 
speed of the ball just after the first bounce is given by 
v2 = ev, using Newton’s law of restitution. By con- 
servation of energy, we have mgh2 = $mv3, where hz 
is the maximum height after the first bounce. Putting 
these together, we have 


mghz = 4mvz = Zm(ev))” = e? x mghi, 
i.e. ho = e7hy. 
Similarly, we find that the height h3 after the second 
bounce is related to the height before the second bounce 
by h3 = e?hg, so hg = e*h;. But we are told that 
h3 = shi, so et = $ and hence 


1 
e= —= 7 0.84. 
V2 


136 


UNIT 20 Circular motion 


Study guide for Unit 20 


This unit is about the motion of a particle in a circle. It builds on several 
ideas from earlier units, mainly: 

e polar coordinates (Unit 4); 

e vectors (Unit 4); 

e torque (Unit 5); 

e Newton’s second law (Unit 6). 


Some of the ideas in this unit are extended in Unit 27 from the motion of a 
particle to the motion of a rigid body, and in Unit 28 to the elliptical orbits 
of planets. 


You should study the sections of this unit in the order in which they are 
presented. Sections 1 and 4 will each take about one study session. Section 2 
is longer and will need two study sessions. Section 3 is somewhat shorter 
and should take only half a study session. 


ede 
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Introduction 


The theme of this unit is rotational motion. We shall concentrate mainly 
on analysing the circular motion of a particle. This can be used to model 
a wide range of situations, such as a child on a swing, the pendulum of a 
clock and a chair-o-plane roundabout (see Figure 0.1) at the fairground. 


Figure 0.1 


Many fairground rides depend for their thrills on the forces involved in cir- 

cular motion. We shall be able to use our model of the chair-o-plane, for 

example, to answer such questions as the following. 

e Will a child swing out at a greater angle than a heavier adult? 

e Will the people on the outside swing out at a greater angle than those 
on the inside? 

e How does the angle at which people swing out depend on the speed of 
rotation of the roundabout? 


These questions will be answered in Subsection 2.5. 


Before we are able to answer questions such as these, we need to investigate 
the motion of a particle moving in a circle. In Section 1 we derive expressions 
for the velocity and acceleration of a particle moving in a circle. In Section 2 
we apply Newton’s second law to uniform circular motion, i.e. motion in a 
circle with constant speed. In Section 3 this is extended to non-uniform 
circular motion. Section 4 starts to look beyond circular motion to the 
concepts that are needed to analyse more general rotational motion. 


1 Describing circular motion 


Consider an object following a circular path at constant speed. This might 
be a particle, attached to an inextensible string, swung round in a circle; or 
a vehicle following a circular path on a ‘bowl’ racetrack or part of a circle 
when cornering. In this section we shall analyse this motion. We do so 
first in Cartesian coordinates and subsequently in polar coordinates, after 
an intervening subsection revising the differentiation of vector functions. 
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1.1 Circular motion in Cartesian coordinates 


In this subsection we take a first look at circular motion, using Cartesian 
coordinates. Some simple features of the motion will be derived, which can 
be compared with more general results derived later. 


You saw in Unit 1 that the point (cos 6, sin 0) lies on a circle of radius 1 and 
centre (0,0). More generally, (Rcos0, Rsin@) lies on a circle of radius R We use (r,0) to denote a 


and centre (0,0). If t denotes time and a is a constant, then a particle with general point in polar 
position coordinates and (R, 6) to 


denote a point on the circle of 
(Ros (at), Rsin (at)) radius R, i.e. R is a constant. 


at time t will move on a circle of radius R with centre (0,0). The line joining 

the particle’s position to (0,0) makes an angle 0 = at with the positive x-axis 

and this angle is changing with time at a constant rate qa, i.e. 8=a. The 

quantity w = |a| = |6| is the angular speed of the particle (the definition The angular speed has units 
w = |6| applies even when @ is not constant). of radians per second. 


The motion considered in this subsection, where @ is constant, is called 
uniform circular motion. If the motion is circular and 6 is not constant, 
then the motion is called non-uniform circular motion. 


To study the mechanics of an object moving in a circle at constant angular 
speed, we need to know its velocity and acceleration. Choosing Cartesian 
unit vectors i and j as shown in Figure 1.1, the position vector of the particle 


is given by 
r = Rcos(at)i+ Rsin(at)j. (1.1) We have 
Ir|[= 1 R2 cos?(at) + R2 sin?(at) 
=> R, 
J the radius of the circle. 
| YA 
i (Rcos(at), Rsin(at)) 
r 
at 
O x 
Figure 1.1 


Before looking at the general case of a particle moving uniformly in a circle, 

try the following exercise. 

Exercise 1.1 

A particle has position vector r at time t given by 
r(t) = 3cos(4t)i + 3sin(4t)j. 

(a) Find the velocity vector r(t) and the acceleration vector ¢(t) of the 
particle at time t. 

(b) What is the magnitude of the acceleration vector ¢(t)? 


(c) Show that £(t) is of the form —cr(t), where c is a positive constant. 
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Now consider again the case of a particle with position vector given by 
Equation (1.1), and differentiate to obtain the particle’s velocity 


v=r=-—aRsin(at)i+ aRcos(at)j 
= aR(- sin(at)i + cos(at)j). (1.2) 


What can we deduce about the velocity from this expression? First, v has 
magnitude 


|v| = eR? sin?(at) + a? R? cos?(at) = |a|R = wR. 


So the object moves with speed wR. Since both w and R are independent 
of t, the speed of the particle is constant. (The velocity is not constant 
because its direction is changing.) Secondly, notice that 


r-v = (Rcos(at)i+ Rsin(at)j) - (— aRsin(at)i + aR cos(at)j) 
= —aR? cos(at) sin(at) + aR? cos(at) sin(at) 
="); 
You saw in Unit 4 that if the dot product of two non-zero vectors is zero, 
then they are perpendicular. So the particle’s velocity v is perpendicular to 


its position vector r. This is illustrated in Figure 1.2, which shows that the 
velocity v is tangential to the circle that the particle is tracing. 


Differentiating the velocity vector v (Equation (1.2)) gives the acceleration 
a= ft = aR(—acos(at)i — asin(at)j) 

= —a*R(cos(at)i+ sin(at)j) 

=-o'r 

= —w"r. (1.3) 
Since this vector is a negative multiple of r, the acceleration is towards 
the centre of the circle (see Figure 1.2). The magnitude of the acceleration 
is wR. Since |v| = wR, the magnitude of the acceleration can also be written 


as |v|2/R. This form is useful if we know the speed of the particle, rather 
than its angular speed. 


The main results derived above are summarized below. 


Motion in a circle at constant angular speed 

For a particle moving in a circle of radius R with constant angular 
speed w: 

e the speed (the magnitude of the velocity) is a constant, |v| = wR; 
e the direction of the velocity is tangential to the circle; 

e the acceleration has constant magnitude, jal = w?R = |v|?/R; 

e the direction of the acceleration is towards the centre of the circle. 


Since a particle moving in a circle in this way has a non-zero acceleration, 
it must be subject to some force, say F. By Newton’s second law, this force 
must act in the same direction as the acceleration a, i.e. towards the centre of 
the circle. Such a force might be provided by a string attaching the particle 
to the centre of the circle. Alternatively, if the particle is constrained to move 
in a circle by following a track, the track must exert a sideways force on the 
object (the force acting towards the centre of the circle). If the particle has 


mass m, then Newton’s second law gives F = ma = —mw*r. The force is 


towards the centre of the circle and has magnitude mw*R, or m|v|?/R. 
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Note that R is a constant 
(the radius of the circle). 


a 
| ee 


Figure 1.2 


If a particle follows a circle of 
radius R at a constant 
speed |v], then it has a 
constant angular speed |v|/R, 
and these results apply. 


Section 1 Describing circular motion 


The results listed in the summary box on page 140 are sufficient to solve 
some problems involving circular motion, such as the following exercise. 


Exercise 1.2 


A miniature locomotive of mass 40 kilograms is following a circular track of 
diameter 200 metres at constant speed. It completes one circuit in 50 sec- 
onds. What is the magnitude of the sideways force exerted by the track on 
the locomotive? 


In the form of motion discussed in this subsection, we have a particle subject 
to a force at right angles to its direction of motion. The effect of this force 
is not to change the magnitude of the particle’s velocity (the speed remains 
constant), but to change the direction of the velocity. In general, forces in 
the direction of motion change the speed, while forces at right angles to the 
direction of motion change the direction. 


Exercise 1.2 was tractable because a single force is causing the circular mo- 
tion. In order to solve more complicated problems involving circular motion, 
we need to be able to resolve forces radially and tangentially. For this we 
need appropriate unit vectors. The radial and tangential unit vectors are 
introduced in Subsection 1.3, but first we revise the differentiation of vector 
functions, which was introduced in Unit 6. 


1.2 Differentiation of vector functions 


In Unit 6 you saw that, if f(t) = fi(®)it+ fo(Hj+ fs(t)k is a vector function 
of t, where i, j, k are the (constant) Cartesian unit vectors, then 


f(t) = fi(d)it fo(t)j + fa(O)k. (1.4) 

We can use this result to obtain rules for differentiating sums and products 

of vectors. 

Example 1.1 

If the scalar c and the vector f are both functions of the scalar variable t, For ease of reading, we 

show that frequently write f, f;, etc., 
d de df rather than f(t), f;(t), etc., 
—(cf) = —f+c—. i.e. omitting explicit reference 
dt dt dt to the variable t. 

Solution 


We write the vector function f in Cartesian component form as 
f= fiit foj + fk, 


sO 


cf = (cfi)i + (cfa)j + (cfs)k. 


To differentiate cf, we apply Equation (1.4) and differentiate the three com- 

ponents cfi, cfg and cf3. These are products of scalar functions and so 

we can use the rule for differentiating the product of two scalar functions, 
giving 

d dc df; 

chi) = ,+¢ 

a | fi) rear? 


(i = 1,2,3). 
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Therefore 
d _ (de dfi\ . dc dfz\ . de dfs 
dc,,. : df;,  df2. . dfs 
= k 
efit fal + fal) +0 (Pi + ast di ) 
di de’ 


which is the required result. 1 


*Fxercise 1.3 


If the vectors f and g are both functions of the scalar variable t, show that 


d df de 
ut’ 8) ae ae 


We can similarly derive the rules for differentiating the other possible com- 
binations of scalar and vector functions. 


Rules for differentiating vector functions 


If the scalar c and the vectors f and g are functions of the scalar vari- 
able t, then 


“(f+g) a+, 

S (ef) = St+ 0%, 
“(f-g) - + i, 
Lx e)=Oxgrtx &. 


These rules will prove useful in the next subsection. 


Exercise 1.4 


Differentiate f-f, where f is a vector function of the scalar variable t. 


In the above exercise you showed that 


d df 
ait’ f) ets 


This leads to an important result for a vector of constant magnitude. If e is 
such a vector, then e- e = |e|? = constant. So 


d 
—(e-e) =0. 
ao 
Using the result of Exercise 1.4, this leads directly to 
de 
e-— =0. 
dt 
Hence, if a non-zero vector e has constant magnitude, its derivative de/dt 
is always either zero or perpendicular to e. 
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The rules for differentiating 
products bear a strong 
resemblance to the rule for 
differentiating the product of 
two scalar functions. Note 
that in the rule for 
differentiating a cross product 
the order of the factors in 
each term is important. 
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1.3 Circular motion in polar coordinates 


If position is given in Cartesian coordinates (x, y), then it is natural to write 
the position vector r in terms of the Cartesian unit vectors i and j, i.e. 


r(t) = ai + y(Oi. (1.5) 
Then the velocity and acceleration vectors are 

v(t) = #(t) = ei + H(D;. (1.6) 

a(t) = v(t) = F(t) = £(t)i+ H(t). (1.7) 


The ease of derivation of Equations (1.6) and (1.7) from Equation (1.5) is 
due to the fact that i and j are constant vectors. Only the coordinates x 
and y, which are functions of time t, vary during the motion. 


However, for a particle P moving in a circle (as shown in Figure 1.3), it is 
convenient to use polar coordinates (r,@), with an origin O at the centre of 
the circle, to describe the position vector r of the particle. With this choice of 
coordinate system, the coordinate r is a constant for circular motion (being 
the radius of the circle) and only the coordinate 6 is a function of time t. 
However, in order to discuss the motion of a particle in a vector context using 
polar coordinates, we need to introduce two orthogonal unit vectors e, and 
eg (see Figure 1.4). In the same way that i and j are unit vectors in the 
directions of increasing x and increasing y, respectively, e, is a unit vector in 
the direction of increasing r (the radial direction) and eg is a unit vector 
in the direction of increasing 0 (the tangential direction). Although the 
vectors e, and eg have constant magnitude (they are unit vectors), their 
directions depend on the position of the particle P, and hence on the time t. 
This is illustrated in Figure 1.5, which shows two different positions of P 
(moving in a circle). 


oO 


Figure 1.4 


Figure 1.5 


Before we obtain expressions for the position, velocity and acceleration of 
the particle P in terms of e, and eg, we need to express each of e, and eg 
as a linear combination of i and j. Take the Cartesian coordinate system 
to have its origin at O, the centre of the circle, and take the positive x-axis 
to lie along the line from O from which the polar coordinate 6 is measured, 
as shown in Figure 1.6. First let us consider e,. From Figure 1.6, the x- 
component of the unit vector e, is cos@, whereas its y-component is sin 0, 
So 


e, = (cos #)i+ (sin 6)j. (1.8) 


*Exercise 1.5 


Find an expression for the unit vector eg in terms of i, j and 0. 


P 


Figure 1.3 


You met polar coordinates in 
Units 1 and 4. 


Two vectors are orthogonal 
if they are perpendicular to 
each other. 


In contexts where the motion 
is not circular — and 
sometimes even when it is — 
the direction of increasing 6 is 
called the transverse 
direction. 


i @  €r 
Pp 1 "sin @ 
cos@ 
r 
id > 
oO Q 
Figure 1.6 
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In Exercise 1.5 you showed that 

eg = (— sin 6)i + (cos6)j. (1.9) 
Equations (1.8) and (1.9) show that e, and eg are functions of the polar 
coordinate angle 0. 
Exercise 1.6 
Show explicitly that the vectors 

e, = (cos @)i+ (sin@)j, e9 = (—sin6)i+ (cos 6)j, 
form an orthogonal pair of unit vectors, i.e. that they satisfy the conditions 


er:e@rp =1, eg-eg=1, e,-e9 =0. 


We also need to express the time derivatives e, and €g in terms of e, and eg. 
Differentiating Equation (1.8) with respect to time (since @ is a function of 
time) using the Chain Rule, we obtain 


é, = (— sin @)0i + (cos 0)6j = 0((— sin 0)i + (cos 4)j) = deg, 


where we have used the expression for eg given by Equation (1.9). 


*Exercise 1.7 


By differentiating Equation (1.9) with respect time and using Equation (1.8), 
show that 


€o = —6e,.. 


Since e, and eg are orthogonal, é, = deg is perpendicular to e, and, in 
addition, ég = —Oe, is perpendicular to eg. These are special cases of the 
result proved after Exercise 1.4 that the derivative of a non-zero vector of 
constant magnitude is always either zero or perpendicular to that vector. 


Plane polar unit vectors e, and eg 


Given a plane polar coordinate system and a two-dimensional Cartesian 
coordinate system with the same origin O, where the positive x-axis 
corresponds to the axis from which the polar coordinate # is measured, 
then the plane polar unit vectors e, and eg are related to the Cartesian 
unit vectors i and j by 


e, = (cos @)i+ (sin 6)j, (1.8) 
eg = (—sin 8)i+ (cos 6)j. (1.9) 
The derivatives with respect to time of the plane polar unit vectors are 
é, = dep, (1.10) 
é9 = —Oe,. (1.11) 


We are now in a position to obtain expressions for the position r, the velocity 
v =r and the acceleration a= v = r of a particle P moving in a circle of 
radius R, say (see Figure 1.7), in terms of the unit vectors e, and eg. For 
any point on the circle r = R, the position vector of P is in the direction 
of e, and so can be expressed as 


r= Re,. (1.12) 
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Differentiating Equation (1.12) with respect to time, and remembering that 
Ris a constant, we have 


r= Re,. 
Using Equation (1.10), this may be written as 
t = Réeg. (1.13) 


*Exercise 1.8 


By differentiating Equation (1.13) with respect to time, remembering that 
? and eg are functions of time but that R is a constant, show that the 
acceleration of a particle moving in a circle of radius R is 


# = —R0’e, + Roeg. (1.14) 


It is useful to collect together the results that apply whenever the motion 
is circular (both uniform circular motion (considered in Section 2) and non- 
uniform circular motion (considered in Section 3)). 


Position, velocity and acceleration in plane polar coordinates 
for circular motion 


In plane polar coordinates, the position, velocity and acceleration of a 
particle moving in the circle r = R are 


r= Re,, (1.12) 
r= Réeo, (1.13) 
i = —RO'e, + Roep. (1.14) 


It is geometrically clear (see Figure 1.8) that the velocity of a particle mov- 
ing in a circle is tangential to the circle and Equation (1.13) confirms this. 
On the other hand (see Figure 1.9), the acceleration has a radial compo- 
nent _R6e, (arising from the rate of change of the direction of the velocity) 
as well as a tangential component Réeg (arising from the rate of change of 
the speed). Furthermore, the component of the acceleration in the radial 
direction is negative, which indicates that the acceleration of a particle mov- 
ing in a circle has a component of magnitude RO directed inwards, towards 
the centre of the circle. This inward component is commonly called the 
centripetal acceleration, but you must remember that the acceleration 
for circular motion in general also has a non-zero tangential component. 


The above boxed results are the generalization of the results of Subsec- 
tion 1.1 to motion where the angular speed is not constant. If the angular 
speed is constant (i.e. the circular motion is uniform), then 8 = constant 
and @ = 0, so Equation (1.14) reduces to # = —ROe, and the acceleration 
is solely towards the centre of the circle, as you saw in Subsection 1.1. 


End-of-section Exercises 


Exercise 1.9 


A particle is moving on a unit circle centred on the origin O, i.e. on the 
circle r = 1. Its polar coordinate angle @ at time t is given by 0(t) = t?. 
Find the velocity and acceleration of the particle at time t. 


Rées 
KR P 
R 
AE 


Figure 1.8 Velocity 


Figure 1.9 Acceleration 
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2 Uniform circular motion 


The previous section derived formulae that apply whenever an object is 
moving in a circle. This section considers the special case where the angular 
rate of rotation is constant, i.e. uniform circular motion. Non-uniform 
circular motion is studied in Section 3. 


2.1 First examples 


We begin with a summary of results from Section 1 specialized to the case 
of uniform circular motion, i.e. the case where 0 = 0. 


Kinematics of uniform circular motion 


Consider a particle moving in a circle of radius R, with centre at the 
origin O, having a constant rate of rotation @ and hence a constant 
angular speed w = |6]. 
(a) The velocity of the particle is 
t= Roeo, (2.1) 
i.e. the velocity of the particle is purely tangential and has constant 
magnitude v = |t| = R|O| = Rw. 
(b) The acceleration of the particle is 


2 


¢= _ Rie, = —Ruw’e, = Fer (2.2) 


i.e. the acceleration is directed towards the centre of the circle and 
has constant magnitude |f| = RO = Rw? = v2/R. 
(c) The time taken for one complete revolution of the circle is 


27 
— 2.3 
; (2.3) 


*Exercise 2.1 


A fly sits at the tip of the minute hand of aclock. The hand has length 0.5 me- 
tres and can be assumed to move with constant angular speed. Find the 
angular speed, the speed and the magnitude of the acceleration of the fly. 


If there are no forces acting on a particle, then, by Newton’s first law, it 
will either remain at rest or move with constant speed in a straight line. 
Therefore, if the particle moves on a circular path, there must be some force 
or forces causing it to do so, even when the circular motion is uniform. In 
Subsection 1.1 you saw that a particle moving on a circle of radius R with 
constant angular speed w and constant speed v is being accelerated towards 
the centre of the circle with an acceleration of magnitude Ru* = v?/R. If 
the particle has mass m, then Newton’s second law states that there must 
be a force 
2 
F=mr= —mRue, eee e; 
R 

acting on the particle. This force is directed towards the circle’s centre and 
has constant magnitude. There is no tangential component of the acceler- 
ation and so there is no component of the total force (i.e. resultant force) 
acting on the particle in this direction. 
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This follows from wt being 
the magnitude of the angle 
measured from the x-axis at 
time t, and the period being 
defined as the time for this 
angle to equal 27. 
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Similarly, there is no component of the resultant force acting at right angles 

to the plane of the motion. To be able to use this fact to solve problems 

we need to introduce a third unit vector k, which is perpendicular to the 

plane of motion and whose direction is chosen so that the unit vectors e,, 

eg and k form a right-handed system. An example of such a right-handed You met the term 

system is shown in Figure 2.1. right-handed system in 
Unit 4. 

Example 2.1 

Two particles A and B, of equal mass m, are connected by a model string 

that passes through a small smooth hole in a smooth horizontal table. Par- 

ticle A is on the surface of the table, while particle B is suspended beneath 

the table. Particle A describes circles of radius R with constant angular 

speed w, as a result of which particle B is static. Find the angular speed of 

particle A. 


Solution 


Without loss of generality, we can assume that particle A moves in an an- 
ticlockwise direction, when viewed from above the table. We shall describe 
the motion of particle A using a polar coordinate system in the plane of the 
table surface with origin at O, where O is the centre of the circle described 
by particle A. The situation, together with the force diagrams for the two 
particles, is shown in Figure 2.1. T, and T2 are the tension forces due to 
the string on particles A and B, respectively, W, and W>» are the weights 
of particles A and B, respectively, and N is the normal reaction of the table 
on particle A (there is no friction force since the table is smooth). 


2 k 
wwe - N T: 
BoA 
oO Te Tht 
Ti 
Wi Wo 


particle A particle B 


Figure 2.1 


First consider particle B. There are two forces acting on this particle: the 
tension force Tz = |T2|k due to the string and its weight W2 = —mgk, 
where k is a unit vector pointing vertically upwards. Since particle B is 
static, the total force acting on it is zero, so 


T2+ W2 =0, 
that is, 
|T2|k — mgk = 0. 
Hence, resolving in the k-direction, we obtain |T2| = mg. The vectors e,, eg and k are 


' : . . mutually perpendicular, so we 
Now consider particle A. There are three forces acting on the particle: the Gan resolve in these directions 


tension force T; = —|T,|e, due to the string, the normal reaction N = |N|k _ in the same way as for the 
of the table on the particle and its weight W1 = —mgk. Applying Newton’s Cartesian unit vectors i, j 
second law to particle A gives and k. 

mr=T,+N+ Wi, 
that is, 


—mRu*e, = —|Ty\e, + |N|k — mgk. 


147 


Unit 20 Circular motion 


Resolving in the direction of e, gives 
|T,| = mRu”. 


Since we have a model string and a smooth hole, |T;| = |T2| and so 
mRuw* = mg. Thus w*? = g/R and w= \/g/R. Hence the angular speed 
of particle Ais \/g/R. 


Exercise 2.2 


A particle P of mass m moves in a circle with constant angular speed w 
on a smooth horizontal table. It is attached to an end of a model string of 
length /. The other end of the string is fixed to a point on the table. What 
is the tension in the string? 


*Exercise 2.3 


A particle A of mass m lies on a smooth horizontal table and is attached, by 
a model string that passes through a smooth hole in the table to a particle B 
of mass 2m that is suspended below the table. Particle A describes a circle 
of radius 40cm with constant speed on the table, so particle B remains at 
rest. Calculate the speed v of particle A. 


Exercise 2.4 


A child places a small toy on a playground roundabout and spins the round- 
about so that it describes one complete revolution every two seconds. The 
toy stays at the same point relative to the roundabout while the latter ro- 
tates. The coefficient of static friction between the toy and the roundabout 
isuw= 5: By modelling the toy as a particle and the roundabout as a horizon- 
tal disc rotating uniformly about its centre, show that the greatest possible 


distance of the toy from the centre of the roundabout is about 0.5 metres. 


2.2 Geostationary satellites 


An interesting application of uniform circular motion concerns communica- 
tions satellites. Some of the most important satellites are those with geosta- 
tionary orbits, i.e. those satellites which maintain a fixed position relative to 
the Earth’s rotating surface. Signals can be sent to and from such a satellite 
without the need to adjust continually the orientations of the transmitter 
and the receiver. In order that the geostationary satellite should maintain 
its position, it must have a circular orbit in the equatorial plane and an 
orbital period of one sidereal day, so its angular speed is w = 27/T, where 
T = 1 day = 23.9343 x 60 x 60seconds. Hence w ~ 7.292 x 107~> rads7!. 


The force causing the circular motion, in this case, is the gravitational force 
of attraction on the satellite due to the presence of the Earth. This force is 
attractive and directed towards the centre of the Earth. Empirical evidence 
has shown that it is well modelled by 


GmM 
Ir|° 

where m is the mass of the satellite, M is the mass of the Earth, r is the 

position vector of the satellite with respect to the centre of the Earth (as 


shown in Figure 2.2) and G is a constant, known as the gravitational 
constant, whose value in SI units is G = 6.673 x 107'! Nm? kg”. 


r= i (2.4) 
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The sidereal day is the time 
required for a complete 
rotation of the Earth relative 
to a particular star. You will 
examine this later in 
Example 4.1. 


Figure 2.2 
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Equation (2.4) is a special case of Newton’s law of universal gravitation, 
which models the gravitational force between any two particles. 


Newton’s law of universal gravitation 


The gravitational force of attraction exerted on a particle of mass mj, 
by a particle of mass mg is 


Gmym 
F=—-——y, (2.5) 
[r|° 
where r is the position vector of the particle of mass mj, relative to 
the particle of mass m2, and G = 6.673 x 107! Nm? kg~? is the grav- 
itational constant. 


To use Newton’s law of universal gravitation to model the gravitational force 
on a geostationary satellite, we assume that we can model the Earth and 
the satellite as particles (evidence shows that this assumption is reasonable). 
Using polar coordinates in the equatorial plane, with origin at the centre 
of the Earth, the position vector of the satellite can be written as r = Re,, 
where R is the radius of the orbit (see Figure 2.3). So Equation (2.4) can Figure 2.3 
be written as 
GmM 
F = pg 
Applying Newton’s second law to the satellite, we obtain 


GmM 
R2 


—mRu*e, = — e,, 


which leads to 


M 
R= been 
WwW 


Now the mass of the Earth is M = 5.977 x 10*4 kilograms. Substituting the 
values of G, M and w into the above equation, we obtain 


R~ 4.217 x 10° metres. 


The equatorial radius of the Earth is 6378.2 kilometres and so all geostation- 
ary satellites must orbit approximately 35 800 kilometres above the Earth’s 
surface. 


Exercise 2.5 


A good approximation for planetary motion is to assume that a planet orbits 
in uniform circular motion around the Sun under the action of their mutual 
gravitational attraction. Model the Sun and the planet as particles, take the 
origin at the centre of mass of the Sun, and take R to be the radius of the 
planet’s orbit around this origin, so the position of the planet is r = Re,. 
Newton’s law of universal gravitation then tells us that a good model of the 
gravitational force on the planet is 


GmM 
B= pe 
where m is the mass of the planet and M is the mass of the Sun. Verify 
that the square of the period T of the orbit is proportional to the cube of 


the radius of the orbit, i.e. T? x R°. 
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2.3 Conical pendulums 


So far in this section we have considered examples of motion where the force 
causing the circular motion is in the plane of the motion. In the following 
two exercises you are asked to consider examples where this is not the case. 


*Exercise 2.6 


A conical pendulum is a pendulum whose bob traces out a horizontal circle, 
rather than a vertical circle. The pendulum can be modelled as a particle 
of mass m, joined by a light model rod of length / to a fixed point. As 
the particle traces out a horizontal circle below the fixed point, the rod 
traces out a cone whose semi-vertical angle a is the inclination of the rod to 
the vertical (see Figure 2.4). Assume that, for any given angle a, the bob 
performs uniform circular motion. 


(a) Determine the tension in the rod. 


(b) Find an expression for the angular speed w of the bob in terms of g, 1 
and a, and for the angle of inclination a in terms of g, | and w. 


You saw in Exercise 2.6 that the angular speed of a conical pendulum is 
given by w = \/g/(lcosa), where | is the length of the pendulum rod and a 
is the angle the rod makes with the vertical. For a fixed J, this means that w 
depends solely on a. As a increases, so does w (since cos a decreases), and 


W 00 as a— 5. 


The fact that the angular speed of a conical pendulum depends on the angle 
made with the vertical is used in the design of governors of steam engines, 
which regulate the supply of steam to the engine (see Figure 2.5). A model 
of a governor is illustrated in Figure 2.6. It consists of two light rods AB 
and AC, freely hinged at A to a vertical shaft AG that is rotated by the 
engine. At the other ends of the rods are two equal weights at B and C. 


Two other light rods DE and DF are freely hinged to the rods AB and AC, 
and to a collar at D that can slide freely up and down the shaft AG. A lever 
is attached to the collar at D and operates a valve that admits steam to the 
engine — as the collar rises the amount of steam is decreased. 


So when the angular speed of the shaft increases as more steam enters the 
engine, the weights at B and C rise and pull the collar at D up the shaft. 
This shuts off some of the steam entering the engine and the speed of rotation 
is decreased. Similarly, when the speed of rotation decreases, the collar at D 
falls and more steam is admitted to the engine. 


Exercise 2.7 


A simple model of a steam governor assumes that, in Figure 2.6, the points 
B and E coincide, and the points C and F' coincide, i.e. that the rods DE 
and DF are freely hinged at B and C. From the symmetry of Figure 2.6, 
we need model only one half of the governor, i.e. two rods and one weight, 
and one half-collar at D. We model the rods and the shaft as light model 
rods, the weight as a particle P and the half-collar as another particle. 


Assume that the half-collar particle remains in smooth contact with the 
shaft, so there is no friction and the only force on the half-collar particle 
due to the shaft is the normal reaction. 


Also assume that there are no friction forces at any of the hinges, that both 
particles have the same mass m and that both rods have the same length J. 
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Figure 2.4 


Figure 2.5 Courtesy of the 
Science Museum Science and 
Society Picture Library. 


Figure 2.6 


The particle P rotates about the shaft in a horizontal circle with constant 
angular speed w. The model is shown in Figure 2.7. Because both rods have 
the same length, each rod makes the same angle a@ with the vertical. 


(a) Determine the tensions in the rods. 


(b) Find an expression for the angular speed w in terms of g, |! and a, and 
for the angle a of inclination in terms of g, | and w. 


(Hint: For fixed values of w and a, the half-collar particle does not move.) 


2.4 Cornering 


In this subsection we look at the application of the formulae for circular 
motion to the real-world problem in the following example. 


Example 2.2 


Consider a vehicle of mass m moving at constant speed v around a circular 
bend of radius R as shown in Figure 2.8(a). Suppose that the road has a 
horizontal surface, i.e. it is not banked or cambered. 


(a) If the coefficient of static friction between the vehicle and the road is p, 
what is the maximum constant speed v at which the vehicle can go 
around the corner without slipping? 


(b) Suppose that the vehicle is driven around a roundabout on a circle of 
radius 15 metres at a constant speed of 10ms~! without skidding. What 
does this imply about the coefficient of static friction? 


Solution 


(a) 


Model the vehicle as a particle, at position X. Choose the e,, eg and k 
coordinate system shown in Figure 2.8. 


The forces acting on the vehicle are not all in one plane, so it is hard 
to draw a complete force diagram. Figure 2.8(b) shows the forces in a 
vertical plane through the vehicle and the centre of the circle, which are 
the weight W, the normal reaction N and the sideways friction force F. 
There are other forces acting on the vehicle, e.g. air resistance and the 
force propelling the vehicle. For the purposes of this model, we shall 
lump them together as one force C, whose magnitude is unknown but 
whose direction is along the direction of travel, i.e. tangential to the 
circle and perpendicular to the plane shown in Figure 2.8(b). 


er 


(a) (b) 


Figure 2.8 Vehicle following a circular bend at constant speed 
(a) viewed from above (b) viewed from the side, showing a vertical plane 
through OX and the forces acting in this plane. 
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Figure 2.7 


It may seem odd to use the 
coefficient of static friction 
here. However, there is no 
sideways motion between the 
tyres and the road. 


The vehicle is being treated as 
a particle, so W is the weight 
of the vehicle together with 
its occupants. The normal 
reaction N is the resultant of 
the separate forces acting at 
each tyre/road contact. 
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Applying Newton’s second law to the vehicle gives 
N+W+F+C=ma. (2.6) 


Now we model the forces that appear in this equation. By inspection 
of Figure 2.8(b), we have W = —mgk, N = |N|k and F = —|Fle,. By 
definition, the force C is tangential to the circle, so C = |Cleg. Since the 
vehicle is moving in a circular path at constant speed, the acceleration 
is a= (—v?/R)e,. Now we can resolve Equation (2.6) in each of three 
orthogonal directions. 


Resolving Equation (2.6) in the eg-direction gives 


resolving Equation (2.6) in the k-direction gives 
IN|— mg =0, (2.8) 
and resolving Equation (2.6) in the e,-direction gives 
2 
mu 
—|F| = ——_—. 2.9 
| = -™ (2.9) 


From Equation (2.7) we see that the forces tangential to the circle must 
balance, since we have uniform circular motion. This justifies the mod- 
elling assumption that we can lump them all together. 


From Equation (2.8) we obtain |N| = mg, so, by the force model for 
static friction, we have 


IF| < uN] = wmg. 
But from Equation (2.9) we obtain |F| = mv?/R, which we can substi- 


tute into this inequality to obtain 


mv? 


R= Lng, 
that is, 
vu? < Rg. (2.10) 


So the maximum (constant) speed at which the circular bend can be 
negotiated without skidding is v = /uRg. 


(b) We have v = 10ms~! and R= 15 metres. So, from expression (2.10), 
we require that 
vu 100 
L2 a= = 
Rg 15x 9.81 
So the coefficient of static friction must be at least 0.68 to avoid skid- 
ding. Hf 


0.68. 


Exercise 2.8 


Suppose that the coefficient of static friction between a particular car and 
the road in dry conditions is 1.3, and assume that the car follows a circular 
path at constant speed. 


(a) At what speed could the car be driven around a roundabout on a circular 
path of radius 10 metres in dry conditions without skidding? 


(b) What would be the smallest radius of the roundabout that would enable 
the car to drive around it in dry conditions at 15ms~!? 
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(c) Suppose that when conditions are wet, the coefficient of static friction 
between the car and the road is reduced by a factor of 2. What would 
be the smallest radius of the roundabout that would enable the car to 
be driven around it in wet conditions at 15 ms7!? 


Some motor racing venues consist of ‘bowls’ with steeply sloping sides. Even 
conventional roads may have cambered bends. If a bend has a slope facing 
in towards the centre of the bend, this reduces the reliance on friction when 
cornering. The following example shows how to calculate the magnitude of 
this effect. 


Example 2.3 


We revisit Example 2.2, but the assumption that the road is flat and hori- 
zontal is replaced with the assumption that the track is banked at an angle a 
towards the centre of the circle. 


(a) What is the minimum coefficient of friction jz such that the vehicle can 
go around the corner without slipping, in terms of the parameters v, R 
and g introduced in Example 2.2 and a? 


(b) A car is travelling at 80ms~! around a circle of radius 500 metres on 


a track banked at an angle a towards the centre of the circle. In wet 
conditions, the coefficient of static friction between the tyres and the 
track may be as low as 0.4. What is the minimum angle of bank which 
would allow the car to avoid skidding up the slope in wet conditions? 


Solution 


(a) As in Example 2.2, we model the vehicle as a particle of mass m moving 
at a constant speed v around a circular bend of radius R. 


The forces acting on the vehicle are its weight W, the normal reaction N 
of the road on the vehicle and the friction force F, as shown in Figure 2.9. 
As before, we model all the forces acting tangentially to the circle (i.e. 
in the direction of motion or opposed to the direction of motion) as 
a single resultant force C. The force C is perpendicular to the plane 
shown in Figure 2.9. 


Also shown in Figure 2.9 is the choice of axes for this problem. On 
the left-hand side of Figure 2.9 is shown the radial e, and vertical k 
unit vectors that we used for Example 2.2. In this problem it is better 
to use a unit vector e, pointing along the slope and a unit vector ey, 
perpendicular to the slope, as shown on the right of Figure 2.9. 


We apply Newton’s second law to the vehicle to obtain 
W+N+F+4+C=ma. (an) 


Now we model the forces acting on the vehicle. The friction force acts 
down the slope because we are investigating the point at which the 
vehicle starts to skid up the slope. So F = —|F|e,. The normal reaction 
N = |Nle,, is normal to the slope and the force C is, by definition, along 
the direction of motion, i.e. C = |Cleg. The weight can be resolved using 
the method described in Unit 4: 


W = mgcos(F + a)es + mgcos(m + a)en, 


= —mgsinaes — Mg COSAEen. 
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Figure 2.9 
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Now that the forces have been resolved, we proceed to resolve the ac- 
celeration so that we can resolve Equation (2.11). Since the motion is 
uniform and circular, we have a = —(v?/R)e,, so we need to express e, 
in terms of e, and e,. We do this using the method from Unit 4 again: 


e, = cos aes + cos(F + a)en, 


= cosae, — SINWEy. 


So the acceleration of the vehicle is given by 


v2 


a= —— (cosae, — sinae,). 


R 
Resolving Equation (2.11) in the eg-direction gives |C| = 0 as before. 


Resolving Equation (2.11) in the es-direction yields 


mv 


—|F| — mgsina = RT 608 a 
which gives a formula for the magnitude of the friction force, 


2 
mv 
|F| = cosa — mg sin a. 


Resolving Equation (2.11) in the e,,-direction yields 
: 


|N| — mg cosa = sina, 


which gives the magnitude of the normal reaction as 
2 


mv 
|N| = mg cosa + sina. 


For the car not to skid up the slope, we must have |F| < ju|N|, i.e. 


mv? . mv. 
fz cosa — mgsina < mg cos. a + —_— sin a ‘ 


This can be simplified by multiplying through by R/(mcosq) to obtain Note that R/(mcosa) is 
2 9 positive, since R and m are 
vi — Rg tana < pRg + pv’ tana. (2.12) positive and 0 <a < 7/2. 


So the condition on yz for the vehicle not to slip up the slope is 


v? — Rg tana 


ro Note that Rg + v? tana is 
te Rg +v? tana e 


always positive. 
Starting from Equation (2.12), we rearrange it to make tan a the subject: 


Rg tana + pv? tana > v? — pRg. 


This gives 
7—uR 
tana > ae (2.13) Note that the denominator is 
Rg + pw always positive. 
Substituting v = 80ms~!, R = 500 metres, pp = 0.4 and g = 9.8lms~? 
gives 
80? — 0.4 x 500 x 9.81 
tana . . ~ 0.595. 


a 
— 500 x 9.81 + 0.4 x 80? 


Hence the minimum angle is a ~ 0.54. (We know that a must be be- 
tween 0 and 5.) So the minimum necessary angle for the banking is 
about 31°. Hf 


Exercise 2.9 
Interpret what happens if v? < Rg in inequality (2.13) in terms of the 
minimum angle that the vehicle can go round the banked corner without 
slipping. 


Compare your answer with the results of Example 2.2. 


Inequality (2.12) is derived by considering the vehicle being on the point of 
slipping up the banking. When considering the vehicle being about to slip 
down the banking, the friction force is directed away from the centre of the 
corner. This reverses the signs on the left-hand side of inequality (2.12), 
leading to 


—v? + Rgtana < pRg + pv* tana. (2.14) 
In the following exercise you are asked to apply inequality (2.14). 


*Exercise 2.10 


Suppose that a car is driven at constant speed v around a circular track of 
radius R banked (inwards) at an angle a to the horizontal, and that the 
coefficient of static friction between the vehicle and the track is wy. 


(a) If wv? < Rg, use Equation (2.14) to find an expression for the greatest 
angle of bank on which the vehicle can be driven without slipping. 


(b) For the conditions described in Example 2.3(b), determine the maximum 
possible angle of bank on which the vehicle in that example can be driven 
without slipping. 


For ease of reference the above results are summarized below. 


Slipping on a banked track 


For a vehicle moving on a circle of radius R with constant speed v on 
a track banked at an angle a to the horizontal not to slip up or down 
the banking, we must have 


where p is the coefficient of static friction between the vehicle and the 
track. The first inequality ensures that the vehicle does not slip up the 
banking and the second inequality ensures that the vehicle does not 
slip down the banking. 


Section 2. Uniform circular motion 
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2.5 Fairground rides 


Funfair rides of certain types rely on circular motion to supply their thrills. 
In this subsection we look at two such rides. The first ride is the chair-o- 
plane, which was mentioned in the Introduction (see Figure 0.1 on page 138). 


*Exercise 2.11 


The chair-o-plane roundabout (see Figure 0.1 in the Introduction) consists 
of seats which are suspended from chains. As the roundabout rotates, the 
chairs swing out at an angle. We shall model a seat and passenger as a 
particle of mass m suspended from a model string of length /. The other 
end of the string is fixed to a point a horizontal distance R from the vertical 
axis of rotation, as shown in Figure 2.10. We assume that the roundabout 
is rotating at constant angular speed w and that the system has reached a 
steady state with the string inclined to the vertical at an angle a. Determine 
the equation of motion of the system, and hence show that 


SZ tana = R+Isina. (2.15) 
w 


It is not easy to solve Equation (2.15) for a, but this is not necessary in 
order to answer the questions posed in the Introduction: 


Question 1 Will a child swing out at a greater angle than a heavier adult? 


Question 2 Will the people on the outside swing out at a greater angle than 
those on the inside? (In terms of the parameters in Equation (2.15), this 
relates to how a varies with R, all other parameters being fixed.) 


Question 3 How does the angle at which people swing out depend on the 
speed of rotation of the roundabout? 


You may like to stop at this point and try to answer these questions yourself. 


The answer to Question 1 is that both the child and the adult will swing 
outwards at the same angle because Equation (2.15) is independent of m, 
the mass of the particle. 


To answer Questions 2 and 3, the arguments can be made easier by looking 
at the graphs shown in Figure 2.11. Plotted on the same set of axes are the 
graphs of y = (g/w*) tana and y = R+ sina, for fixed w, R and 1, and for 
0<a< §. From Equation (2.15), the intersection of these two graphs gives 
the angle a of inclination of the chain to the vertical. 


Ya 
y= AR+ ising 
aa cape 


ov 


O 


wl 


Figure 2.11 


The first point to note is that, for any positive values of R, | and w, the 
graphs intersect once for 0 < a < 4, so the motion is possible for all angular 
speeds w. 
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Figure 2.10 


To answer Question 2, note from Figure 2.11 that as R increases, the graph 
of y= R+ [sina is translated upwards (assuming that all other parameters 
are fixed). This moves the point of intersection of the two graphs to the 
right. So larger R corresponds to an angle a closer to a = 17/2. The answer 
to Question 2 is therefore that people on the outside do swing out further 
than those on the inside. 


To answer Question 3, consider what happens to the point of intersection 
of the two graphs as w increases. In this case, g/w? decreases and, for a 
given a, the curve y = (g/w*) tana becomes less steep. This has the effect 
of moving the point of intersection of the graphs to the right and hence 
increases the angle a of inclination. So the answer to Question 3 is that 
increasing the angular speed w of the roundabout increases the angle of 
inclination a: as w tends to infinity, the angle a tends to 7/2, i.e. the chains 
are almost horizontal if the roundabout has a very large angular speed. 


(It can also be deduced from the graphs that the angle a of inclination 
increases as the length / of the chains increases. ) 


The next exercise asks you to consider another fairground ride. 


Exercise 2.12 


A fairground ride consists of a large wheel that, once it has reached a steady 
state, rotates at a uniform angular speed in a vertical plane. The seats in 
which passengers sit are located on the rim of the wheel with the bases of 
the seats facing in towards the centre of the wheel. Model a passenger as 
a particle of mass m in a seat rotating in a circle of radius R in a vertical 
plane at constant angular speed w, as shown in Figure 2.12. 


(a) Determine the equation of motion of the passenger. Hence find ex- 
pressions for the radial and tangential components of the reaction force 
acting on the passenger due to the seat. 


Although the passengers are constrained in their seats, we want to deter- 
mine the minimum rate of rotation such that the constraints would not be 
necessary. (Assume that the seats have sides so that passengers cannot slip 
out of them sideways.) 


(b) Find the minimum angular speed w so that the passengers would not 
fall out, even if they were not constrained. 


(Hint: Recall from Unit 14 that a particle leaves a surface when the 
reaction force of the surface on the particle has a zero component normal 
to the surface.) 


End-of-section Exercises 


Exercise 2.13 


A particle of mass m is joined by a model spring of stiffness k and natural 
length Jp to a fixed point on a smooth horizontal table. The particle is 
moving in a circle on the table, the circle being centred on the fixed point, 
with a constant angular speed w (where w < \/k/m). Find the length of the 
model spring in terms of m, k, lo and w. 
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Figure 2.12 
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Exercise 2.14 


A model string AC'B has a particle of mass m attached at one end A and 
a particle of mass 2m attached at the other end B. The string is threaded 
through a smooth fixed ring C. The particle B is at rest vertically below 
the ring C and the particle A is rotating in a horizontal circle of radius R 
with constant angular speed w, as shown in Figure 2.13. 


(a) Find the angle a of inclination of AC to the vertical. 
(b) Find, in terms of R and g, the angular speed w of particle A. 


Exercise 2.15 


A car is driven horizontally around a circular track of radius 400 metres, 
which is banked at 35° to the horizontal and towards the centre of the track. 
The coefficient of static friction between the tyres and the track is 0.45. At 
what range of speeds can the car be driven without skidding? 


Exercise 2.16 


A stunt motorcyclist is considering riding around the inside of a cylinder of 
radius 8 metres. The axis of the cylinder is horizontal and the motorcycle 
will follow a vertical circle. Assuming that he rides at a constant speed, 
how fast does he need to ride to avoid falling away from the inside of the 
cylinder? 


Exercise 2.17 


The motorcyclist described in Exercise 2.16 is concerned about skidding as 
he executes the stunt. He estimates that the coefficient of static friction pw 
between the tyres and the cylinder wall is 0.8. Assume that the motorcycle 
follows a vertical circle of radius 8 metres at a constant speed. 


(a) Use the fact that there is no acceleration tangential to the circle to 
express the magnitude |F| of the friction force in terms of the mass 
(m say) of the motorcycle. 


Use |F| < y|N| to derive a condition that must be satisfied if the mo- 
torcycle is to avoid skidding. Hence find the minimum speed at which 
the motorcyclist must ride to avoid skidding. 


(b 


SS 


(Hint: Recall from Units 1 and 7 that an expression of the form 
f(a) = Bcosa+ Csina can be rewritten as VB? + C? cos(a+ ¢) for a 
suitable choice of ¢. Hence, since the largest value taken by cos(a + ¢) 
is 1 (whatever the value of ¢), the largest value taken by f(a) is 


VB? + C?.) 
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Figure 2.13 
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3 Non-uniform circular motion 


In this section we look at non-uniform circular motion, i.e. circular 
motion in which the angular rate of rotation is not constant. This section 
builds on the previous section. We shall continue to make use of the plane 
polar unit vectors e, and eg. Most of the section is concerned with the 
motion of a simple pendulum. You examined the motion of such a pendulum 
in Unit 8. In the text of that unit you modelled the motion using a second- 
order differential equation obtained by examining the mechanical energy 
of the system. In the multimedia package for Unit 14, you modelled the 
motion using Newton’s second law and Cartesian unit vectors. Here we use 
Newton’s second law and plane polar unit vectors to obtain an equation for 
the varying angular speed of the pendulum. 


We model the pendulum as a particle P of mass m attached to a light model 
rod of length /. The other end of the rod is attached to a fixed point O and 
the particle moves in a vertical circle about this fixed point, as shown in 
Figure 3.1. The angle 0 made by the rod with the vertical is measured 
anticlockwise from the downward vertical. We want to find expressions for 
the rate of rotation 6 and for the tension in the rod in terms of 86. 


We shall use a plane polar coordinate system in the vertical plane of motion 
of the pendulum, with origin at the fixed point O, the centre of the circular 
motion. The forces on the particle are its weight W and the tension T due 
to the rod. We assume that the tension force is directed towards O, which is 
certainly the case when the pendulum is hanging vertically downwards (this 
assumption will be revisited later). The plane polar unit vectors e, and eg, 
and a force diagram for the system, are shown in Figure 3.2. 


With respect to this coordinate system, 

W = (mgcos @)e, — (mgsiné)eg, T=—|Tle,. (3.1) 
The acceleration of the particle is non-zero and is given by Equation (1.14): 

# = —16"e, + lbep. (3.2) 
Newton’s second law applied to the particle gives 

mr=W-+T, 
so, substituting from Equations (3.1) and (3.2), we obtain 

—ml6’e, + mleg = (mg cos 6) e, — (mgsin@) eg — |Tle,. 
Resolving in the e,-direction gives 

—mlé” = mg cos 6 — |T]. (3.3) 
Resolving in the eg-direction gives 

mlO = —mgsin 0. (3.4) 


We concentrate first on integrating Equation (3.4) to obtain an expression 
for the rate of rotation 0. Multiplying Equation (3.4) by 6/m, we obtain 
100 = —g0sin@. (325) 
By the Chain Rule, 
da bis 
—(0°) = 260 
2 (0) = 200, 
so Equation (3.5) can be rewritten as 
d 


dg ee id 
a2? ) = gsind—. 


Figure 3.1 


by 


Figure 3.2 


Rewritten in the form 
jac" sin 6, this is the 


undamped pendulum 
equation from Unit 8. 
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Integrating this equation with respect to time gives 


. 6 
ti? =—g f sino Dat = —g [ sind = geosd +. 


The constant of integration c can be found, for example, in terms of the rate 
of rotation 69 of the particle at the lowest point of the path, where 6 = 0. 
This initial condition leads to 


dle 


2 
C= 5105 — 49, 
SO 
Lie = gcos6 + 116; —g 
and hence 
: : ) 
° = 6 — =(1 —cos 6). 


When 0 = 0, we have vp = 1 Ao), so the above equation becomes 


2 
g = © — (1 — cos). (3.6) 


In theory, this equation can now be integrated to find # as a function of 
time t, but, in practice, the integral involved cannot be evaluated in terms 
of elementary functions. However, Equation (3.6) does permit us to calculate 
the speed v = 1|6| of the particle at any point during its motion. 


We can now use Equation (3.6) to substitute for 6° in Equation (3.3), to 
find the tension in the rod in terms of 6. We have 
|T| = mgcos 6 + mio” 


2 
mg cos 6 + “1 — 2mg(1 — cos @) 


mv 
a 
In deriving this result we assumed that the tension force acting on the bob 
was directed towards O. Now we can say that this occurs when the right- 
hand side of Equation (3.7) is positive. This restriction needs to be kept 
in mind when applying Equation (3.7). We shall say more about this later, 
but for now we restate the result derived. 


+ mg(3 cos 6 — 2). (3.7) 


Tension in a pendulum rod 


Consider a pendulum rod of length /, attached to a bob of mass m, 
which makes an angle 6 with the downward vertical. If the bob has 
speed vp when 6 = 0, then the magnitude of the tension |T| in the 
pendulum rod is given by 


2 
\T| = “2 + mg(3cos 6 — 2), (3.7) 


provided that the right-hand side is positive. 


Let us now consider a slightly different pendulum, where the light model 
rod is replaced by a model string. 
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Exercise 3.1 


Consider the motion of a pendulum moving in a vertical plane, whose bob 
is attached to a fixed point by a model string. How, for low, high and 
intermediate speeds, is the motion of this new pendulum likely to differ 
from that of the original pendulum whose bob is attached to a fixed point 
by a light model rod? 


The answer to Exercise 3.1 emphasizes that Equations (3.6) and (3.7) only 
apply while the right-hand side of Equation (3.7) is positive. Depending 
on the nature of the pendulum rod, other phenomena might occur if the 
right-hand side of Equation (3.7) is negative. 


*Exercise 3.2 


Consider the motion of a pendulum moving in a vertical plane, whose bob 
is attached to a fixed point by a model string. 


(a) Show that if vp > /5gl, then the string never goes slack. 
(b) If vp = 2\/gl, find the angle @ for which the string goes slack. 


In Exercise 3.2(a) you saw that the string never goes slack if the speed v9 
of the pendulum bob at its lowest point is greater than /5gl. In this case, 
the pendulum bob performs complete revolutions in the same direction. It 
was also predicted, in Exercise 3.1, that the string would not go slack and 
the pendulum would perform oscillatory motion for certain lower speeds. So 
what is the condition on vp for the string to remain taut at lower speeds? 


To answer this, look first at the tension in the string. From Equation (3.3) 
we have 


(T|= mg cos 0 + mlé”, (3.8) 


and the right-hand side is positive for —} < 6 < 4 (since cos@ > 0 on this 


interval, while @ > 0 for any 9). So the string can never go slack before the 
bob reaches the horizontal. 


Above the horizontal, cos @ is negative. So, from Equation (3.8), we have 
|| < mid”. 


So |T| = 0 before 6 = 0, i.e. the string becomes slack before the bob comes 
instantaneously to rest. 


We know from Exercise 3.2(a) that the bob reaches the highest point of the 
circle if ug > /5gl. We have still to determine the initial speed so that the 
bob just reaches the horizontal. 


Exercise 3.3 


Find an initial speed vp so that the pendulum bob just becomes horizontal. 


We have found that the model predicts the following. 
(a) For 0 < vp < V2gl, the bob oscillates back and forth with an amplitude 


of less than 7 


(b) For /2gl < up < V5gl, the bob travels initially in a circular path with A pendulum bob attached to 
the string taut, then at some angle between 7/2 and 7 the string becomes a model rod will continue to 
slack and the bob falls under gravity as a projectile. oscillate in this case and will 


not become a projectile. 
(c) For /5gl < vo, the bob travels continuously in a circle. ate 
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End-of-section Exercises 


*Exercise 3.4 


Consider a particle P of mass m, sliding on the outside of a fixed smooth 
sphere of radius R. Assume that the particle has started from the highest 
point of the sphere with an initial speed vo and that the radius from the 
centre of the sphere to the particle makes an angle 0 with the upward vertical, 
as shown in Figure 3.3. Assume also that the particle’s path lies in a vertical 


plane. If vp = 4/ 5 gR, show that the particle leaves the surface of the sphere 


when 6 = arccos 7 ~ 33.6°. 


(Hint: When considering the motion of a particle in a vertical plane from 
an equilibrium position at the highest point on the sphere, measuring 0 an- 
ticlockwise from the upward vertical is similar to measuring @ anticlockwise 
from the downward vertical in the case of a pendulum. Recall from Unit 14 
that a particle leaves a surface when the normal reaction of the surface on 
the particle becomes zero.) 


Exercise 3.5 


A smooth hemispherical bowl of radius R, whose lowest point is at A, is 
fixed with its rim uppermost and horizontal. A particle of mass m is set 
in motion along the inner surface of the bowl towards A, so its subsequent 
motion is in a vertical plane through A. The particle is set in motion from 
a point at a vertical height sR above A, with initial speed //gR. 


(a) Show that the particle will just reach the top of the bowl. 


(b) Find the magnitude of the normal reaction of the bowl on the particle 
when the particle is at a vertical height 2R above A. 


Exercise 3.6 


On a fairground ride, the passengers are constrained to move at a non- 
uniform speed in a vertical circle. Passengers sit in carriages where the 
bases of the seats face into the centre of the circular motion. Sometimes the 
carriage carrying the passengers hangs vertically above the axis of rotation, 
and sometimes the carriage goes round and round in complete circles. As- 
sume that the passengers and their carriage can be modelled as a particle of 
mass m. The particle is connected to the axis of rotation by a light model 
rod of length R, as shown in Figure 3.4. Assume also that the only forces 
acting on the particle are its weight and the tension force due to the rod. 


(a) Show that 


2 
2 2 
= a — Fl —cos 6), 
where @ is the angle the rod makes to the vertical (measured anticlock- 
wise from the downward vertical, as shown in Figure 3.4) and vp is the 


speed of the particle at the lowest point of the circle. 
(b) Show that the particle will just reach the top of the circle if vo = 2\/gR. 


(c) Show that, when the particle executes complete circles, the passengers 
will not fall out, even if not constrained, provided that v9 > /5gR. 
(Assume that the seats have sides, so that passengers cannot slip out of 
them sideways. ) 
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Figure 3.3 


Figure 3.4 
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Section 4 Angular velocity and angular momentum 


4 Angular velocity and angular 
momentum 


This section starts to look beyond circular motion to more general rotational 
motion. In this section we define two key quantities that will be useful in 
Units 27 and 28, which look at the motions of rigid bodies and planets. 
Subsection 4.1 defines the angular velocity of a particle. The magnitude of 
the angular velocity of a particle is the angular speed that we have been 
considering up to this point. 


In Unit 19 you were introduced to linear momentum and its conservation 
in the absence of external forces. You saw how the conservation of linear 
momentum could be used in the analysis of certain problems involving linear 
motion. For circular motion, and for rotational motion in general, the cor- 
responding concept is angular momentum. Subsection 4.2 defines angular 
momentum for a particle and shows how it is linked to torques. 


4.1 Angular velocity 


If a particle is moving in a circle or if a rigid body is rotating about a fixed 
axis, then the (angular) rate of rotation and the direction of the axis of 
rotation are of primary importance. These two quantities can be encapsu- 
lated by the vector w, known as the angular velocity. The magnitude of w 
is the angular speed and the direction of w is defined to be along the axis of 
rotation in the sense given by the screw rule, i.e. in the direction in which a 
(right-handed) screw would move when turned in the direction of rotation 
(see Figure 4.1). 


Definition 


The angular velocity w of a particle moving in a circle, or of a rigid 
body rotating about a fixed axis, is a vector with magnitude equal to 
the angular speed and with direction along the axis of rotation in the 
sense given by the screw rule. 


Example 4.1 


The Earth rotates in an easterly direction once in a sidereal day (the rotation 
period with respect to the fixed stars, which is less than that with respect to 
the Sun by one part in 365.25), which is 23.9343 hours. Specify the angular 
velocity w of the rotation of the Earth. 


Solution 


The angular speed is 
2a 
co = 
23.9343 x 60 x 60 


The direction of the angular velocity w is from the South Pole to the North 
Pole, as shown in Figure 4.2. 


~ 7.292 x 107° rad s7t. 


Linear momentum is defined 
both for a single particle and 
for an n-particle system in 


Unit 19. 


The rotation of rigid bodies is 
considered in Unit 27. 


E 


screw 
advances 


direction 
of rotation 


Sea eae 


Figure 4.1 


Figure 4.2 
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The direction of the angular velocity w is along the axis of rotation and is 


therefore perpendicular to the plane of motion. To be more specific about es k 
this direction, we use the usual right-handed system shown in Figure 4.3. er 
Using the screw rule, the direction of the angular velocity vector w will be BN 
in the positive k-direction if 9 > 0 and in the negative k-direction if 0 < 0, 
as shown in Figure 4.4. 
a Figure 4.3 
a>o0 a<0 
Q je" 
oO 
a 
Figure 4.4 
Therefore 
out vk (0 >0) 
—wk (6<0) 
_f lak (@>0) 
—|A|k (6<0) 
= 6k. The relationship also holds if 
: there is no rotation, whe 
So the relationship w = @k holds, regardless of the direction of rotation. a ae ae 7 _ a eee 


We complete this subsection by establishing the link between the angular 
velocity w of a particle in circular motion and its velocity v = r. For circular 
motion of radius R, we know from Equation (1.12) that r = Re,, relative to 
the centre of the circle, and from Equation (1.13) that v = = Réeg. We 
also know that w = 6k. Therefore 


w Xr= 6k x Re, = RO(k xX e,) = Roeg = v. You can check that 
; : 2. . k X e, = eg by looking at 
This result also holds if we take the origin to be anywhere on the axis of Figure 4.3. 


rotation. For then r = Re,.+ zk for some z and 
wxXr= (0k) x (Re, + zk) = 6k x Re, + 0k x zk Recall from Unit 4 that 
= RO(k x e,) = Réeg = v. iS: 


Relationship between velocity and angular velocity 


The velocity v of a particle moving in a circle with angular velocity w 
is 


V=wXr, (4.1) 


where r is the position vector of the particle relative to an origin on 
the axis of rotation. 


Exercise 4.1 
A particle moves clockwise in a circle at a constant angular speed of 2rads7!. 
(a) Find the angular velocity of the particle. 


(b) If the position vector of the particle, relative to the centre of the circle, at 
a certain instant is 3i+ 4j, find its velocity at that instant both in terms 
of the Cartesian unit vectors i and j, and in terms of the corresponding 
polar unit vectors e, and eg. 
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4.2 Angular momentum 


Consider a particle of mass m moving along a curve in space. This is illus- 
trated in Figure 4.5. 


Yv 


Aid 


Figure 4.5 


At time ¢t the particle has position vector r = r(t), velocity r = r(t) and 
acceleration ¢ = r(t) relative to a fixed Cartesian coordinate system. The 
linear momentum of the particle is 

p= mr. 


You saw in Unit 19 that this is related to the force F acting on the particle 
according to the equation 


F =p, (4.2) 
which says that the rate of change of linear momentum of the particle is 


equal to the force acting on the particle. 


In Unit 5 we quantified the turning effect of a force about a fixed point O 
by defining the torque [ of the force about O as 


T=rxF. 


By analogy with the case of linear momentum, when analysing rotational 
motion it would be useful to have a quantity that plays the same role in 
relation to torques as linear momentum does to forces. So, by analogy with 
Equation (4.2), we should like the derivative of this quantity to equal the 
torque on the particle. A suitable quantity is 


l=rxp=rxmr, 


since, using the rule for differentiating a cross product, we have 


j= Se x mb) = (FX me) + (rx mE) =X mE =e x PET. 


We call l = I(t) the angular momentum of the particle about the fixed point. 


Definition 


For a particle that has linear momentum p = mr and position vector r 
relative to an origin O, its angular momentum I about O is 


t=rxp=r xm. 


As with torques, the angular momentum of a particle is dependent on the 
choice of origin O. Figure 4.6 illustrates this, where the vector 1 =r X mr 
represents the angular momentum relative to the origin O, while the vector 
l' =r’ x mr’ represents the angular momentum relative to the origin O’. 


This equation is Newton’s 


second law F = mfr expressed 
in terms of linear momentum. 


The cross product of parallel 
vectors is zero, sor X mr = O. 


The SI units for the 
magnitude of angular 
momentum are kg m?s 


—1 
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These vectors may differ in both magnitude and direction. (However, since 
both coordinate systems are static, the velocity of the particle is the same 
in each case, i.e. tf = r’.) 


x 


Figure 4.6 


The fact that 1 =T is given a special name. 


Torque law for a particle 


The rate of change of a particle’s angular momentum about a fixed 
point is equal to the applied torque about that point, i.e. 


i=TP. 


Example 4.2 


A particle of mass m, on which no forces act, moves with constant speed u 
parallel to the y-axis in the positive y-direction in the (x, y)-plane. At time 
t = to, its path intersects the z-axis at x = b (see Figure 4.7). Calculate 
the magnitude and direction of the angular momentum of the particle with 
respect to the origin O. 


Solution 
The position of the particle in the coordinate system of Figure 4.7 is 
r = bi+ u(t — to)j, 


while the velocity is tr = uj. So, using i X j =k and j x j = 0, the angular 
momentum is 


L=r xX mr = (bi+ u(t — to)j) X muj = bmuk. 


Thus, even though the vector r is changing continuously, the cross product 
r X mr is a constant vector. Hence the angular momentum points along the 
positive z-axis and has magnitude bmu. lH 


*Exercise 4.2 


At a given time, a particle of mass 3 has position i+ 2j and velocity 2i — j. 
What is its angular momentum about the origin of the coordinate system 
at this time? 
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The torque law is 
fundamental to the study of 
rotating bodies. 


o 
> 
RY 


Figure 4.7 


All quantities are measured in 
SI units. 


Section 4 Angular velocity and angular momentum 


Example 4.3 


A particle of mass m at position r = zi+ yj + zk moves in a circle, whose 
centre lies on the z-axis, with angular velocity w = 6k. Find the angular 
momentum l of the particle about the origin O in terms of x, y, z, 6, 1, j 
and k. 


Solution 


The motion of the particle is shown in Figure 4.8. By definition, we have 
l=r xX mr. From Equation (4.1), the velocity is 


t=wxr=6k x (si+ yjt+ zk) = O(aj — yi). 
It follows that 
b=r x mr = (xi+ yj + zk) x mO(aj — yi) 
= mO(—axzi — yzj+ (x? +y")k). © 


Example 4.3 demonstrates that, even for circular motion, the direction of 
the angular momentum I is not, in general, the same as the direction of 
the angular velocity w. However, if the origin is at the centre of the cir- 
cular motion, then the angular velocity and the angular momentum of 
the particle are in the same direction, since then z = 0 in Example 4.3 
and l = m@(a? + y?)k = mR?6k, where R is the radius of the circular mo- 
tion. 


*Exercise 4.3 


A particle of mass m moves in the (z,y)-plane in a circle of radius R, 
whose centre is at the origin, with angular velocity w = 6k. Show that 
\l| = mlr||r|, where J is the angular momentum of the particle about the 
origin, r is its position relative to the origin and r is its velocity. 


Example 4.4 


A pendulum bob of mass m is fixed to the origin O by a taut light string of 
constant length /. The bob swings to and fro in a vertical (a, y)-plane (see 
Figure 4.9). Use the torque law to derive the equation of motion of the bob. 


Solution 


Model the bob as a particle and the string as a model string. Use a plane 
polar coordinate system with origin at the centre of the motion, and let k 
be a unit vector pointing out of the page in Figure 4.9. The total force F 
acting on the particle is the sum of its weight W and the tension force T 
due to the string, i.e. 


F=W+-T, 
where W = (mgcos @)e, — (mgsin @)eg and T = —|Tle,. The corresponding 
torque about O is 
T=rxF=rx(W+T) 
= le, X ((mgcos #)e, — (mg sin 6)eg — |Tle;,) 
—(mgl sin @)k. 


is 


Figure 4.8 


These results hold even when 
w is not constant. 


The relationship between 
angular velocity and angular 
momentum will be explored 
further in Unit 27. 


Figure 4.9 
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From Example 4.3, with z= 0 and R =I, the angular momentum of the 
particle about O is 
1 = ml?6k. 
Hence, by the torque law, we have 
d 
dt 
Differentiating, resolving in the k-direction and rearranging, we obtain the 
equation of motion 


(ml?6k) = —(mglsin 6) k. 


d= _2 sind. This result is the same as that 
l obtained by different means 
in Unit 8 and in Section 3. 
Exercise 4.4 


The position of a particle of mass m at time t is given by 
r(t) = acos(wt)i + asin(wt)j + utk, 


where a, w and wu are constants. Write down expressions for the linear 
momentum of the particle, the force acting on the particle, the angular 
momentum of the particle about the origin O and the torque about O acting 
on the particle. Verify the torque law for the motion of the particle. 


The most important special case for the torque law is the case when no 
resultant torque acts on a particle. In this case the torque law 1 = T' reduces 
to 1 =0 and so I is a constant vector. So if there is no resultant torque, 
then the angular momentum is constant. This is usually stated as the law 
of conservation of angular momentum, in the following form. 


Law of conservation of angular momentum for a particle 


If the total torque acting on a particle about a fixed point is zero, then 
the angular momentum of the particle about that point is constant. In 
other words, if [ = 0, then J is constant. 


The total torque acting on a particle will be zero if the total force acting on 
the particle is zero, but this is not an especially interesting situation. More 
noteworthy is the case when the total force acting on a particle is directed 
towards a fixed point, which we can choose to be the origin. In this case the 
total torque about the origin is zero, as occurs in the following exercise. 


*Fxercise 4.5 


Consider a particle moving around a circle at constant speed. Show that 
the total torque about the centre of the circle is zero. 


Uniform circular motion is not the only interesting case where the total 
torque is zero. In Unit 28 you will see that the total torque acting on a 
planet about the Sun is zero, and we shall use this fact to determine the 
orbits of the planets. 
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End-of-section Exercises 


Exercise 4.6 


In the film The Wizard of Oz, a house is swept up in a whirlwind. After 
a while, the whirlwind begins to dissipate and the house is subject to a Zh 
decreasing torque. Although the house moves slowly towards the axis of the 
whirlwind, its motion is almost circular around this axis. 


Model the house as a particle of mass m performing anticlockwise circular 
motion of radius R around a vertical z-axis in a horizontal (zx,y)-plane, 
as shown in Figure 4.10. Model the decreasing torque by I = I'ge~k, R mn 


where [9 and q@ are constants, t represents time and k is a unit vector in O y y 
the positive z-direction. 
(a) Find an expression for the angular speed of the particle in terms of the 4 

other variables and parameters. To what value does this angular speed 

tend as t increases? Figure 4.10 


(b) Suppose that we no longer ignore the motion towards the axis of the 
whirlwind and allow R to become smaller and smaller. How does this 
affect the angular speed? As R becomes smaller, does it remain valid 
to model the house as a particle? 


Exercise 4.7 


An electron is moving in a fixed plane in a uniform magnetic field. The total All you need to know about 


force on the electron is magnetism to do this exercise 
is the quoted equation for the 
F=eBxv, force on the electron. 


where e is a constant (the magnitude of the charge on the electron), B is 
a constant vector (the magnetic field vector) and v is the velocity of the 
electron. 


Assume that the electron is moving in a circle of radius R with centre O so 
that the position vector of the electron is r = Re,. 


Let k be a unit vector normal to the plane of motion, with direction given 
by the screw rule, and let B = Bk, where B is a constant. 


(a) Show that the force F acts in the plane of motion. 


(b) Determine the total torque on the electron and the angular momentum 
of the electron relative to O. 


(c) Use the torque law to show that the angular speed of the electron is 
constant. 
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Outcomes 


After studying this unit you should be able to: 
e differentiate products of vector functions; 
e understand and use the plane polar unit vectors e, and eg; 


e understand and use the expressions for position, velocity and accelera- 
tion for the circular motion of a particle in polar coordinates; 

e understand and use angular velocity in the description of circular motion; 

e relate the angular velocity to the velocity of a particle in circular motion; 

e use plane polar unit vectors to solve mechanics problems involving uni- 
form and non-uniform circular motion; 

e understand and use Newton’s law of universal gravitation; 

e understand and use the concept of angular momentum for the motion 
of a particle; 

e use the torque law to solve simple mechanics problems involving a single 
particle. 
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Solutions to the exercises 


Section 1 


1.1 (a) Differentiating, we find that 
r(t) = —12sin(4t)i + 12 cos(4t)j, 
¥(t) = —48 cos(4t)i — 48 sin(4¢)j. 

(b) The magnitude of the acceleration vector, |i(t)|, is 
/(—48 cos(4t))? + (—48 sin(4t))? 


7 1/482 (cos? (42) + sin?(4t)) = 48. 

(c) The acceleration vector can be written as 
—16(3 cos(4t)i + 3 sin(4t)j) = —16r(t). 

So ¢(t) = —cr(t), with c= 16. 


1.2 The magnitude of the sideways force, towards the 
centre of the circle, exerted on the locomotive by the 
track is |F| = mla| = mw?R. We have m = 40kg and 
R= 100m. If one circuit is completed in 50s, the an- 
gular speed is w = 27/50rads~!. So the magnitude of 
the force is 
Qn \? 
40 | — ) 100 ~ 63.17. 

(3s) 
So the magnitude of the sideways force exerted by the 
track on the locomotive is 63.17 N. 


1.3 We write f and g in component form as 
f= frit foi t+ fak, g = gi+t goj + gsk, 
so 
f-g= fig + foge + f3gs- 


Using the formula for differentiating the product of two 
scalar functions, we obtain 


d d d 
=a (figi) + at (feg2) + a 1398) 


— (di dgy df dgz 
= (Ga+nZ) a (Foot we 


_ (dfs dos 
(Bot re) 


d d d 


dfi. . dfz, ‘ . 
= (Gis fas Tek) + (i+ gab + gek) 


dt dt dt 
: : dj.  dgo, _ dgs 
+ (fait fai + fae) (Si + uit a * 
df dg 
ge ae 
as required. 


Solutions to the exercises 


1.4 Using the rule for differentiating the dot product 
of two vector functions, 


d df df df 
fr oar eae ea 
15 YA j 


Sv 


oO 
From the figure, the z-component of the unit vector eg 
is —sin@ and the y-component is cos @. Hence 
e9 = (— sin 6)i + (cos 0)j. 


1.6 Since i and j are themselves an orthogonal pair of 
unit vectors, we know from Unit 4 that 


Mat 7 <i, =e. 
Hence 
e, + e, = ((cos @)i + (sin @)j) - ((cos @)i_ + (sin A)j) 
= (cos? @)i- i+ (2sin cos 6)i-j+ (sin? 0)j -j 


= cos? 6 + sin? 9 = 1. 


Similarly, 
eg - eg = (—sin)? + (cos 6)” 
= sin? 6+ cos? = 1, 
e, + eg = (cos #)(— sin @) + (sin @) (cos 6) 
= — cos @sin@ + sin@ cos 6 = 0. 


1.7 Differentiating Equation (1.9) with respect to time 
using the Chain Rule, we have 


9 = (—cos 0)6i + (— sin 0)6j 
= —0((cos 6)i + (sin @)j) = —6e,., 
using Equation (1.8). 


1.8 Differentiating Equation (1.13) with respect to 
time (@ and eg are functions of time) using the Product 
Rule, we obtain 


t = Roeg + Rbép, 
which, by Equation (1.11), may be written as 
i = Réey + (RO)(—be,) = — Rb’ e, + Réeg. 


1.9 The radius of the circle is R=1 and 6(t) = t?. 
Hence @ = 2t and = 2. Therefore the velocity of the 
particle is (from Equation (1.13)) 


r= Reg => 2teg, 
and the acceleration is (from Equation (1.14)) 


t= _Ré'e, + Roeg = —At’e,. + 2ep. 
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Section 2 


2.1 The minute hand of a clock makes one complete 
revolution (clockwise when viewed from the front of the 
clock) in 1 hour = 3600 seconds. So the fly’s angular 
speed is 
2 
w= SaW0 ~ 1.745 x 1078 rad su}. 
The fly’s speed is 
27 
The acceleration has magnitude 
27 


2 
Ru? =0.5 (=) ~ 1.523 x 107° ms7?. 


~ 8.727 x 107-4ms7!. 


2.2 Use a polar coordinate system with origin at the 
fixed end of the string, and let k be a unit vector point- 
ing vertically upwards. 


There are three forces acting on the particle: the ten- 


sion force T = —|Tle, due to the string, the normal 
reaction N = |N|k of the table on the particle and its 
weight W = —mgk. As the particle of mass m is in uni- 


form circular motion with radius / and angular speed w, 
the acceleration is 


? = —lw’e,. 
Applying Newton’s second law gives 
mr =T+N+W, 


so we have 


|Tle, + |N|k — mgk. 
Resolving in the e,-direction gives the required result, 


|T| = mw”. 


—mlw?e, = 


2.3 Use a polar coordinate system in the plane of the 
table surface, with origin at the centre of the hole in 
the table, and let k be a unit vector pointing vertically 
upwards. 


N T2 
m. 2m 
Ti 
Wi W2 


particle A particle B 


B 
First consider particle B. There are two forces acting 
on this particle: the tension force Tz = |T2|k due to 


the string and its weight W2 = —2mgk. 
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As particle B is static, 

T2.+ W2=0, 
so we have 

|T2|k — 2mgk = 0. 
Hence, resolving in the k-direction, we obtain 

|T2| = 2mg. 
Now consider particle A. There are three forces acting 
on this particle: the tension force T; = —|T |e, due to 
the string, the normal reaction N = |N|k of the table 
on the particle and its weight W, = —mgk. Applying 
Newton’s second law to particle A gives 

mt = T,+N+W,, 


so we have 
we 
Mer = —|T le, + |N|k — mgk. 
Resolving in the e,-direction gives 
2 


mv 
Ti] = | - 
Since we have a model string and a smooth hole, 
|T1| = |T2| = 2mg and so we obtain 
v? = 2gR. 


It follows that the constant speed of particle A is 
v= /2gR = V2 x 9.81 x 0.42 2.80ms"’. 


2.4 Use a polar coordinate system in the plane of the 
surface of the disc, with origin at the centre of the disc, 
and let k be a unit vector pointing vertically upwards. 


N 


If the disc rotates through one complete revolution ev- 
ery two seconds, then its angular speed is 

w= 2n/2= rads’. 
The forces acting on the particle are its weight 
W = —mgk, the normal reaction N = |N|k from 
the disc and the friction force F. The direction of F 
is in the horizontal plane of the disc. 


Since the particle stays at the same point on the disc, at 
a distance R, say, from the centre, it performs uniform 
circular motion. Hence its acceleration is 


i = —Rw’e,. 
Applying Newton’s second law to the particle, we ob- 
tain 

mt =W+N+F, 
so we have 

—mRu*e, = —mgk + |N|k+ F. 
Since the friction force is in the horizontal plane, resolv- 
ing in the k-direction gives 


IN| = mg. 


Hence we can deduce that 

F = —mRu’e,, 
so the friction force is directed towards the centre of the 
disc and has magnitude 

|F| = mRw”. 
If the particle is to remain static (relative to the disc) 
we must have 

IF] < uINI, 
which, from the expressions above for |F| and |N], and 
from w= 7 and “= 4, leads to 

wg g 

Thus the maximum possible distance of the toy from 
the centre of the roundabout is about 0.5m. 


d 


2.5 Applying Newton’s second law to the planet, we 
obtain 
GmM 


R2 


—mRw’e, = ep. 


Hence 


GM 


So the period of the planet in its orbit is 


T? = 3 
Cu” , 
that is, 
T? x R°. 


(This result is generalized in Unit 28.) 


2.6 Use a polar coordinate system in the horizontal 
plane of the particle’s motion, with origin at the cen- 
tre of its circular path, and take k to be a unit vector 
pointing vertically upwards. Let R be the radius of the 
circular path. The only forces acting on the particle are 
its weight W and the tension force T due to the rod. 


Applying Newton’s second law to the particle, we have 
—mRu’e, =W+T, 

where T = —(|T|sina)e, + (|T| cos a)k and 

W = —mgk. 

(a) Resolving in the k-direction gives 
0 = —mg + |T| cosa, 

so the tension in the rod is |T| = mg/cosa. 


Solutions to the exercises 


(b) Resolving in the e,-direction gives 

—mRu* = —|T|sina. 
Substituting for |'T| from the result in part (a), dividing 
through by m and rearranging, we obtain 


gsina 
w= . 
Rceosa 


We are asked for w in terms of g, | and a, so we note 
that R =J/sina and hence that the angular speed is 


w= /g/(lcosa). Rearranging gives cosa = g/(lw”), 


so a = arccos(g/(lw*)). 


2.7 Use a plane polar coordinate system in the hori- 
zontal plane of particle P’s motion, with origin at the 
centre of its circular path, and take k to be a unit vec- 
tor pointing vertically upwards. Let R be the radius of 
the circular path. The forces acting on particle P are 
its weight Wj, and the tension forces T; and T2 due to 
the rods PA and PD, respectively. The forces acting 
on particle D are its weight W2, the tension force T3 
due to the rod DP and the normal reaction N of the 
shaft on the particle. 


A 


Ti T3 
O m om 
oo N 
Te 
w Wi We 


particle P particle D 


dD 


Applying Newton’s second law to particle P gives 
—mRu*e, =W,+T,4+To, (S.1) 
where T; = —(|Ti|sina)e, + (|T1| cos a)k, 
W, = —mgk and T2 = —(|T2|sina)e, — (|T2| cos a)k. 
For fixed w and a, particle D is in equilibrium, so 
W2+T3+N=0. (S.2) 
(a) We want to find |T,| and |T2| = |T3|. Resolving 
Equations (S.1) and (S.2) in the k-direction gives 
0 = —mg + |T1| cos a — |T2| cosa, 
—mg + |T2| cosa = 0 
(since N is horizontal and so has no k-component). 
Hence |T2| = |T3| = mg/cosa and |T,| = 2mg/ cosa. 
where W2 = —mgk and Ts = —T2 (by Newton’s third 
law). 
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(b) Resolving Equation (S.1) in the e,-direction gives 
—mRu* = —|T,|sina — |T2|sina. 
Substituting the values found in part (a) for |T,| and 
|T|, and using R = /sina, we obtain 
2 3mg sin @ 


—m(lsina)w* = 
cos a 


so w = 1/3g/(lcosa) and a = arccos(3g/(lw)). 


2.8 (a) Using Equation (2.10) with p = 1.3, the maxi- 
mum speed with which the car can follow a circular path 
of radius R = 10 is /uRg = V1.3 x 10 x 9.81 ~ 11.29. 


So the maximum speed here is about 11.29ms7!. 


(b) Rearranging Equation (2.10) with v = 15, the con- 
dition to avoid slipping is 

aS o _ is 
~ pg 1.3.x 9.81 
So the radius of the roundabout needs to be at 
least 18m. 


~ 17.64. 


(c) We use the same condition as in part (b), but with 
pt = 0.65. So we need R > 35.29. 


In this case, the roundabout needs a minimum radius 
of about 36m. 


2.9 If v? < Rg, then the numerator in inequal- 
ity (2.13) is negative, which makes the right-hand side 
negative since the denominator is positive. For any an- 
gle a between 0 and 7/2 the tangent is positive, so any 
angle a satisfies inequality (2.13). The vehicle would 
not slip even when a = 0, i.e. no banking is necessary 
for the vehicle not to slip. 


Example 2.2 looked at the situation of having no bank- 
ing, and the condition for the car to negotiate the cor- 
ner without slipping was found to be exactly the same, 
v? < pRg. 

(Inequality (2.13) for the minimum angle of banking 
gives a negative minimum value of tana. This is, in 
fact, meaningful. A negative value of a between 0 and 
—1/2 corresponds to banking facing away from the cen- 
tre of the circle — an ‘adverse camber’ — and inequal- 
ity (2.13) then gives the greatest angle of adverse cam- 
ber on which the car can be driven without slipping 
sideways.) 


2.10 (a) Starting from inequality (2.14), 

—v’? + Rgtana < wRg + pv? tana, (2.14) 
we rearrange it to make tana the subject, obtaining 
first 

Rg tana — pv? tana < v? + Rg. 

So the possible angles of banking are given by 
wRg +0" (8.3) 


The condition pv? < Rg ensures that the right-hand ex- 
pression gives a positive value for tana, so a solution 
for a is between 0 and 5. 


(If wv? > Rg, the car can drive on any angle of banking 
— even vertical — without slipping downwards.) 
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(b) Substituting the numeric values from Exam- 
ple 2.3(b) into inequality (5.3) gives 
0.4 x 500 x 9.81 + 80? 
tana S 500 x981-04x802 
So a < 1.30, and the maximum angle of banking 
on which the car can be driven without slipping is 
about 74°. 


2.11 Use a plane polar coordinate system in the hori- 
zontal plane of the particle’s motion, with origin at the 
centre of the circular motion, and take k to be a unit 
vector pointing vertically upwards. The radius of the 
uniform circular motion of the particle is R+/sina. 
The forces on the particle are its weight W and the 
tension force T due to the string. 


Ww 


Applying Newton’s second law to the particle gives 
—m(R+Isina)w’e, =W+T, 

where T = —|T|sinae, + |T|cosak and W = —mgk. 

Resolving in the e,- and k-directions gives 
—m(R+Isina)w? = —|T|sina, 
0 = -—mg + |T|cosa, 

so |T| = mg/ cosa. 

Substituting for |'T| gives the equation of motion 
m(R+Isina)w* 


Hence, dividing through by mw”, we have 


=mgtana. 


SF tana = R-+Isina. 
W 


2.12 Use a plane polar coordinate system in the ver- 
tical plane of the particle’s motion, with origin at the 
centre of the uniform circular motion. We measure the 
angle @ of rotation anticlockwise from the downward 
vertical through the origin. The forces on the particle 
are its weight W and the reaction S due to the seat. 


ee 


er 


qos 


(a) Applying Newton’s second law to the particle gives 
—mRu*e, = W + Ss, 

where W = (mgcos @)e, — (mgsin @)eg and 

S = S,e, + Seg. 

Resolving in the e,- and eg-directions gives 


—mRu* = mgcosé + S,, 


0 = —mgsin@+ So, 


so the radial component of S is S$, = —mRw? — mg cos 6 
and the tangential component is Sg = mgsin 0. 


(b) For a passenger to remain in a seat without con- 
straint, the component vector of the reaction force S 
that is normal to the surface of the seat (i.e. S,-e,.) must 
represent an inward force. Since e, points outwards, 
we require that S, <0, ie. —mRw? — mgcosé < 0, 
which, on dividing through by m and rearranging, gives 
Rw? + gcos@ > 0. This needs to hold for all 0. The least 
value of cos @ is —1 (at the top of the ride), so the con- 
dition becomes Rw? — g > 0, which we can rearrange 
to give w > ,/g/R. Thus the minimum angular speed 
for which unconstrained passengers will not fall out is 


w= /g/R. 


2.13 Use a plane polar coordinate system in the hor- 
izontal plane of the surface of the table, with origin at 
the fixed point, and take k to be a unit vector pointing 
vertically upwards. The forces on the particle are its 
weight W, the normal reaction N of the table and the 
spring force H. Let R be the length of the spring. 


w 


Applying Newton’s second law to the particle, we have 
—mRu*e, =W+N-+H, 
where W = —mgk, N = |N|k and H = —k(R — Io)e,. 
Resolving in the e,-direction gives 
—mRu? = —k(R— Ip), 
so the length of the model spring is 


(Since R > 0, we must have k — mw? > 0, that is, 
w < /k/m.) 


2.14 Use a plane polar coordinate system in the hor- 
izontal plane of particle A’s motion, with origin at the 
centre of the circular motion, and take k to be a unit 
vector pointing vertically upwards. The forces on par- 
ticle A are its weight W, and the tension force T, due 
to the string. The forces on particle B are its weight 
W>, and the tension force T2 due to the string. 


Solutions to the exercises 


Ti a T. 

aw 
m 2m 
Wi We. 


particle A particle B 


Applying Newton’s second law to particle A gives 
—mRu’e, =W1+T1, (S.4) 
where T, = —(|Ti|sina)e, + (|T1| cosa@)k and 
W, = —mgk. 
Since particle B is in equilibrium, we have 
W.2+ T. =0, (S.5) 
where W2 = —2mgk and T2 = |T2|k. 
(a) Resolving Equations (S.4) and (S.5) in the k- 
direction gives 


0 = —mg + |Ti| cosa, 


—2mg + |T2| =0, 
so |T;| = mg/cosa and |T2| = 2mg. 
But |T)| = |T2|, so mg/ cosa = 2mg, giving cosa = $ 
and a= 4 


z 
(b) Resolving Equation (S.4) in the e,-direction gives 
—mRu* = —|T,|sina, 


so, using |Ti| = mg/cosa and a= 4%, we have 


w= 4/ V3g/R. 


2.15 To find the upper speed limit, start from inequal- 
ity (2.12), which gives the condition needed for the car 
not to slip up the banking: 


v? — Rgtana < Rg + pv tana. (2.12) 
Rearranging this to make v the subject gives 

v? — pv" tana < pRg+ Rgtana 

v2 < Rg t+ tana 

1—ptana 
Note that 1 — tana is positive for the given data. The 
largest value of the speed v is given by 
0.45 + tan 35° 

eae (; = 0.45 a] 
that is, 

v ~ V6590 ~ 81.18. 


To find the lower speed limit, start from inequal- 
ity (2.14), which gives the condition for the car not to 
slip down the banking: 


—y* + Rgtana < Rg + pv tana. (2.14) 
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Proceeding as before, we rearrange the inequality to 
find the speed: 
pv? tana+v? > Rgtana— pRg 


tan a — 
v2 peo 


2 ptana+ 1° 
So the minimum speed is given by 
tan 35° — 0.45 
? = 400 x 9.81 ( ——___ 
. 7 0.45tan 35° +1)’ 


that is, 
v = V746.6 ~ 27.32. 


So the car can be driven without skidding at between 
about 28ms~! and 81ms"?. 
2.16 The forces on the motorcycle (modelled as a par- 
ticle) are its weight W, the normal reaction of the cylin- 
der wall N and the friction force F, as shown. 


€¢ er 


If m is the mass of the motorcycle, then Newton’s sec- 
ond law gives 


N+W+F = mi. (S.6) 


Now we model the forces. First note that the cylinder 
wall can only ‘push’ on the motorcycle, it cannot ‘pull’ 
it towards the wall. So we have N = —|Nle,. 


The friction force is in the tangential direction, i.e. 
F=F €9. 

(To drive round the loop at a constant speed, the mo- 
torcycle engine must drive the wheels in such a way 
that the friction force is as shown in the above force 
diagram (otherwise there would be a non-zero resultant 
force component in the tangential direction and the mo- 
torcycle’s speed would drop). In the left-hand half of 
the circle the force diagram is reversed and the friction 
force reverses direction.) 


Suppose that the speed of the motorcycle is v, then its 
acceleration ¢ is —(v?/R)e,, with R= 8. 
Resolving Equation (S.6) in the e,-direction gives 

2 


—|N| — mgsin@+0= —m—. 


R 
Thus 
a 
IN| =m (= _ gsin 0) F (S.7) 


Since |N| is the magnitude of a vector, it must be non- 
negative. So the right-hand side of Equation (S.7) must 
be positive, i.e. we must have v2 > gRsin 6 for all values 
of @. The largest value taken by sin@ is 1 (when @ = $, 
i.e. when the motorcycle is at the top of the cylinder). 
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So the speed must satisfy 


v>VJVgR= v9.81 x 8 & 8.859. 


Thus the slowest speed at which the motorcyclist can 
ride without coming away from the cylinder wall is 


about 9ms7!. 


2.17 (a) A force diagram and Newton’s second law 
(Equation (S.6)) for the motorcycle are given in the 
previous solution. If the motorcycle is moving at a con- 
stant speed, the acceleration tangential to the circle is 
zero. Resolving Equation (S.6) tangential to the circle 
(in the eg-direction), we obtain 

0 —|W|cosé+ F = 0, 


so 
F =|W|cos@ = mg cos 6. (S.8) 
(b) As in Solution 2.16, we also have 
2 
IN| =m (5 — gsin) ‘ (S.7) 


To avoid slipping, |F'| < p|N| (with w = 0.8). So, from 
Equations (S.8) and (S.7), we need 


2 
|mg cos O| < pum (5 — gsin 0) (S.9) 
for all values of @ between 0 and 27. 


We can rearrange inequality (S.9) as 
2 
pov 
sin @ + |cos 6| < —. 
psin8+- [cos] < 


Using the hint, the largest value taken by either 
usin @ + cos @ or sin @ — cos @ is \/u2 + 1, so we need 


2 
‘U 
va Jue +1, 


that is, 


/ 1 
v2 >gR A a 
Ll 


With R=8 and 4 = 0.8, we need 


I 
v>4/gRyf1+— ~ 11.21. 
Lb 


So, to avoid slipping, the motorcyclist needs to go faster 
than calculated in Exercise 2.16, say 12ms~! at least. 


Section 3 


3.1 For low speeds, both pendulums will oscillate gen- 
tly back and forth about the stable equilibrium posi- 
tion. For very high speeds, both will move in a circle 
around the fixed point. For intermediate speeds, the 
original pendulum will perform large oscillations or will 
circle around the fixed point, but the new pendulum 
will behave in this way only while the string stays taut 
(when the bob is above the level of the fixed point). 
If the speed is not high enough to keep the string taut, 
then the only force acting on the bob will be its weight, 
and the bob will behave like a projectile until the string 
becomes taut once more. 


3.2 (a) Provided that 


2 
|T| = ag mg(3cos 6 — 2) > 0, 


m 
1) 
the string will not go slack. Dividing by m and rear- 
ranging, we obtain 
ve > gl(2 —3cos 6). 

The greatest value of gl(2—3cos@) occurs when 
cos@ = —1, giving v2 > 5gl and vp > V5gl. So the 
string never goes slack if the speed vo of the pendulum 
bob when @ = 0 is greater than \/5gl (in which case the 
bob performs complete revolutions). 


(b) If vo = 2Vgl, then, from Equation (3.6), we have 
d 4 2 2 
—_ A - ae —cos 6) = (1 + cos 6), 
so 6=0 only when cos @ = —1, i.e. when 6 = 7. So the 
bob will reach the top of the circle unless the string goes 
slack first. We know from part (a) that, for the string 
never to go slack, we must have vp > \/5gl. Therefore, 
since 2./gl < \/5gl, we know that the string must go 
slack before the bob comes momentarily to rest. 


To see when the string goes slack, substitute vp = 2/gl 
into Equation (3.7) to obtain 
|T| = 4mg + mg(3 cos 6 — 2) = mg(3cos 6 4+ 2) = 0. 

So the string goes slack when 3cos@+ 2 = 0, which 
gives cos 9 = —2/3. In the range —1 < 0 < 7, this gives 
O~+ 2.3 rad ~ + 132°. So the string goes slack when 
the pendulum makes an angle of approximately 42° 
above the horizontal. 


3.3 The condition for the pendulum bob just to reach 
the horizontal is 0=0 at @= +. So, from Equa- 
tion (3.6), we find that 
ve 2g 
o=2-—., 
I? l 
Hence v9 = V2gl. 


3.4 Use a plane polar coordinate system in the vertical 
plane of the particle’s motion, with origin at the centre 
of the sphere. The forces acting on the particle are its 
weight W and the normal reaction N of the sphere. 


e; 
N 
m 
e 
Q Ww 


oO 


As suggested by the hint, the analysis of this situation 
is similar to that for the pendulum, with T replaced by 
—N, W replaced by —W and / replaced by R, so we 
can make use of the results obtained for the pendulum 
at the beginning of Section 3. 


With respect to the chosen coordinate system, we have 


W = —(mgcos @) e, + (mgsin@)e9, N= |Nle,. 


Solutions to the exercises 


The acceleration of the particle is 
it =—Ri'e, + Reo. 
Applying Newton’s second law to the particle gives 
mi=W++N, 
so we have 
_mR#e, + mRbe9 
= —(mgcos 8) e, + (mgsin 8) eg + |Nle-.. 
Resolving in the e,-direction gives 
—mRO = |N| — mg cos @, 
so, rearranging this equation and using the appropri- 


ately amended version of Equation (3.6) with | = R, we 
have 


[IN| = mg cos 6 — mRO 
2 
= mg cos 6 — ~ — 2mg(1 — cos 0) 


2 
= mg(3cos 6 — 2) — 7 : 


For vo = 4/ sgR, we have 


|N| = mg(3 cos 8 — 2) _ $mg = mg(3cos 0 = 3). 


The particle will leave the surface when N = 0, ie. 
when 3 cos 6 — 3 = 0, which gives 


0 = arccos 2 ~ 0.59 (~ 33.6"). 


3.5 Use a plane polar coordinate system in the plane 
of motion of the particle, with origin at the centre of the 
circular motion. The forces acting on the particle are its 
weight W and the normal reaction N of the bowl. Let 
@ be the angle between the radius to the particle and 
the downward vertical, measured anticlockwise from the 
vertical, and let h be the vertical height of the particle 
above A. 


é 
w 


The analysis of this situation is identical to that for 
the pendulum at the beginning of Section 3, with T 
replaced by N and / by R. 
(a) From Equation (3.6) we have 

vu? = vg — 2gR(1 — cos 8), (S.10) 
where vo is the speed of the particle at A and v = R@ is 
its speed at angle 6. Initially we have h = sR, v=VJ/gR 
and cos@ = (R—h)/R = $, giving 

gR = vp — 2gR x 5, 
so v2 = 2gR. Hence Equation (S.10) becomes 

v? = 2gR cos. (S.11) 
The speed at the top of the bowl, where 0 = +4, is thus 


oy) 
zero, showing that the particle just reaches this level. 
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(b) From Equation (3.3) we have 

[IN| = mg cos 6 + mRO . 
From Equation (S.11) we have 

vu" /R? = (2gcos0)/R 

so 

[IN| = mg cos 6 + 2mg cos 0 = 3mg cos 6. 
(We could, alternatively, have obtained this expression 
for |N| by use of Equation (3.7) with vj = 2gR and 
1=R.) 
With h = 2R, we have cos@ = (R—h)/R = $3, so 
|N| = mg, i.e. the magnitude of the normal reaction 
when h = 2R is mg. 


3.6 Use a plane polar coordinate system in the vertical 
plane of the particle’s motion, with origin at the centre 
of the circular motion. 


T 
m 
. Peg 0 
Ww 
er 


This situation is identical to that of the pendulum at 
the beginning of Section 3, except that here we denote 
the length of the rod by R rather than J. 
(a) As in Section 3, we have Equation (3.6), i.e 

a oF 26 

= 7 _ Ri —cos@). 

(b) For the particle just to reach the top of the cir- 
cle, we must have @ = 0 when cos@ = —1. So, from 
part (a), this means we must have v@/R? — 4g/R = 0, 
which gives vp = /4gR. So the particle will just reach 
the top of the circle if vp = /4gR = 2V/gR. 


(c) The ride executes complete circles if vg > 2/gR 
(from part (b)). Passengers will not need constraints 
provided that the component of the reaction force of the 
seat on the passenger normal to the seat remains non- 
zero. This component force is of the same magnitude as 
the tension force in the rod, which, from Equation (3.7), 
is given os 


|T| = as + mg(3 cos 6 — 2). 


As in Section 3, |T| is greater than zero for all angles 0, 
provided that vp > /5gR. Since /5gR > 2./gR both 
conditions are satisfied if up > \/5gR, i.e. the ride exe- 
cutes complete circles without the need for constraining 
the passengers if vp > /5gR. 
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Section 4 


4.1 (a) Since the motion is clockwise, @ is decreasing 


during the motion, so 6 = —2 and the particle’s angular 
velocity is 
w = 0k = —2k. 


(b) From Equation (4.1), the particle’s velocity is 
v=wxXr=—2k x (314+ 4j) = 81 — 6j. 
Since the radius of the circular path is 32 + 42 = 5, 
the velocity is also given by 
v =r = Réeg = 5 x (—2)eg = —10eg. 
Alternatively, we have 
vVe=wxXr=—2k x 5e, = —10e9. 


4.2 By definition, the angular momentum is 
l=r X mr = (i+ 2j) x 3(2i — J) 
= (—3i x j) + (12j x i) = —15k. 


4.3 We know, from the text just before the exercise, 
that | = mR20k, so |l| = mR?|6|. We also know, from 
Section 1, that r = Re, and & = Reg, so |r| = R and 
lz] = R|@|. Hence we have 


mlr||t| =m x Rx RO] = mR?|6| = |Il. 


4.4 The position of the particle is 
r = acos(wt) i+ asin(wt) j + utk. 


Hence the linear momentum of the particle is 


p = mr = m(—aw sin(wt) i + aw cos(wt) j + uk). 
Therefore the force acting on the particle is 
F = p = —maw?(cos(wt) i+ sin(ut) j). 
The angular momentum of the particle about the ori- 
gin O is 
l=rxmr 
= (acos(wt) i+ asin(wt) j + utk) 
xX m(—aw sin(wt) i+ awcos(wt) j + uk) 
= mau(sin(wt) — wt cos(wt))i 
— mau(wt sin(wt) + cos(wt))j 
+ ma*w(cos? (wt) + sin?(wt))k 
= mau(sin(wt) — wt cos(wt))i 
— mau(cos(wt) + wt sin(wt))j + ma?wk. 
The torque about O acting on the particle is 
Tr=rxF 
= — (acos(wt) i+ asin(wt)j + utk) 
x maw?(cos(wt) i + sin(wt) j) 
= maw? (ut sin(wt) i — ut cos(wt) j) 


= mauw"t(sin(wt) i — cos(wt) j). 


To verify the torque law, we need to check that i=T. 
We have 


i = mau(w cos(wt) — (wcos(wt) — wt sin(wt)))i 
— mau(—wsin(wt) + (wsin(wt) + w?tcos(wt)))j 
= mauw"t(sin(wt) i — cos(wt) j) 
=r 


as required. 


4.5 Choose the origin to be the centre of the circle. 
Let w be the (constant) angular speed of the particle 
and m be its mass. Let R be the radius of the circular 
motion. 
Using Equation (2.2), the total force acting on the par- 
ticle is —-mRwe,. So the total torque about the origin 
is given by 
T=rxF, 
=r x (—mRw’e,), 
= 0, since r and e,. are parallel. 


So the total torque about the centre of the circle is zero. 


4.6 (a) Let w = 6k be the angular velocity of the par- 

ticle. From Subsection 4.2, the angular momentum is 

| = mR?6k. The torque law gives 1 =T, so we have 
mR?6k = Toe7k. 

Resolving in the k-direction and rearranging, we obtain 

To 
~ mR?” 
Integrating, we obtain 


—at 


Taking t = 0 when the house is first picked up by the 
whirlwind so that 6(0) = 0, we have c = ['9/(amR?) 
and hence 


‘ ive — 
= 1—e °°"). 
amR? oe 
So the angular speed is 
: Ty 
= |O| = 1-e™). 
w= || = — ile) 


As t > co, w > To/(amR?). 


(b) Assuming that the model remains valid for decreas- 
ing R, as R becomes smaller, w becomes larger and 
larger without limit. However, as R becomes smaller, 
the distance from the centre of mass of the house to the 
axis of the whirlwind gets smaller and smaller. Eventu- 
ally some parts of the house will coincide with this axis 
and the particle model will no longer be valid because 
the dimensions of the house can no longer be neglected. 


4.7 (a) Weare givenr = Re,, so v = R0eg. Now sub- 
stitute into the given formula for F: 


F=eBxv 
= eBk x Réeg 
= —eBRoee,. 
This has no k-component, so F acts in the plane of 
motion. 


Solutions to the exercises 


(b) The total torque about O is 
[ =r x F = Re, x (—eBRée,) = 0. 
The angular momentum about O is 
l=rxX mv = Re, X mR6e9 = mR?6k. 
(c) By the torque law, 1 =T, so, from part (b), we 
have 
d 3; 
Since both m and RF are positive constants, we must 


have 0 = 0. Therefore 6 is constant, and so is the angu- 
lar speed. 


179 


Index 


acceleration 145 
amplitude 26 

angular momentum 165 
angular speed 139 
angular velocity 163 


balance point 102 
banked track 155 


centre of mass 107, 112, 114 
centripetal acceleration 145 
circular motion 139, 140 
coefficient of restitution 125, 127 
collision 118 

common normal 126 
common tangent plane 
conical pendulum 150 
conservation of angular momentum for a particle 
conservation of linear momentum 120 
cornering 151, 153 

critical damping 15, 27 


126 


168 


damped harmonic oscillator 25 
damped vibration 7 
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